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PREFACE TO THE FIRST EDITION. 



Fob Bome time past it has been felt that a gap existed between 
the many excellent popular and non-mathematical works on As- 
tronomy, and the standard treatises on the subject, which inyolve 
.high mathematics. The present Yolame has been compiled with 
the view of filling this g^p, and of providing a suitable text-book 
for such examinations as those for the B Jl. and the B.Sc. degrees of 
the University of London. 

It has not been assumed that the reader's knowledge of mathe- 
matics extends beyond the more rudimentary portions of Geometry, 
Algebra, and Trigonometry. A knowledge of elementary Dynamics 
will, howeyer, be required in reading the last three chapters, but 
all dynamical inyestigations have been left till the end of the book, 
thus separating dynamical from descriptive Astronomy. 

The principal properties of the Sphere required in Astronomy 
have been collected in the Introductory Ghapter ; and, as it is 
impossible to understand Kepler's Laws without a slight knowledge 
of the properties of the Ellipse, the more important of these have 
been collected in the Appendix for the benefit of students who have 
not read Conic Sections. 

All the more important theorems have been carefully illustrated 
by worked-out numerical examples, with the view of showing how 
the various principles can be put to practical application. The 
authors are of opinion that a far sounder knowledge of Astronomy 
•can be acquired with the help of such examples fSban by learning 
the mere bookwork alone. 

Feb. Ut, 1892. 



PREFACE TO THE SECOND EDITION. 



Turn first edition of McUhemcUical Astronomy having run out of 
print in less than eight months, we have hardly considered it 
advisable to make many radical changes in the present edition. 
We have, however, taken the opportunity of adding several notes at 
the end, besides answers to the examples, which latter will, we 
hope, prove of assistance, especially to private students ; our readers 
will also notice that the book has been brought up to date by the 
inclusion of the most recent discoveries. At the same time we 
hope we have corrected all the misprints that are inseparable from 
« first edition. Our best thanks are due to many of our readers for 
iheir kind assistance in sending us corrections and suggestions. 

Nov. l9t, 1802. 
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INTRODUCTORY CHAPTER. 



ON SPHERICAL GEOMETRY. 

Properties of the Sphere which will he referred to in the course of the 

Text. 

(1) A Sphere may be defined as a surface all points on wbich are 
at the same distance from a certain fixed point. This point is the 
Centre, and the constant distance is the Badios. 

(2) The surface formed by the revolution of a semicircle about 
its diameter is a sphere. For the centre of the semicircle is kept 
fixed, and its distance from any point on the surface generated will 
be eqoal to the radius of the semicircle. 




Pig. 1. 
(8) Let PqQP^ be any position of the revolving semicircle whose 
diameter PP^ is fixed. Let OQ be the radius perpendicular to PP^, 
Cq any other line perpendicular to PP', meeting the semicircle in 
g. (We may suppose these lines to be marked on a semicircular disc of 
cardboard.) As the semicircle revolves, the lines OQ, Oq will sweep 
out planes perpendicular to PP't and the points Q, q will trace out 
in these planes circles HQRK, hqrh, of radu OQj Oq respectively. 
From this it may readily be seen that Every plane section of a 
sphere is a circle. 

ASIROK. B 
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DefinitionB* 

(4) A great circle of a sphere is the circle in which it is cnt by 
any plane passing through the centre («.^., HQREy PqQP' or PrRP'). 
A small circle is the circle in which the sphere is ont by any plane 
not passing through the centre (e.^., hqrk), 

(6) The axis of a great or small circle is the diameter of the 
sphere perpendionlar to the plane of the circle. The lK>le8 of the 
circle are the extremities of this diameter. (Thos, the line PP' is 
the axis, and P, P' are the poles of the circles HQK and hqk). 

(6) Secondaries to a circle of the sphere are great circles passing 
through its poles. (Thus, PQP" and PRP^ aro secondaries of the 
circles HQK, hqk). 




Fig. 2. 

(7) The angular distance between two points on a sphere is 
measured by the aro of the great circle joining them, or by the angle 
which this arc subtends at the centre of the sphere. Thus, the dis- 
tance between Qand R is measured either by thearc QR, or by the angle 
QOB, Since the circular measure of Z QOB ^ (arc QR) -t- (radius of 
sphere), it is usual to measure arcs of great circles by the angles 
which they subtend at the centre. This remark does not apply to 
small circles. 

(8) The angle between two great circles is the angle between 
their planes. Thus, the angle between the circles PQ PR is the angle 
between the planes PQP", PRP", It is called " the angle QPE." 

(9) A spherical triangle is a portion of the spherical surface 
bounded by three arcs of great circles. Thus, in Fig. 2, PQR is a 
spherical triangle, but Pqr is not a spherical triangle, because qr is 
not an arc of a great circle. Wo may, however, draw a great circle 
passing through q and r, and thus form a spherical triangle Pqr, 
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IPHKRTCAL eiOlCETBT. iii 

PropertieM of Qreat Ofl^d Small CireUs. 

(10) All points on a small ciicle are at a constant (angular) 
distance from the pole. 

For, as the generating Bemicircle revolves about PP*, carrying q 
along the small circle hk, to r, the arc Pq = arc Pr^ and Z POq = Z POr. 

The constant angnlar distance Pq is called the spherical, or 
angular radins of the small circle. The pole P is analogoos to the 
centre of a circle in plane geometry. 

(11) The spherical radins of a great circle is a goadrant, or, 
All points on a great circle are distant 90° from its poles. 

For, as Q, by revolving about PP", traces ont the great circle 
HQRK, we have Z POQ = I POR = 90', and therefore, PQy PR are 
quadrants. 

(12) Secondaries to any circle lie in planes perpendicolar to 
the plane of the circle. 

For PP* is perpendicular to the planes of the circles HQK, hqky 
therefore any plane through PP', such as PQP^ or PRF, is also per- 
pendicular to them. 

(13) Circles which have the same axis and poles lie in parallel 
planes. For the planes HQKt hqk are parallel, both being perpen- 
dicular to the axis PP*, Such circles are often called parallels. 

(14) If any nnmber of circles have a common diameter, their 
poles all lie on the great circle to which they are secondaries, and 
this great circle is a common secondary to the original circles. 

For if Oil is the axis of the circle PQ^, then OA is perpendicular 
to POP'. Hence, if the circle PQP' revolves about PP'^ A traces out 
the great circle HQRK, of which P, P' are poles. We likewise see that 

(16) If one great circle is a secondary to another, the latter is 
also a secondary to the former. 
This is otherwise evident, since their planes are perpendicular. 

(16) The angle between two great circles is equal to 

(i.) The angle between the tangents to them at their points 

of intersection ; 
(ii.) The arc which they intercept on a great circle to which 

they are both secondaries ; 
(iii.) The angolar distance between their poles. 
Let Pt, Pu be the tangents at P to the circles PQ, PR, and let A, B 
bo the poles of the circles. If we suppose the semicircle PQP* to 
revolve about PP* into the position P-RP', the tangent at P will 
revolve from Pt to Pw, the radins perpendicular to OP will revolve 
from OQ to Off, and the axis will revolve from OA to OB. All these 
lines will revolve through an angle equal to the angle between 
the planes PQP', PRP', and this is the angle QPR between the 
circles (Def. R). Hence, 

Angle between circles PQ, PB = AtPu ^ I QOR - Z AOB, 
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ri7) The arc of a mall circle subtending a given angle at the 
pole is proportional to the aine of the angular r«^ 

Let or be the arc of the smaU circle hqrh, Bubtending Z qPr at P, 
and let be the centre of the circle. Evidently IqGr^lQOR 
(since Cg, Or are parallel to OQ, OR). Hence, the arcs qr, QB are 
proportional to the radii Cg, OQ, 

. arc qr . ^ « ^ « gin POq - sin Pq. 
" aroQB OQ Oq 
But QR is the arc of a great circle subtending the same angle at the 
pole P, hence the arc qr is proportional to sin Pq, as was to be shown. 
Since qQ ^ Wf - Pq, therefore sin Pg = cos gQ, so that the arc qr is 
proportional to the cosine of the angular distance of the small circle 
qr from the parallel great circle QR. 




Fio. 8. 



Fig. 4. 



(18) Comparison of Plane and Spherical Geometry. 

It may be laid down as a general rale that great circles and small 
circles on a sphere are analogfoas in their respective properties to 
straifi^ht lines and circles in a plane. Thus, to join two points on a 
sphere means to draw the great circle passing through them. 

Secondaries to a great circle of the sphere are analogous to per- 
pendiculars on a straight line. The distance of a point from any 
great circle is the length of the arc of a secondary drawn from the 
point to the circle. Thus, rR is the distance of the point r from the 
great circle HQRK, 
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SPHEBICIL GEOMETJar. T 

On Spherical Triangles, 

(19) Parts of a Spherical Triangle.— A spherical triangle, Uko a (^ 
plane triangle, has six parts, riz., its three sides and its three angles. 
The sides are generally measured by the angles they subtend at the 
centre of the sphere, so that the six parts are all expressed as angles. 

Any three given parts suffice to determine a spherical triangle, 
but there are certain " ambiguous cases " when the problem admits 
of more than one solution. The formulae required in solving 
spherical triangles form the subject of Spherical Trigonometry, 
and are in every case different from the analogous f ormulsa in Plane 
Trigonometry. There is this further difference, that a spherical 
triangle is completely determined if its three angles are given. 

Thus, two spherical triangles will, in general, be equal if they 
have the following parts equal : — 



(i.) Three sides. 

(ii.) Twosides and included angle. 

(iii.) Two sides and one opposite 

angle. 



(iv.) Three angles. 
( V. ) Two angles and adjacent side, 
(vi.) Two angles and one opposite 
side. 
Cases (iii.) and (vi.) may be ambiguous. 

(20) Bight-angled Triangles.— If one of the angles is a right 
angle, two of the remaining five parts will determine the triangle. 

(21) Triangle with two right angles.—The properties of a 
spherical triangle, such as PQRy Fig. 8, in which one vertex P is 
the pole of the opposite side ^l^ are worthy of notice. Here two 
of the sides, PQ, PR, are quadrants, and two angles Q, R are right 
angles. The third side QR is equal to the opposite smgle QPR, 

(22) Triangle with three right angles.— If, in addition, the angle 
Q Pit is a right angle (Fig. 4), QR will be a quadrant. The triangle 
VQR will, therefore, have all its angles right angles, and all its sides 
quadrants, and each vertex will be the pole of the opposite side. 

The planes of the great circles forming the sides, are three planes 
through the centre mutually at right angles, and they divide the 
surface of the sphere into eight of these triangles ; thus the area of 
each triangle is one-eighth of the surface of the sphere. 

(23) The three angles of a spherical triangle are together 
greater than two right angles. 

[For proof, see any text-book on Spherical Geometry.] 

(24) If the sides of a spherical triangle, when expressed as angles, 
are very small, so that its linear dimensions are very small com- 
pared with the radius of the sphere, the triangle is very approxi- 
mately a plane triangle. 

Thus, although the Earth's surface is spherical, a trianelo whose 
sides are a few yards in length, if traced on the Earth, will not be 
distinguishable from a plane triangle. If the sides are several 
miles m length, the triangle will still be very nearly plane. 
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n ASTROirOXT. 

(25) Any two sides of a spherical triangle are together 
greater than the third side. For if we oonsider the plane angles 
which the sides subtend at the centre of the sphere, any two of 
these are together greater than the third, by Eaclid XI., 20. 

(26) The following application of (26) is of great use in astronomy, 
and is Bsalpgons to Euclid III., 7, 8. 

liet AHBK be any given great or small circle whose pole is P, 
Zmj other giren point on the sphere, and let the great circle ZP 
mmit the giren circle in the points A, B, Then A, B are the two 
points on the given circle whose distances from Z are greatest and 
leaitt respec^vely. 

For let H be any other point on the circle. Join Zff, HP, 

Then, in spherical A ZPJff, ZP + PH> ZH, But PJff - P^l ; 
/. ZP+PA>ZH, 
».«., ZA>ZH. 

Also, if Z is on the opposite side of the circle to P, then 
ZH+PH>PZi .\ZH+PB>PZi .\ZH>PZ-'P^ 
«.e., ZM>ZB. 




If Z' be a point on the same side of the circle as P, then PZi + Z!II 
> PH. But PH - PB. .-. PZ' 4 Z'H > PB, 

.-. Z'H>PB-PZ'j 
i.e., Z'H>Z'B, as before. 

Hence, A is further from Z, Z', and B is nearer to Z, Z', than any 
other point on the circle. 

(27) If H, £* are the two points on the circle equidistant from Z, 
the spherical triangles ZPH, ZPK have ZP common, ZH - ZK (by 
hypothesis), and PJff = PIT [by (10)], hence they are equal in all 
respects ; thus Z ZPH = Z ZPJ; and Z PZH « Z PZK, 

Hence PH, PK are equally inclined to PB, as are also ZH, ZK. 

Similar properties hold in the case of the point Z\ These pro- 
perties are of frequent use. 
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CHAPTER I. 



THE CELESTIAL SPHERE. 
Section I. — Definitions — Systems of Co-ordinates. 

1. Astronomy is tho science which deals with the celestial 
bodies. These comprise all the various bodies distributed 
throughout the uniyerse, such as the Earth (considered as a 
whole), the Sun, the Planets, the Moon, the comets, the fixed 
stars, and the nebulae. It is convenient to divide Astronomy 
into three different branches. 

The first may be called DesoriptiTe Astronomy. It is 
concerned Mrith observing and recording the motions of the 
various celestial bodies, and with applying the results of 
such observations to predict their positions at any subsequent 
time. It includes the determination of the distances, and the 
measurement of the dimensions of the celestial bodies. 

The second, or Chravitational Astronomy, is an aprpli- 
cation of the principles of dynamics to account for the motions 
of the celestial bodies. It includes the determination of their 
masses. 

The third, called Physical Astronomy, is concerned 
with determining the nature, physical condition, temperature, 
and chemical constitution of tiie celestial bodies. 

The first branch has occupied the attention of astronomers 
in all ages. The second owes its origin to the discoveries of 
Sir Isaac Newton in the seventeenth century ; while the 
third branch has been almost entirely built up in tho present 
century. 

In tiiis book we shall treat exclusively of Descriptive and 
Qravitational Astronomy. 
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2 ASTRONOMT. 

2. The Celestial Sphere. — On obscrying the stars it is 
not difficult to imagine that they are bright points dotted 
about on the inside of a hollow spherical dome, whose centre 
is at the eye of the observer. It is impossible to form any 
direct conception of the distances of such remote bodies ; all 
wo can see is their relative directions. Moreover, most 
astronomical instruments are constructed to determine only 
tho directions of the celestial bodies. Hence it is important 
to have a convenient mode of representing directions. 




Fio. 6. 

The way in which this is done is shown in Figure 6. Let 
be the position of any observer, -4, By C, &c., any stars or 
other celestial bodies. About 0, as centre, describe a sphere 
with any convenient length as radius, and let the lines joining 
to the stars -4, -ff, (7 meet this sphere in a, J, c respectively. 
Then the points a, 3, e will represent, on the sphere, the 
directions of the stars -4, By C, for the lines joining these 
points to will pass through the stars themselves. In this 
manner we obtain, on the sphere, an exact representation of 
the appearance of the heavens as seen from 0. Such a 
sphere is called the Celestial Sphere. 

This sphere may be taken as tho dome upon which the stars 
appear to lie. But it must be carefully borne in mind that 
the stars do not actually lie on a sphere at ally and that they 
are only so represented for the sake of convenience. 
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8. Use of the Globes. — The representation of directions 
of stars by points on a sphere is well exemplified in the old- 
fashioned star globes. Such a globe may be used as the 
observer's celestial sphere ; but it must be remembered that 
the directions of the stars are the lines joining the centre to 
the corresponding points on the sphere ; for in every case the 
observer is supposed to be at the centre of the celestial 
sphere. 

The properties given in the Introduction on Spherical Geo- 
metry are applicable to the geometry of the celestial sphere. 
A knowledge of them will be assumed in what follows. 

4. Angnlaor Distances and Ang^nlar Magnitudes. — 

Any plane through the observer will be represented on the 
celestial sphere by a great circle. The arc of the great circle 
ah (Fig. 6) represents the angle aOh or A OB which the stars 
Ay B subtend at 0, This angle is generally measured in 
degrees, minutes, and seconds, and is called the angnlar 
distance between the stars. This angular distance must 
not be confused with their actual distance AB. In the same 
way, when we are dealing with a body of perceptible dimen- 
sions, such as the Sun or Moon {BF, Fig. 6), we shall define 
its angnlar diameter as the angle DOF^ subtended by a 
diameter at the observer's eye. This angular diameter is 
measured by the arc df of the celestial sphere, that is, by the 
diameter of the projection of the body on the celestial sphere. 
From the figure it is evident that 

^_BF 
Od "" OB' 

Since BF is the actual linear diameter of the body, mea- 
sured in units of length, the last relation shows us that the 
angular diameter {df) of a body varies directly as its linear 
diameter BF^ and inversely as 02), the distance of the body 
from the observer's eye. 

As the eye can only judge of the dimensions of a body 
from its angular magnitude, this result is illustrated by the 
fact that the nearer an object is to the eye the larger it looks, 
and vice versd. Thus, if tiie distance of the object be doubled, 
it will only look half as large, as may be easily verified. 
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5. The Directions of the Stars are very appvozi- 
mately independent of the Observer's Position on 
the Earth. 

This is simply a consequence of the enormously great dis- 
tances of all the stars from the Earth. Thus, ^'j. 
let X (Fig. 7) denote any star or other celestial 
body, g, ^two different positions of the observer. 
If the distance SE be only a very small fraction 
of the distance Sxy the angle ExS wiU be very 
small, and this angle measures the difference be- 
tween the directions of ^as seen from ^and from 8. 

In illustration, if we observe a group of objects 
a mile or two off, and then walk a few feet in any 
direction, wo shall observe no perceptible change Fio. 7. 
in the apparent directions or relative positions of the objects. 

If jE^ be drawn parallel to Sx, the angle xEx will be 
equal to ExS, and will therefore be very small indeed. 
Hence, Ex will very nearly coincide in direction with Ex\ 
Thus, considering the vast distances of the stars, we see that 

The lines joining a Star to different points of the 
Earth may be considered as paralleL* 

The stars will, therefore, always be represented by the 
same points on a star globe, or celestial sphere, no matter 
what be the position of the observer. The great use of the 
celestial sphere in astronomy depends on this fact. 

6. Motion of Meteors. — The projection of bodies on the 
celestial sphere is well illustrated by the apparent motion 
of a swarm of meteors. Where such a swarm is moving 
uniformly, all the meteors describe (approximately) parallel 
straight lines. If we draw planes through these lines and 
the observer, they will intersect in a common line, namely, 
the line through the observer parallel to the direction of the 
common motion of the meteors. The planes will, therefore, 
cut the celestial sphere in great circles, having this line as 
their common diameter. These great circles represent the 
apparent paths d f"he meteors on the celestial sphere. The 
paths appear, therefore, to radiate from a common point, 
namely, one of the extremities of this diameter. 

This point is called the Radiant, and by observing its 
position the direction of motion of the meteors is determined. 

* Tills is not tme in the case of the Moon. 
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7. Zenith and Nadir. — Horizon. — If, through the 
ohserver, a line be drawn in the direction in which gravity 
acts (t.^., the direction indicated by a plumb-line), it will meet 
the celestial sphere in two points. One of these is vertically 
above the observer, and is called the Zenith; the other is 
vertically below the observer, and is called the Nadir. (Fig. 
6, and Z, N, Fig. 8.) 

If the plane through the observer parallel to the surface 
of a liqpid at rest be produced, it will cut the celestial 
sphere in a great circle. This great circle is called the 
Celestial Eorison. (Fig. 6, and iEnW, Fig. 8.) 

It is proved in Hydrostatics that the surface of a liquid at 
rest is a plane perpendicular to the direction of gravity. 
Hence, the celestial horizon is the great circle whose poles 
are the zenith and nadir. TVe might have defined the 
horizon by this property. 

From the above definition, it is evident that, to an observer 
whose eye is close to the surface of the ocean, the celestial 
horizon forms the boundary of the visible portion of the 
celestial sphere. On land, however, the boundiiry, or visible 
horizon (as it is called), is always more or less irregular, 
owing to trees, mountains, and other objects. 

8. Diurnal Motion of the Stars. — If we observe the 
sky at different intervals during ^, z 

the night, we shall find that the >^^^^V'"*^^Nj» 

stars always maintain the same A^'^A. '* ^\ 
configurations relative to one ^[\. ^^\^ ^^\ \ 
another, but that their actual Ai^-^Vs:''' t&sr;--\*'' \ 
situations in the sky, relative to ^s5\|_^^. p ^N^lil^ 
the horizon, are continually \ ps;^ x. — ^^^J^?^3-» 
changing. Some stars will set \ n. ^X^V 
in the west, others will rise in \. ^x^'*/y^ 
the east. One star which is ^^^.-fc«Ii>^ 

situated in the constellation called i3 

the ** Little Bear," remains almost ^'^- ®' 

fixed. This star is called Polaris, or the Pole Star. All the 
other stars describe on the celestial sphere small circles 
(Fig. 8) having a common pole F very near the Pole Star, 
and the revolutions are performed in the same period of time, 
namely, about 23 hours 66 minutes of our ordinary time. 
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9. Celestial Poles, Sqnator, and Meridian. — The 

common motion of the stars may most easily be conceived by 
imagining them to be attached to the surface of a sphere 
which is made to revolve uniformly about the diameter FF\ 

The extremities of this diameter are called the Celestial 
Poles. That pole, P, which is above the horizon in northern 
latitudes is called the ITorth Pole, the other, P', is called 
the Sonth Pole. 

The great circle, EQfi W^ having these two points for its 
poles, is called the Celestial Equator. It is, therefore, the 
circle which would be traced out by the diurnal path of a 
star distant 90° from either pole. 




The Meridian is the great circle {PZP'N^ Fig. 9) passing 
through the zenith and nadir and the celestial poles. It cuts 
both the horizon and equator at right angles [by Spher. 
Geom. (12), since it passes through their poles]. 
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10. The Cardinal Points. — The Bast and West 
Points (^, W^ I'ig. 9) are the points of intersection of the 
equator and horizon. The Vortlx and Sonth Points 

{N^ S) are the intersections of the meridian with the horizon. 

Verticals. — Secondaries to the horizon, ».^., great circles 
through the zenith and nadir, are called Vertical Circles, 
or, briefly. Verticals. Thus, the meridian is a vertical. 
The Prime Vertical is the vertical circle {ZENW) passing 
through the east and west points. 

Since P is the pole of the circle QERW^ and Zis the pole 
of nEsW^ therefore ^, JF are the poles of the meridian 
FZP'N, Hence the horizon, equator, and prime vertical 
which pass through J?, 7F, are all secondaries to the meridian ; 
they therefore all cut the meridian at right angles. 

11. Annnal Motion of the Snn.— The Ecliptic. — 

The Sun, while participating in the general diurnal rotation 
of the heavens, possesses, in addition, on independent 
motion of its own relative to the stars. 

Imagine a star globe worked by clockwork so as to revolve 
about an axis pointing to the celestial pole in the same peri- 
odic time as the stars. On such a moving globe the directions 
of the stars will always be represented by the same points. 
During the daytime let the direction of the Sun be marked on 
the globe, and let this process be repeated every day for a year. 
AVe shall thus obtain on the globe a representation of the 
Sun's path relative to the stars, and it will be found that — 

(i.) The Sun moves from west to east, and returns to the 
same position among the stars in the period called a year ; 

(ii.) The relative path on the celestial sphere is a great 
circle, inclined to the equator at an angle of about 23° 27 J'. 

This great circle (CrX ^, Fig. 9) is called the Ecliptic. 
We may, therefore, briefly define the ecliptic as the great 
circle which is the trace, on the celestial sphere, of the Sun's 
annual path relative to the stars. 

The intersections of the ecliptic and equator are called 
Eqninoctial Points. One of them is called the Pirst 
Point of Aries ; this is the point through which the Sun 
passes when crossing from south to north of the equator, and 
it is usually denoted by the symbol T. The other is called 
the Pirst Point of Zdbra, and is denoted by the symbol ^. 
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13. Coordinates. — In Analytical (Geometry, the position 
of a point in a plane is defined by two coordinates. In like 
manner, the position of a point on a sphere may be defined by 
means of two coordinates. Thus, the position of -a place on 
the Earth is defined by the two coordinates, latitude and 
longitude. For fixing the positions of celestial bodies, the 
following different systems of coordinates are used. 

13. Altitude or Zenith Distance and Asimnth. — ^Let 
Fig. 10 represent the celestial sphere, seen from overhead, and 
let X be any star. Draw the vertical circle ZxX, Then the 
position of x may be defined by either of the following pairs 
of coordinates, which are andogous to the Cartesian and 
polar coordinates of a point in a plane respectively : — 

(a) The arc <X and the arc Xx ; 

\b) The arc Zx and the angle bZx, 
Practically, however, the two systems are equivalent; for, 
since Z is the pole of «X, ZX = 90°, therefore 

Zx = 90°— flcX, and angle bZx = arc *X 




The Altitude of a star (Xr) is its angular distance from 
the horizon, measured along a vertical. 

The Zenith Distance (abbreviation, Z.I).) is its angular 
distance from the zenith {Zx^ , or the complement of the altitude. 

The Azimuth («X or %Zx^ is the arc of the horizon inter- 
cepted between the south point and the vertical of the star, 
or the angle which the star's vertical makes with the meridian 
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^4 Points of tlie Compass. — In practical appUcationB of Astro- 
nomj to nayigation, it is usual to measure the azimuth in ''points" 
and " quarter points " of the compass. The dial plate of a mariner's 
compass is divided into 82 points, by repeatedly bisecting the right 
angles formed by the directions of the four cardinal points. Thus 
each point represents an angle of Hi degrees. The points are again 
subdivided into " quarter points " of 2^| degrees. Starting from the 
north and going round towards the east, the various points are denoted 
as follows : — 

N., N. l^B., N.N.E., N.B. l^N., N.B., N.B. by B., E.N.B., B. byN. 

B., B. by a, E.S.E., S.B. byB., S.E., S.B. byS., aaE., S. byE. 

8., 8. by W. 8.8. W., S.W. by 8., 8.W., 8. W. by W., W.aW , W. by 8. 

W., W. byN., W.N.W. N.W. byW., N.W., N.W.byN., N.N.W., N. by W. 

The quarter points are denoted thus : — E.N.E. ^ E. means one 
quarter point to the eastward of E.N.E., that is, 6i points, or 
TC 18' 45", from the north point, taken in an easterly direction. 

So, too, S.S.W. t W. means 21 points, or 28° 7' SC , measured from 
the south point westwards. 

15. Polar Distance, or Declination, and Hour Angle. 

— ^From tiie pole P, draw through x the great circle FxM; this 
circle is a secondary to the equator EQW, 

Then we may take for the coordinates of x the arc Px and 
the angle bPx. Or we may take the arc xM^ which is the 
complement of Px^ and the arc Qif, which = angle QPx. 

The ITorth Polar Distance of a star (abbreviation, 
N.P.D.) is its angular distance {Px) from the celestial pole. 

The Declination (abbreviation, Decl.) is the angular 
distance from the equator (a?Jf), measured along a secondary, 
and is, therefore, the complement of the N.P.D. 

The great circle PxM through the pole and the star is 
called the star's Declination Circle. 

The Eonr Angle of the star {ZPx) is the angle which 
the star's declination circle makes with the meridian. 

The declination may be considered positive or negative, 
according as the star is to the north or south of the equator, 
but it is more usual to specify this by the letter N. or S., as 
the case may be, and this is called the name of the declination. 

The hour angle is generally measured from the meridian 
towards the west, and is reckoned from (f to 860**. 

Either the declination and hour angle or the N.P.D. and 
hour angle may be taken as the two coordinates of a star. 
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16. Beolination and Bight A8oeiuiion.~Tlie position 
of a celestial body is, however, more frequently defined by 
its declination and right ascension. 

The declination has been already defijicd, in § 15, as the 
angular distance of the star from the equator, measured along 
a secondary. (a?if, Fig. 11.) 

The Bight Aaoension (E.A.) is the arc of the equator 
intercepted between the foot of this secondary and the First 
Point of Aries. Thus, r if, Fig. 1 1, is the R. A. of the star ar. 

The R.A. of a star is always measured from T eastwards 
reckoning from 0° to 360°. Thus the star di Fiscium, whose 
declination circle cuts the equator 1° 34' 18" west of T, has 
the R.A. 360°-!^ 34' 18", or 358° 25' 42". 



^:i 


^.Izl 


■C^ /z 






^y 



17. Celestial Latitude and Longitude.— The position 
of a celestial body may also be referred to the ecliptic instead 
of the equator. 

The Celestial Latitude is the angular distance of the 
lody from the ecliptic, measured along a secondary to the 
ecliptic. {Ex, Fig. 11.) 

The Celestial Longitude is the arc of the ecliptic inter- 
cepted between this sccondaiy and the first point of Aries, 
measui'ed eastwards from T- (tJ^, Fig. 11.) 
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18. Latitude of the Observer. — The celestial latitude 
and longitude, defined in the last paragraph, must not be 
confounded with the latitude and longitude of a place on the 
Earth, as there is no connection whatever between them. 

The Latitude of a place is the angular distance of its 
zenith from the equator, measured along the meridian. 

Thus, in Fig. 11, ZQ is the latitude of the observer. 

Since PQ = nZ= 90'; .\ ZQ = nP, or in other words, 
The latittide of a place is the altitude of the Celestial Pole, 

The complement of the latitude is called the Colatitiide. 

Hence, in Fig. 11, P^ is the colatitude of the observer, 
and is the angular distance of the %enithfrom the pole. 

In this book the latitude of an observer will generally be 
denoted by the symbol /, and the colatitude by c. 

The longitude of a place will be defined in Chapter III. 

19. Obliquity of tlie Ecliptic. — The inclination of the 
ecliptic to the equator is called the Obliquity. In Fig. 1 1, 
QtC\& the obliquity. As stated in § 11, this angle is about 
23^ 27J'. We shall generally denote the obliquity by i, 

20. Advantages of the Different Coordinate 
Systems. — The altitude and^ azimuth of a celestial body 
indicate its position relative to objects on the Earth. Owing, 
however, to the diurnal motion, they are constantly changing. 

The N.P.D, and hour angle also serve to determine the 
star's position relative to the earth, and have this further 
advantage, that the N.P.D. is constant, while the hour angle 
increases at a uniform rate. 

Since the equator and first point of Aries partake of the 
common diurnal motion of the stars, the declination and right 
ascension of a star are constant. These coordinates are, there- 
fore, the most suitable for tabulating the relative positions of 
the various stars on the celestial sphere. 

The celestial latitude and longitude of a celestial body are 
also unaffected by the diurnal motion . They are most useful in 
defining the positions of the Sun, Moon, planets, and comets, 
for the first always moves in the ecliptic, while the paths 
described by the others are always very near the ecliptic. 

21. Becapitulation. — For the sake of convenient refer- 
ence, we give on the next page a list of all the definitions of 
this chapter, with references to Figs. 11, 12. 

Asmox. c 
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Theib Poles. 
Zcnitli, Z\ Nadir, Z', 
North Pole, P ; South Pole, F. 
East Point, E\ West Point, W. 
NorthPoint, n ; South Point, «. 
Ecliptic, T C^-Zi ; Equinoctial Points, T, ^, viz. : — Eirst 
Point of Aries, T , and First Point of Libra, ^ ; Vertical of 
Star, ZxX\ Declination Circle of Star, TxM. 



Gheat CmcLBS. 
Horizon, nUsW, 
Equator, ^QJFjR. 
Meridian, ZsZn. 
Prime Vertical, ZEZ'W, 




Fio. 12. 
Coordinates. 

"^SSthDistance, Zx, \ ^^^*^' '^ = '^^• 
North Polar Distance, Pc. Hour Angle, QM =■ ZPx, 
Declination, Mx, Kight Ascension, tM. 

Celestial Latitude, Ex. Celestial Longitude, tS, 

Otheb Angles. — Obliquity of Ecliptic (♦) = CrQ- 
Observer's Latitude (/) = ZQ = nP. Colatitude {o) = PZ. 

Notice that the oiroles on the remote side of the celestial sphere 
are doited. 
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Section II. The Diurnal Rotatioth of the Stars, 

22. Sidereal Day and Sidereal Time. — A Sidereal 

Day is the period of a complete revolution of the stars about 
the pole relative to the meridian and horizon. Like the 
common day it is divided into 24 hours (h.), and these are 
subdivided into 60 minutes (m.) of 60 seconds (s.^ each. 
The sidereal day commences at " Sidereal Noon," i.e., the 
instant when the first point of Aries crosses the meridian. 

The Astronomical Clock, which is the clock used in 
observatories, indicates sidereal time. The hands should 
indicate Oh. Om. Os. when the first point of Aries crosses the 
meridian, and the hours are reckoned from Oh. up to 24h., 
when T again comes to the meridian and a new day begins. 

From the facts stated in § 8, it appears that the sidereal 
day is about 4 minutes shorter than the ordinary day. The 
stars are observed to revolve about the pole at a perfectly 
uniform rate, so that the sidereal day is of invariable length, 
and the angles described by any star about the pole are pro- 
portional ti the times of describing them. Thus, the hour 
angle of a star (measured towards the west) is proportional 
to the interval of sidereal time that has elapsed since the star 
was on the meridian. 

Ifow, in 24 sidereal hours the star comes round again to 
the meridian, after a complete revolution, the hour angle 
having increased from 0° to 360°. Hence the hour angle in- 
creases at the rate of IS"* per hour. Hence, also, it increases 
15' per minute, or 15" per second. 

The hour angle of a star is, for this reason, generally 
measured by the number of hours, minutes, and seconds of 
sidereal time taken to describe it. It is then said to be 
ezpremied in time. Thus, 

The honr angle of a star, when expressed in time- 
is the interval of sidereaJ time that has elapseu 
since the star was on the meridian. 

In particular, since the instant when T is on the meridian 
is the commencement of the sidereal day, we see that 

The sidereal time is the honr angle of the first 
point of Aries when expressed in time. 
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23. To reduce to angular measure any angle ez- 
pressed in time. — Multiply hi/ 15, The hours^ minutes y and 
seconds of time will thus be reduced to degrees^ minutes, and 
seconds of angle. 

Conversely, to reduce to time from angular measure 
we must divide hy 15, and for degrees, minutes, and seconds, 
write hours, minutes, and seconds, 

ExAMPLRS. — 1. To find, in angnlar meaeure, tho honr angle of a 
star at 15h. 21m. 508. of sidereal time after its transit. The proccBS 
stands thoa — 

15 21 50 
15 

230 27 80 
.'. the angnlar measure of the honr angle is 280^ 27' 80" 
2. To find the sidereal time required to describe 230^ 27' SO' 
(converse of Ex. 1). 

15 ) 230 27 80 

15 21 50 ; .*. required time = 15h. 21m. 508. 



24. Transits. — The passage of the star across the meri- 
dian is called its Transit. 

Let X be the position of any star in transit (Fig. 13). 

The star's R.A. = tQot tPQ = hour angle of r 
= sidereal time expressed in angle. 

Hence, the right ascension of a star, when ez« 
pressed in time, is equal to the sidereal time of its 
transit. 

In practice the E.A. of a star is always expressed in time. 
Thus, the R.A. of a Lyrsa is given in the tables oa 
18h. 33m. 14-88., and not as 278° 18' 42". 
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Again, let % bo the meridian zenith distance Zx^ considered 
positive if the star transits north of the zenith, d the star's 
north declination Qjp, and / the north latitude QZ, We 
have evidently 

Qr= QZ+Zx; 
d=l+%; 

or (star's V. deol.) 

= (lat. of obser5r6r) + (star's meridian Z.D.) 

This formnla will hold universally if declination, latitude, 
and zenith distance are considered negative when south. 

Hence theR.A. and decl, of a star maf/ he found hy observing 
its sidereal time of transit and its meridian Z.B.y the latitude of 
the observatory being known. 

Conversely, if the R.A. and decl. of a star are known, we 
can, by observing its time of transit and meridian Z.D., deter- 
mine the siderecd time and the latitude of the observatory. 

By finding the sidereal time we may set the astronomical 
dock. 

A star whose ILA, and decl. have been tabulated, is called 
a known star. 

In Chapter II. we shall describe an instrument called the 
Transit Circle, which is adapted for observing the times of 
transit and meridian zenith distances of celestial bodies. 

25. General Relation between B.A. and honr 
angle. — ^Let x^ (Fig. 13) be any star not on the meridian. 
Then 

henoe, if angles are expressed in time, 

(star's honr angle) = (sidereal time) — (star's B.A.)* 

Hence, given the K. A. and decl. of a star, we can find its hour 
angle and I^.P.D. at any given sidereal time, and by this means 
determine the star's position on the observer's celestial sphere. 
Or we can construct the star's position thus — On the equator, 
in ihe westward direction from Q, measure off Qt equal to 
the sidereal time (reckoning 15° to the hour). From T east- 
wards, measure tM equal to the star's RA.; and from i/", in 
the direction of the pole, measure off i/xj equal to the star's 
declination. We thus find the star x^ 
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•26. Tranrformations.—If the B.A. and ded. of a star are 
given, its celestial latitude and longitude may be found, and vice 
rersd; but the calcnlations require spherioal trigonometry. The 
process is analogous to changing the direction of the axes through 
an angle t, in plane coordinate geometry. Again, the Z.D. and 
azimuth may be calculated from the N.P.D. and hour angle, by 
solving the triangle ZPx^. We know the colatitude PZ, Pwi and 
Z ZPxi, and we have to determine Zxi and Z QZxi (= lS(f—PZxi), 

In the last article we showed how to find the hour angle in 
terms of the B.A., or vice vet'sA, the sidereal time being Imown. 
Hence we see that, given the coordinates of a star referred to one 
system, its coordinates referred to any other of the systems can bs 
calculated at any given instant of sidereal time. 

27. Cnlmination and Southing of Stars. — A celestial 
body is said to cnlniinate when its altitude is greatest or 
least. 

Since the fixed stars describe circles about the pole, it 
readily follows, from Spherical Geometry (26), that a star 
attains its greatest or least zenith distance when on the meridian, 
and, therefore, that its culmination is the same as its transit. 

This is not strictly the case with the Sun, because, owing to 
its independent motion, its polar distance is not constant ; 
hence it does not describe strictly a small circle about the pole. 

When a star transits S. of the zenith it is said to sonth. 

28. Cironmpolar Stars.— A Circnmpolar Star at any 

place is a star whose polar distance is less than the latitude 
of the place. Its declination must, therefore, be greater 
than the colatitude. 

On the meridian let Px and Paf be measured, each equal to 
the N.P.D. of such a star (Eig. 14). Then x and x' will be 
the positions of the star at its transits. Since Px'<Pn^ both 
of and X will be above n. Hence, during a sidereal day a cir- 
cnmpolar star will transit twice, once above the pole (at x) 
and once below the polo (at af*), and both transits will be 
visible. The two transits are dListinguished as the npper 
and lower colminations respectively, and they succeed one 
another at intervals of 12 sidereal hours (since xPaf = 180*). 
The altitude of the star is greatest at upper, and least at 
lower culmination, as may easily be seen from Sph. Geom. 
(26) by considering the zenith distances. Hence tiie altitude 
is lever less than nx\ and the star is always above the horizon. 
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Since nx—nP = Pa? = Pa?' =s nP-^nx'f 

that is, 

The observer's latitude is lialf the sum of the 
altitudes of a oironmpolar star at upper and lower 
onlminations. 

Also, Pa? = J (nar— fM?'); 

that is, 

The Star's V.F.D. is half the difference of its 
two meridian altitudes. 



These results will require modification if the upper culmi- 
nation takes place south of the zenith as at 8. The meridian 
altitude will then he measured hy sS, and not nS. Here, 
nS = 180*"— »flf, and we shall, therefore, have to replace the 
altitude at upper culmination hy its supplement. 

South Ciroumpolar Stars. — If the south polar dis- 
tance of a star is less than the north latitude of the ohserver, 
the star will always remain helou^ the horizon, and will, 
therefore, he inyisihle. Such a star is called a South Cir- 
oumpolar Star. 

Example. — The constellation of the Southern Cross ( Crux) 
is invisible in Europe, for its declination is 62° 30' S ; there- 
fore its south polar distance is 27** 30', and it will, therefore, 
not he viable in north latitudes higher than 27** 30'. 
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29. Bising, Southing, and Setting of Stars.~If tho 

N. and S. polar distances of a star are both greater than tho 
latitude, it will transit alternately above and below the 
horizon. This shows that the star will be invisible during a 
certain portion of its diurnal course. Astronomically, the 
star is said to rise and set when it crosses tho celestial 
horizon. 

Let hy V be tho positions of any star when rising and setting 
respectively. 




Pig. 15. 

In the spherical triangles PnJ, Fnl\ 

Ph = FV (each being the star's N.P.D.), 
right Z Pnh = right Z Pnh\ 
and Pn is common. 
Hence the triangles are equal in all respects ; therefore 
AnPh := Z nPh\ 
and the supplements of these angles are also equal, that is, 

laPh =^ Z 8Ph\ 
But the angle »PJ, when reduced to time, measures the 
interval of time taken by the star to get fiom h to the meri- 
dian, and aPV measuies tiie time taken from the meridian to 
h\ Hence, 

The interval of time between rising and southing 
is equal to the interval between 80uthin|f and settin^r* 
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Thus, if t, f are the times of rising and setting, and T the 
time of transit, we have T— t = ^— T, 

The time of transit is the arithmetic mean between 
the times of rising and setting. 

In order to faoUitate the calculations, tables have been oonstracted 
giving the values of T-^t for diCFerent latitudes and deolinations. 

If the observer's latitude Pn and the star's polar distance Pb are 
known, it is possible (by Spherical Trigonometry) to solve the right- 
angled triangle Phn^ and to calculate the angle nFh, and therefore 
also the angle &P«. This angle, when divided by 15, g^ves the time 
T— t. Moreover, the sidereal time of transit T is known, being equal 
to the star's B.A. Hence the sidereal times of rising and setting can 
be found. 

If the star is on the eqnator, it will rise at E and set at TV. 
Since JSQWis a semicircle, exactly half the diurnal path will 
be above the horizon, and the interval between rising and 
setting will he 12 sidereal hours. If the star is to the north 
of the equator, it will rise at some point h between B and n, 
so that 

LhPs > A UFs^ 

».*., Z hFa > 90°, 

and the star will he above the horizon for more than 12 hours. 
Similarly, if the star is south of the equator, it will rise at a 
point e between JE and «, and will he ahove the horizon for 
less than 12 hoiirs. 

From the equality of the triangles hFn, h'Pn (Fig. 15), we 
also see that 

nh = rih'y and Bh = sh'. 

Hence the diameter {ni) of the celestial sphere, joining the 
north and south points, bisects the arc {hh') between the 
directions of a star at rising and setting. 

This gives us an easy method of roughly determining, by 
observation, the directions of the cardinal points ; but, owing 
to the usual irregularities in the visible horizon, the method 
Js not very exact. 
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Section III. — The Sun^s Annual Motion in the JEcliptu 
The MoonU Motion — Practical Applications, 

30. The Sun's Motion in Longitnde, Bight Ascen- 
sion and Declination. — In ^ II, we briefly described 
the Sun's apparent motion in tne heavens relative to the 
i&xed stars. We defined a Tear as the period of a complete 
revolution, starting from and returning to any fixed point 
on the celestial sphere. The Ecliptic was defined as the 
great circle traced out by the Sun's path, and its points of 
intersection with the Equator were termed the First Point 
of Aries and First Point of Libra, or together, the 
Equinoctial Points. 

We shall now trace, by the aid of Fig. 16, the variations 
in the Sun's coordinates during the course of a year, starting 
with March 2l6t, when the Sun is in the first point of Aries. 
We shall, as usual, denote the obliquity by », so that 
i = 23° 27J' nearly. 




Pig. 16. 

On March 21st the Sun crosses the equator, passing 
through the first point of Aries (r). This is the Vernal 
Eqninoz, and it is evident from the figure that 

Sun's longitude = 0, B.A. = 0, Bed. = 0. 

From March 21st to June 2 1st the Sun's declination is 
north, and is increasing. 
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On Jnne 2l8t the Sun has descrihed an arc of 90'' from r 
on the ecliptic, and is at (7 (Pig. 16). This is called the 
Summer Solstice. If we draw the declination circle 
PCQy the spherical triangle T CQ is of the kind descrihed in 
Sph. Geom. (21), and CP is a secondary to the ecliptic. 
Hence (Sph. Geom. 26) the Sun's polar distance CF is a 
minimum and therefore its decl. a maximum. 

Also r Q = 90° and CQ= ^CrQ — ». Hence 

Sun's longitude = 90^ B.A. = DO'' = Gh., 
N. Deol. = if (a maximnm). 

From June 21 to September 23 the Sun's declination is 
stni north, but is decreasing. 

On September 23rd the Sun has described 180^, and is 
at the first point of Libra (£1), the other extremity of the 
common diameter of the ecliptic and equator. This is the 
Antnmnal Equinox, and we have 

Sun's long. = 180>, B.A. = 180*' = 12h., Decl. = 0. 

From Sept. 23 to Dec. 22 the Sun is south of the equator, 
and its south declination is increasing. 

On December 22nd the Sun has described 270^ from Ti 
and is at Z (Eig. 16). This is called the Winter Solstice. 
We have £1 X = 90®, and the triangle £b RL has two right 
angles at jB, L (Sph. Geom. 21). The Sun's polar dis- 
tance LP is a maximum (Sph. Geom. 26), and 

€hE =£tL=z 9(y, LE= /, L^R = ». Hence 
Snn's longitude = 270^ B.A. = 270o = ISh., 
S. Decl. = i, (a maximnm). 

From December 22 to March 21 the Sun's declination is 
still south, but is decreasing. 

Finally, on March 21, when the Sun has performed a com- 
plete circuit of the ecliptic, we have 

Snn's long. = 360% B.A. = 360'' = 24]i., Decl. = 0. 

The longitude and E.A. are again reckoned as zero, and 
they, together with the declination, undergo the same cycle 
of changes in the following year. 
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81. Sim^B Variable Motion in B.A.— We observe that 
the Sun's right ascension is equal to its longitude four times 
in the year, viz., at the two equinoxes and the two solstices. 

At other times this is not the ease. 

For example, between the vcmal equinox and summer 
solstice we have T^< T/S, .". Sun's KA. < longitude. 

Hence, even if the Sun's motion in longitude be supposed 
uniform, its K.A. will not increase quite uniformly. There 
is a further cause of the want of uniformity, namely, that 
the Sun's motion in longitude is not quite uniform ; but this 
need not be considered in the present chapter. 




82. Direct and Retrograde Motions. — The direction 
of the Sun's annual revolution relative to the stars, i.e,^ motion 
from west through south to east, is called direct. The 
opposite direction, that of the diurnal apparent motions of the 
stiuB or revolution from east to west, is called retrograde. 

The revolutions of all bodies forming the solar system, 
with the exception of some comets and one or two small 
satellites, are direct. 

We shall see in Chapter III. that the apparent retrograde 
diurnal motion may be accounted for by the direct rotation 
of the Earth about its polar axis. 



Digitized by 



Google 



THB CSLESTIAL SPHER8. 23 

83. Equinoctial and Solstitial Points — Colnres. — 

From § 30 it appears that the Snmmer and Winter Solstices 
may be defined as the times of the year when the Sun attains 
its greatest north and south declinations respectively. The 
corresponding positions of the Sun in the ecliptic (C, X, 
Fig. 17) are called the Solstitial Points. In the same way 
the Equinoctial Points (T) ^) are the positions of the 
Sun at the Vernal and Antnmnal Equinoxes when its 
declination is zero. 

The declination circle PyF'^^ passing through the equi- 
noctial poiats, is called the Equinoctial Colnro. The 
declination circle PCP'L^ passing through the solstitial points, 
is called the Solstitial Colnre. The latter passes through 
the poles of the ecliptic {K^ K'), 

34. To find the Snn's Bight Ascension and Decli- 
nation. — In the "Nautical Almanack,"* the Sun's R.A. 
and declination at noon are tabulated for every day of the 
year. Their hourly variations are also given in an adjoining 
column. To find their values at any time of the day, 
we only have to multiply the hourly variation by the 
number of hours that have elapsed since the preceding noon, 
and add to the value at that noon. 

Example. — To find the Sun's R.A. and deol. on September 4, 1891 
at 6h. 18m. in the afternoon. We find from the Almanack for 1891 
nnder September 4 : — 

Sun's BA. at noon ^ lOh. 52m. IGs., honrlj variation 9'04fi. 
N. Decl. at noon - ri2' 12" „ „ 65-4" 

(1) B.A. at noon » lOh. 52m. 158. 

Increase in 5h. « 9*048. x 5 » 45'2 

,, 18m. - 2-7 



.*. R.A. at 5h. 18m. » lOh. 58m. 8s. 

(2) From the Almanack, decl. is less on September 5, and is 
theroforo ^i,ecTea9\ng. 

N. Decl at noon = T 12' 12" 
Pecrecwe in 51i. = 56-4" x 5 - 4' 87" \ To be 
„ 18hi. - 17"/ subtracted. 

/. N. Decl. at 5h. 18m. ^T T 18" 

* Also in " Whitaker^B Almanack," wluch fnay be consulted with 
adyantage. 
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35. Bough Determination of the Snn's B.A.— We 

can, without the " Nautical Almanack," find to within a 
degree or two, the Sun's R. A. on any given date, as follows : — 

A year contains 365 J days. In this period the Sun's R. A. 
increases hy 360®. Hence its average rate of increase is very 
nearly 30° per month, or 1° per day. 

Knowing the Sun's R. A. at tlie nearest equinox or solstice, 
we add T for every day later, or subtract T for every day 
before that epoch. If the R.A. is required in timej we allow 
for the increase at the rate of 2h. per month, or 4m. per day. 

Examples. — 1. To find the Son's B.A on January let. On 
December 22nd the RA. ■= 18h. Hence on January Ist, which is 
ten days later, the Sun's BA. — 18h. 40m. 

2. To find on what date the Sun's E.A. is lOh. 36m. On Sep- 
tember 23rd the R.A. is 12h. Also 12h.-10h. 36m. = 84m., and 
the R.A. increases 81m. in 21 days. Hence the required date is 21 
days before September 23, i.e., ^ptember 2nd. 

36. Solar Time. — Apparent Noon is the time of the 
Sun's upper transit across the meridian, that is, in north 
latitudes, the time when the Sun souths. Apparent Mid- 
night is the time of the Sun's transit across the meridian 
hclow the pole (and usually below the horizon). 

An Apparent Solar Day is the interval between two 
consecutive apparent noons, or two consecutive midnights. 

Like the sidereal day, the solar day is divided into 24 hours, 
which are again divided into 60 minutes of 60 seconds each. 
For ordinary purposes the day is divided into two portions : 
the morning, lasting from midnight to noon; the evening, 
from, noon till midnight ; and in each portion times are 
reckoned from Oh. (usually called 12h.) up to 12h. For 
astronomical purposes we shall find it more convenient to 
measure the solar time by the number of solar hours that 
have elapsed since the preceding noon. Thus, 6.30 a.m. on 
January 2nd will be reckoned, astronomically, as 18h. 30m. 
on January 1st. On the other hand, 12.53 p.m. will be 
reckoned as Oh. 53m., being 53 minutes past noon. 

During a solar day the Sun's hour angle increases from 0"* 
to 360**. It therefore increases at the rate of 15° per hour. 
Hence 

The apparent solar time = the Sun's honr angle 
expressed in time. 
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At noon the Sun is on the meridian. The sidereal time, 
being the hour angle of T, is the same as the Sun's K.A., i,e.y 
Sidereal time of apparent noon = Sun's B. A. at noon. 

At any other time, the difference between the sidereal and 
solar times, being the difference between the hour angles of 
T and the Sun, is equal to the Sun's R.A. Hence, as in 
§ 25, we have 
(Sidereal time)— (apparent solar time) = Sun's B.A. 

If a and a+x are the right ascensions of the Sun at two 
consecutive noons, then, since a whole day has elapsed between 
the transits, the total sidereal interval is 24h. -^Xy and exceeds a 
sidereal day by the amount x. But the interval is a solar day. 

Hence, the solar day is loxiger than the sidereal 
day» and the difference is equal to the snn's daily 
motion in B.A.* 

37. Morning and Evening Stars. — Sunrise and 
Sunset. — When a star rises shortly before the Sun, and in 
the same part of the horizon, it is called a Morning Star. 
Such a stfu: is then only visible for a short time before sunrise. 
When a star sets shortly after the Sun, and in the same part 
of the horizon, it is called an Evening Star. It is then 
only visible just after sunset. 

It will be readily seen from a figure, that a star will be a 
morning star if its decl. is nearly the same as the Sun's, while 
its R. A. is rather less. Similarly, a star will be an evening 
star if its decl. is nearly the same as the Sun's, but its E..A. 
somewhat greater. Thus, as the Sun's R.A. increases, the 
stars which are evening stars will become too near the Sun to 
to be visible, and will subsequently reappear as morning stars. 

The times of sunrise and sunset are calculated in the 
manner described in § 29. The hour angles of the Sim, when 
crossing the eastern and western horizons, determine the 
intervals of solar time between simrise, apparent noon, and 
simset. The two intervals are equal, if the Sun's decl. be 
supposed constant from sunrise to sunset — a result very 
approximately true, since the change of decl. is always very 
small. 

* Owing to the fnn's Tarlable motion in R. A., the apparent solar day la not quite 
of constant length. In the present chapter, howeyeri it may be regardM as 
approximately constant. 
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38. The Gnomon.~Det6nuination of Obliquity of 

Ecliptio. — The Greek astronomers observed the Sun's 

motion by means of the Gnomon, an invstrument conaisting 

essentially of a vertical rod standing in the centre of a hori- 

^ zontal floor. The direction of the shadow cast by the Sun 

determined the Sun's azimuth, while the length of the shadow, 

divided by the height of the rod, gave the tangent of the 

Sun's zenith distance. To find the meridian line, a circle was 

described about the rod as centre, and the directions of the 

shadow were noted when its extremity just touched the circle 

before and after noon. The sun's Z.D.'s at these two 

I instants being equal, their azimuths were evidently (Sph. 

I Geom. 27) equal and opposite, and the bisector of the angle 

' between the two directions was therefore the meridian line. 

1 The Sun's meridian zenith distances were then observed 

I both at the sunamer solstice, when the Sun's N. decl. is i and 

1 meridian Z.D. least, and at the winter solstice, when the Sun's 

' S. decl. is i and meridian Z.D. greatest. Let these Z.D.'s be «i 

and z, respectively, and let / be the latitude of the place of 

observation. From § 24, wo readily see that 

/ 2l = ^-», h = l+h 

thus determining both the latitude and the obliquity. 

. 1 39. The Zodiac. — The position of the ecliptic was defined 

by the ancients by means of the constellations of the Zodiac, 
which are twelve groups of stars, distributed at about equal 
distances round a belt or zone, and extending about 8° on 
each side of the ecliptic. The Sun and planets were obsened 
to remain always within this belt. The vernal and autumnal 
equinoctial points were formerly situated in the constellations 
of Aries and Libra, whence they were called the First Point 
of Aries and the First Point of Libra. Their positions are ver^ 
slowli/ varying, but the old names are still retained. Thus, 
the ** First Point of Aries" is now situated in the constel- 
lation Pisces. 

The early astronomers probably determined the Sun's 
annual path by observing the morning and evening stars. 
After a year the same morning and evening stars would be 
observed, and it would be concluded that the Sun performed 
a complete revolution in the year. 
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40. Motion of the Moon. — The Moon describes among 
the staip a great circle of the celestial sphere, inclined to 
the ecliptic at an angle of about 5°. The motion is direct, 
and the period of a complete ** sidereal " reyolution is about 
27J days. 

In this time the Moon's celestial longitude increases by 360°. 

"When the Moon has the same longitude as the Sun, it is 
said to be New Moon, and the period between consecutive 
new Moons is called a Lnnation. When the Moon has 
described 360° fr9m new Moon, it will again be at the same 
point among the stars; but the Sun will have moved forward, 
so that the Moon will have a little further to go before it 
catches up the Sun again. Hence the lunation will be rather 
longer than the period of a sidereal revolution, being about 
29J days. 

The Age of the Moon is the number of days which have 
elapsed since the preceding new Moon. Since the Moon 
separates 360° from the Sun in 29^ days, it will separate at 
the rate of about lJ°, or more accurately 12^°, per day» 
or 30' per hour. This enables us to calculate roughly the 
Moon's angular distance from the Sun, when the age of the 
Moon is given, and conversely, to determine the Moon's age 
when its angular distance is given. 

BXAMPLC. — On September 23, 1891, the Moon is 20 days old. 
To find roughly its angular distance from the Snn and its longitude 
on that day. 

(1) In one day the Moon separates 12^° from tho Snn; therefore, 
in 20 days it will have separated 20 x 12^, or 244^", and this is the 
reqnh^ angnlar distance from the Son. 

(2) On September 28 the Sun's longitude is 180* j therefore the 
Moon's longitude is 180^* + 244* = 424* - 360* +64*, or 64*. 

This method only gives very rough results; for the Moon's 
motion is far from uniform, and the variations seem very 
irregular. 

Moreover, the plane of the Moon's orbit is not fixed, but 
its intersections with tho ecliptic (called the Nodes) have a 
retrograde motion of 19* per year. Hence, for rough pur- 
poses, it is better to neglect the small inclination of the Moon's 
orbit, and to consider the Moon in the ecliptic. If greater 
accuracy be required, the Moon's ded. and R.A. may be 
found from the Nautical Almanack. 

▲STBOK. D 
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41. Astronomioal Diagrams and Practical Applica- 
tions. — We can now solve many problems connected with 
the motion of the celestial bodies, such as detennining the direc- 
tion in which a given star will be seen from a given place, at 
a given time, on a given date, or finding the time of day at 
which a given star souths at a given time of year. 

"We have, on the celestial sphere, certain circles, such as 
the meridian, horizon, and prime vertical, also certain points, 
such as the zenith and cardinal points, whose positions relative 
to terrestrial objects always remain the same. Besides these, 
we have the poles and equator, which remain fixed, with 
reference both to terrestrid objects and to the fixed stars. 
We have also certain points, such as the equinoctial points, 
and certain circles, such as the ecliptic, which partake of 
the diurnal motion of the stars, performing a retrograde 
revolution about the pole once in a sidereal day. Lastly, 
we have the Sun, which moves in the ecliptic, performing 
one retrograde revolution relative to the meridian in a solar 
day, or one direct revolution relative to the stars in a year, 
and whose hour angle measures solar time. 

In drawing a diagram of the celestial sphere, the positions 
of the meridian, horizon, zenith, and cardinal points should 
first be represented, usually in the positions shown in Fig. 
18. Knowing the latitude nF of the place, we find the 
pole P. The points Q, 22, where the equator cuts the meri- 
dian, are found by making FQ = Fit = 90' ; and the points 
Q, E, with Ej JFy enable us to draw the equator. 

"We now have to find the equinoctial points. How to do 
this depends on the data of ttie problem. Thus we may 
have given — 

(i.) The sidereal time ; 

(ii.) The hour angle of a star of known B.A. and ded ; 

(iii.) The time of (solar) day and time of year. 

In case (i.), the sidereal time multiplied by 15 gives, in 
degrees, the hour angle (Qt) of the first point of Aries. 
Measuring this angle from the meridian westwards, we find 
Aries, and take Libra opposite to it. Any star of known 
decl. and R.A. can be now found by taking on the equator 
tM= star's R.A., and taking on MF, Mx = star's decl. 
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The ediptio may be drawn passing through Aries and 
libra, and inclined to the equator at an angle of about 23|* 
(just over i right angle). As we go round from west to east, or 
in the direct sense, tke ecliptic passes from south to north of 
the equator at Aries ; this shows on which side to represent 
the ecliptic. Knowing the time of year, we now find the 
Sun (roughly) by supposing it to travel to or from the 
nearest equinox or solstice about V per day from west to east. 
Finally, if the Moon's age be given, we find the Moon by 
measuring 12^® per day, or 30' per hour eastwards from the 
Sun. 




In case (ii.), we either know the hour angle, QJf or QPMoi 
a known star (a:), or, what is the same thing, the sidereal 
interval since its transit ; or, in particular, it is given that the 
star is on the meridian. Each of these data determines if, 
the foot of the star's declination circle. From if we measure 
Jf r westwards equal to the st^s HA- This finds Aii^ 
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In case (iii.), the solar time multiplied by 15 gives tliu 
Sim's hour angle QPS in degrees. From the time of year 
we can find the Sun's 11. A., TJPS. From these wo find 
QPT nnd obtain the position of Aries just as in case (ii.) 

It will be convenient to remember that azimuth and hour 
angle are measured from the meridiiin westwards, while 
right ascension and celestial longitude arc measured from the 
fii-bt point of Aries eastwards. Thus, since the Sun's diurnal 
motion is retrograde, and its annual motion direct, the Sun's 
azimuth, hour angle, E.A., and longitude are all increasing. 

Most problems of this class depend for their solution chiefly 
on the consideration of arcs measured along the equator, or 
(what amounts to the same) angles measured at the pole. 

In another class of problems depending on the relation be- 
tween the latitude, a star's decl. and meridian altitude (§ 24), 
wo have to deal with arcs measured along the meridian. 
These two classes include nearly all problems on the celestial 
sphere which do not require spherictd trigonometry. 

Examples. 

1. To represent, in a diagram, the positions of the Sun and Moon, 
and the star ( Ilerculis as seen by an observer in London on Ang. 19, 
1891, at 8 p.m., the following data being given : — Latitude of London 
= 51**, Moon's ago at noon on Aug. 19 = 14 days 19 hours, Moon's 
hititude = r S., R.A. of (Herculis = 16h. 37m., decl. = 81* 48' N. 

The construction must be performed in the following order : — 

(i.) Draw the observer's celestial sphere, putting in the meridian, 
horizon, zenith Z, and four cardinal points n, E, 8, W, 

(ii.) Indicate the position of tlie pole and equator. The ob8erver*B 
latitude is 61*. Make, therefore, nP = 51*. P will be the pole. Take 
PQ ^ PR=^ 90", and thus draw the equator, QEBW, 

(iii.) Find the declination circle passing through the Sun. The 
time of day is 8 p.m. Therefore the Sun's hour angle is 8 x 15*, or 
120*. On the equator measure QK =* 120* westwards from the 
meridian. Then the Sun O will lie on the declination circle PK, 
Since QW = 90*, we may find K by taking WK = 30* = ^ WR. 

(iv.) Find the first points of Aries and Libra. The date of obser- 
Tation is August 19. Now, on September 23 the Sun is at ^. Also 
from August 19 to September 23 is 1 month 4 days. In this 
interval the Sun travels about 34* from west to east. Hence the 
Sun is 34* west of ^. And wo must measure K^^ = 34* eastwards 
from 8, and thus find iii. 

The first point of Aries ( T ) is the opposite point on the equator. 
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(▼.) We may now draw the ecliptic C T I^ passing through the 
first points of Aries and Libra, and inclined to the equator at an 
angle of about 23^** {i.e., slightly over i of a right angle). The Sun 
is above the equator on August 19; hence the ecliptic cuts Pf above 
K. T}iis shows on which side of the equator the ecliptic is to be 
drawn ; we might otherwise settle this point by remembering that 
the ecliptic rises above the equator to the east of T . 

The intersection of the ecliptic with PF determines 0, the position 
of the Sun. 

Z 




(rl,) Having found r, wo can now find ( Herculis, Its right 
aacenfion is 16h. 37m.| i i time, = 249** 15' in angular measure. On 
the equator measure off T3f = 249" 15' in the direction west to east 
(».«., the direction of direct motion) from T ; we must, therefore, 
take ^M * 69" 15'. On the declination circle ifP, mcosure off 
if* =81^ 48' towards P. Then is the required position of 
C Herculis. 

(vii.) Find the Moon. At 8 p.m. the Moon's age is 14d. 19h + 8h. 
■■ 15d. 3h. Ilencei the Moon has separated from the Sun by 
about 185** in the direction west to east. Measure off )> = 185* 
from west to east, and put in > aboat 2* below the ecliptic. The 
Moon's position is thus found. 
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2. To find (roughlj) at what time of year the 8t«r a Oygni 
(B.A. « 20h. 88m., decl. » W 63' N.) soaths at 7 p.m. 

Let a be the poeition of the star on the meridian (Fig 20). At 
7 p.m. the Son's western hour angle {Q8 or QPiS) «= 7h. - 105*. 

Also TEQ, the Star's R.A. = 20h. 
88m. Hence TBS, the Sun's E.A. 

- 20h. 88m. - 7h. m 18h. 38m. ; or, 
in angular measure, Sun's B.A. 

- 204** 80'. Now, on September 23, 
Sun's B.A. *= 180°, and it increases at 
about l**per day. Hence the Sun's 
B. A. will be 204* about 24 days later, 
i.e., about October 17th. 

8. At noon on the longest day (June 
21) a Y.ertical rod casts on a horizontal 
plane a shadow whose length is equal p|Q 20 

to the height of the rod. To find 
the latitude of the place and the Sun's altitude at midnight. 





Fio. 21. 

From the data, the Sun's Z.D. at noon, ZQ, evidently « 45'*. 
Also, if QR be the equator, QQ - Sun's decl. « t = 23° 27' (approx.); 
.-. latitude of place = ZQ = 46^ + 23" 27' « 68" 27'. 
If O' ^ ^0 Sun's position at midnight, 

P0' = P0 = 90°- 23" 27' =66° 88'. 
But Pn = lat. = 68" 27'. 

.-. 0'n = 68^ 27'-66" 33' « 1" 64'; 
and the Sun will be above the horizon at an alt. of .1" 64' at 
■nidnight. 
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THE CKLESTIAL SPHEBE. S3 



EXAMPLES.—I. 

1. Why are thefollowiiig defiDitions alone insufficient? — Tlie zenith 
and nadir are the poles of the horizon. The horizon is the great 
circle of the celestial sphere whose plane is perpendicnlar to the 
line joining the zenith and nadir. 

2. The B.A. of an equatorial star is 270° ; determine approximately 
the times at which this star rises and sets on the 2l8t June. In 
what quarter of the heavens should we look for the star at mid- 
night? 

8. Explain how to determine the position of the ecliptic relatively 
to an observer at a given hour on a given day. Indicate tho position 
of the ecliptic relatively to an observer at Cambridge at 10 p.m. at 
the autumnal equinox. (Lat. of Cambridge = 52' 12' 51*6".) 

4. Prove geometrically that the least of the angles subtended at 
an observer by a given star and different points of the horizon is 
that which measures the star's altitude. 

6. Show that in latitude 52° 13' N. no circumpolar star when 
southing can be within 75° 84' of the horizon. 

6. Represent in a figpire tho position of the ecliptic at sunrise on 
March 21st as seen by an observer in latitude 45°. Also in lati- 
tude 67i°. 

7. If the ecliptic were visible in the first part of the preceding 
question, describe the variations which would take place during the 
day in the positions of its points of intersection with the horizon. 

8. Determine when the star whose declination is 80^ N. and whose 
R.A. is 356° will cross the meridian at midnight. 

9. The declination and B.A. of a given star are 22° N. and 
6h. 20m. respectively. At what period of the year will it be (i.) a 
morning, (ii.) an evening star ? In what part of the sky would you 
then look for it ? 

10. Find the Sun's E.A. (roughly) on January 25th, and thus de- 
termine about whac time Aldeharan (B.A. 4h. 29m.) will cross the y 
meridian that night. 

11. Where and at what time of tho year would you look for / 
FomcUhaut f (R.A. 22h. 51m., decl. 30^. 16' S.) 

12. At the summer solstice the meridian altitude of the Snn is 
75°. What is the latitude of the place ? What will be tho meridian 
altitude of the Sun at the equinoxes and at tho winter solstice ? 
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EXAMINATION PAPER.— L 

1. Explain how the directions of stars can be represented by 
means of points on a sphere. Explain why the configarations of 
the constellations do not depend on the position of the observer, 
and why the angular distance of two different bodies on the celestial 
sphere gives no idea of the actual distance between them. 

2. Define the terms — horizoiif mcrtdtan, zenith^ nadir, equator, 
ecliptic, vertical, prime vertical, and represent their positions in a 
figure. 

8. Explain the use of coordinates in fixing the position of a body 
on the celestial sphere, and define the terms — altitude, azimuth, 
polar distance, luywr angle, right ascension, declination, longitude, 
latitude. Which of these coordinates always remain constant for 
the same star ? 

4. Define the obliquity of the ecliptic and the latitude of the 
observer. Give (roughly) the value of the obliquity, and of the latitude 
of London. Indicate in a diagram of the celestial sphere twelve 
different arcs and angles which are equal to the latitude of the 
observer. 

6. What is meant by a sidereal day and a sidereal hour ? How 
could you find the length of a sidereal day without using a tele- 
scope P Why is sidereal time of such great use in connection with 
astronomical observations ? 

6. Show that the declination and right ascension of a celestial 
body can be determined by meridian observations alone. 

7. What is meant by a circumpolar star f What is the limit of 
declination for stars which are circumpolar in latitude 6(fN. P 
Indicate in a diagram the belt of the celestial sphere containing aU 
the stars which rise and set. 

8. Define the terms — year, equinomes, solstices, equinoctial and 
solstitial points, equinoctial and solstitial colures. What are the 
dates of the equinoxes and solstices, and what are the corresponding 
values of the Sun's declination, longitude, and right ascension? 
Find the Sun's g^atest and least meridian altitudes at London. 

9. Why is it that the interval between two transits of the Sun or 
Moon is rather greater than a sidereal day ? Show how the Sun's 
B.A. may be found (roughly) on any given date, and find it on 
July 2nd, expressed in hours, minutes, and seconds. 

10. Indicate (roughly) in a diagram the positions of the following 
stars as seen in latitude 51^ on July 2nd at 10 p.m. : — Capella (B.A. 
6h. 8m. 388., decl. 45° 53' 10" N.), o Lyrse (R.A. 18h. SSm. 14e., 
decl. 38° 40' 67" N.), a Scorpii (R.A. 16h. 22m. 48s., decl. 26* 11' 
22" S.), o Ur$x MoQoris (R.A. lOh. 57m. Os., decL 62° 20^ 22" N.) 
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CHAPTER II, 



THE OBSERVATOllY. 
Section I. — Instruments adapted for Meridian Observations. 

42. One of the most important problems of practical astro- 
nomy is to determine, by observation, the right ascension and 
decimation of a celestial body. We have seen in Chapter I. 
that these coordinates not only suffice to fix the position of a 
star relative to neighbouring stars, but they also enable us to 
find the direction in which the star may be seen from a given 
place at a given time of day on a given date (§41). More- 
over, it is evident that by determining every day the decli- 
nation and right ascension of the Sun, the Moon, or a planet, 
the paths of these bodies relative to the stars can be mapped 
out on the celestial sphere and their motions investigated. 

In Section II. of the preceding chapter we showed that 
the right ascension and declination of a star can be deter- 
mined by observations made when the star is on the meridian. 
"We proved the following results : — 

The star's K.A. measured in time is equal to the time of 
transit indicated by a sidereal clock (§ 24). 

The star's north decl. d can be found from % its meridian 
zenith distance, and / the latitude of the observatory by the 

formula d ^l-\-%^ 

where if the decl. is south d is negative, and if the star tran- 
sits south of the zenith z is negative (§ 24). 

Lastly, I can be found by observing the altitudes of a 
circumpolar star at its two culminations, and is therefore 
known (§ 28). 

Hence the most essential requisites of an observatory must 
include (i.) a clock to measure sidereal time, (ii.) a telescope 
so fitted as to be always pointed in the meridian, provided 
with graduated circles to measure its inclination to the ver- 
tical, and with certain marks to fix the position of a star in 
its field of view. 
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48. The Astronomioal Clock is a dock regulated to 
indicate sidereal time. It should be set to mark Oh. Om. Os. 
at the time when the first point of Aries crosses the meridian. 
It will therefore gain about 4 minutes per day 
on an ordinary clock, or a whole day in the 
course of a year (§§ 22, 36). 

The clock is pro\dded with a seconds hand, and 
the pendulum beats once every second, produc- 
ing audible "ticks"; hence an observer can 
estimate times by counting the ticks, whilst he 
is watching a star through a telescope. 

The pendulum is 'a compensating penda- 
Inm, or one whose period of oscillation is un- 
affected by changes of temperature. The form 
most commonly used is Oraham's Mercurial 
Pendnlom, in which the bob carries two glass 
cylinders containing mercury (Fig. 22). If the t 
temperature be raised, the effect of the increase 
in length of the pendulum rod is compensated 
for by the mercury expanding and rising in the 
cylinders. The same result is also effected in 
Harrison's Gridiron Pendulum, described u 
Wallace Stewart's Text-Booh of Ileat^ page 37. 

The clock is sometimes regulated by placing 
small shot in a cup attached to the pendulum. _, ^ 





Fio. 23. 
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THE OBSERYATORT. 37 

44. The Astronomical Telescope (Fig. 23) consists 
essentially of two convex lenses, or systems of lenses, and 
(y, fixed at opposite ends of a metal tube, and called the 
object-glass and eye-piece respectively. The former lens 
receives the rays of light from the stars or other distant objects, 
and forms an inverted " image " {ah) of the objects. The 
centre of the round object-glass is called its ** optical 
centre," and the image is produced as follows : — Let AAA 
bo II pencil of rays from a distant star. By traversing the 
object-glass these rays are refracted or bent towards the 
middle ray A 0, which alone is unchanged in direction. The 
rays all converge to a common point or ** focus'* at a point a 
in ^ produced, and, if received by the eyo after passing d, 
they would appear to emanate from a luminous point or 
** image " of the star at a. 

Similarly, the rays JBBJBj coming from another distant star, 
will converge to a focus at a point h in JBO produced, and 
will give the effect of an ** image" of the star at h. All 
these images (a, J) lie in a certain plane FN, called the focal 
plane of the object-glass, and they form a kind of picture or 
image of such stars as are in the field of view. 

The eye-piece (/ acts as a kind of magnifying glass, and 
enlarges the image ah just as if it were a small object placed 
in the focal plane FN. The figure shows how a second image 
A'B' ia formed by the direction of the pencils of light after 
refraction through (/. This is the final image seen on looking 
through the telescope. The eyo must be placed in the plane 
JEF, so as to receive the pencils from A\ B, 

If, now, a framework of fine wires or spider's threads 
Fig. 25) be stretched across the tube in the focal plane 
^N^ these wires, together with the image {ah\ will be 
equally magnified by the eye-piece. They will thus be 
seen in focus simultaneously with the stars, and the field 
of view will appear crossed by a series of perfectly distinct 
lines, which will enable us to fix any star's position, and 
thus determine its exact direction in space. Suppose, for 
example, that we have two wires crossing one another at the 
point V^ and the telescope is so adjusted that the image of a 
star coincides with F^ then we know that the star lies in the 
line joining F' to the optical centre of the object-glass. 
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45. The Transit Circle (Figs. 24, 26) i$ the instrament 
used for determining both right ascension and declination. It 
consists of a telescope, ST, attached perpendicularly to a 
light, rigid axis, JFFFEj hoUow in the interior. The ex- 
tremities of this axis are made in the form of cylindrical pivots, 
E, Wy which are capable of revolving freely in two fixed forks, 
called Y's, from their shape. These Y*s rest on piers of solid 
stone, built on the firmest possible foundations, and they are 
carefully fixed, so as always to keep the axis exactly hori- 
zontal and pointing duo east and west. 
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Fig. 24. 



In order to dimini.>li the effect of friction in wearing away 
the pivots, the axis is also partially supported at P, P upon 
friction rollers (not represented in the figure) attached to a 
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system of levers ( Q, Q) and counterpoises (i?, E) placed within 
the piers. These support about four-fifths of the weight of 
the telescope, leaving sufficient pressure on the Y's to ensure 
their keeping the axis fixed. 

"Within the telescope tube, in the focal plane of the object- 
glass (§ 44), is fixed a framework of cross wires, presenting 
the appearance shown in Fig. 25. Five, or sometimes seven, 
wires appear vertical, and two appear horizontal. Of the 
latter, one bisects the field of view ; the other is movable up 
and down by means of a screw, whose head is divided by 
graduation marks which indicate the position of the wire. 

The line joining the optical centre of the object-glass to 
the point of intersection of the ^middle vertical wire, with the 
fixed horizontal wire is called the Line of 
CoUimation. The wires should be so 
adjusted that the line of coUimation is per- 
pendicular to the axis about which the 
telescope turns. For this purpose the 
framework carrying the wires can be moved 
horizontally, by means of a screw, into the 
right position. K the Y^b have been accu- 
rately fixed, then, as the telescope turns, *°' ^' 

the line of collimation will always lie in the plane of the 
meridian. Hence, when a star transits we shall, on looking 
through the telescope, see it pass across the middle vertical 
wire. 

Attached to the axis of the telescope, and turning with it, 
are two wheels, or graduated circles, GE^, having their 
circumferences divided into degrees, and further subdivided 
by fine lines at (usually) intervals of 5'. By means of those 
graduations the inclination of the line of collimation to the 
vertical is read off by aid of several fixed compound micro- 
scopes, A^ I, By pointed towards the circle. One of these 
microscopes (/), called the Pointer or Index, is of 
low magnifying power, and shows by inspection the number 
of degrees and subdivisions in the mark of the circle, which 
is opposite a wire bisecting its field of view. The pointer 
should read zero when the line of collimation points to the 
zenith, and the graduations increase as the telescope is 
turned northwards. 
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46. Beading Microscopes. — In addition to the pointer 
there are four (sometimes six) other microscopes, called 
Reading Microscopes, arranged symmetrically round each 
circle, as at ABCB (Fig. 26). These serve to determine the 
number of minutes and seconds in the inclination of the tele- 
scope, by means of the following arrangement. Inside the 
tube of each microscope in the focal plane of its object- 
glass* is fixed a graduated scale NL (Fig. 27) in the form of 
a strip of metal with fine teeth or notches. This scale, and 
the imago of the telescope circle, formed by the object-glass of 
the microscope, are simultaneously viewed by the eye-glass, 
and present the appearance shown in Fig. 27. 




A small hole O marks the middle notch, and 5 notches 
correspond to a division of the telescope circle, hence the 
number of notches from the hole to the next division of the 
circle gives the number of minutes to be added to the pointer 
reading. 

* A compoand microscope, like a telescope, consists of aa objeofc- 
glnss, which forms an imago of an object, and an eye-piece which 
enlarges this image. A scale or wires fixed in the plane of the 
the image will, therefore, be seen in distinct focus, like the wires 
in the telescope. 
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To read off the number of seconds, a pair of parallel 
wires, /8-ff, are attached to a framework, and can be moved 
across the field of view by means of a screw. One whole 
turn takes the wires from ono notch of the metal scale to 
the next, t.*., over a space representing 1' on the telescope 
■ circle ; and the head of the screw is divided into 60 parts, 
each, therefore, representing 1". The wires are adjusted 
so that the graduation on the telescope circle appears midway 
between them, and the reading of the screw-head then gives 
the number of seconds. With practice, tenths of a second 
can be estimated. 

The four microscopes of ono of the circles are all read, and 
the best result is obtained by taking the mean of the readings. 

47. Clamp and Tangent Screw. — ^When it is required 
to rotate the telescope of the transit circle very slowly, this 
is done by means of the bar represented at LK in Fig. 24. 
The telescope axis may be firmly clamped to this bar by 
means of a clamp (not represented in the figure), which 
grips the rim of one of the circles as in a vice. When this 
has been done, the bar KL^ and with it the telescope, may be 
slowly turned by means of a horizontal screw at Z, adlcd 
the Tangent Screw, and provided with a long handle 
attached to it by a " universd joint." This handle is held 
by the observer, and he can thus turn the tangent screw 
without ceasing to watch the stars. 

48. Arrangements for Ulnmination, — ^As most obser- 
vations are conducted at night, the wires in the telescope and 
the graduations of the. circles must be illuminated. This is 
done by a lamp placed exactly in front of one of the pivots, 
the light from which is concentrated by means of a bull's-eye 
lens in front and a mirror behind. Part of the rays are 
reflected, by a complicated arrangement of mirrors and 
prisms, so as to illuminate the parts of the graduated circle 
viewed by the microscopes. The rest of the light passes 
through a plate of red glass down the hollow axis to a ring- 
shaped mirror, whence it is reflected up to the wires ; thus 
the wires appear as dark lines on a dull red ground. There 
is also another arrangement for illuminating the wires from in 
front, if desired, so that they appear bright on a dark ground 
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49. Taking a Transit.— Eye and Ear Method. — ^If 

a star is to be observed with the transit circle, its R.A. 
and decl. must have been roughly estimated beforehand; 
hence, its meridian Z.D. [= (star's decl.) — ^observer's lat.)] 
is known ronghly. Before the star is expected to 
cross the meridian, the telescope is turned by hand 
until the pointer indicates this roughly determined Z.D. ; 
this adjustment is sufficiently accurate to ensure the 
star traversing the field of view. The telescope is then 
clamped (§ 47). The observer now "takes a second " from 
the astronomical clock, t.^., he obsei*ves and writes down the 
hour and minute, observes the second, and begins counting 
seconds by the clock's ticks. Thus, if he sees the time to be 
lib. 23m. 29s., he writes down "lib. 23m.," and at the 
subsequent ticks he counts ** 30 — 31 — 32 — 33 — " and so on ; 
in this way he knows, during the rest of the observation, the 
exact time at every clock -beat without looking at the clock. 

The star soon approaches the first vertical wire, and passes 
it, usually between two successive ticks. With practice, the 
observer is able to estimate fractions of a second as follows : — 
Suppose the star crosses the wire between the 34th and 35th 
tick. The positions of the star are noticed at tick 34 and at 
tick 35, and by judging the ratio of their distances from the 
wire on the two sides, the observer estimates the time of 
crossing the wire by a simple proportion, and writes down 
this time, say 34*6. The estimate is difficult to make, 
because the two positions of the star are not visible simulta- 
neously, and the star does not stop at them, but moves 
continuously; hence to estimate tenths of seconds (as is 
usually done) requires much training and practice. 

Moreover, the observer must not lose count of the ticks of 
the clock, for when he has written down the instant of transit 
over the first wire the star will be nearing the second wire.* 

The time of transit over the second vertical wire is now 
estimated in the same way, and the process repeated at 
each wire. The average of the times of crossing the five 
or seven wires is taken as the time of transit ; in this way, 

* In most instmments the wires are placed at ench a distance 
that a star in the equator takes about 13 seconds from one wire 
to the next. 
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the effect of sxxiall errors of observation will be much smaller 
than if the transit over one wire only were observed. 

This method of taking the time of transit is called the 
''Eye and Ear Xethod." 

While obserN-ing the transit, the observer turns the tele- 
scope by means of the tangent screw, until the horizontal 
wire bisects the imago of the star ; during the rest of the 
observation the star will appear to run along the horizontal 
wire. After the observation, one of the circles is read by the 
pointer and the four microscopes. If the circle reads O*' 0' 0", 
when the line of collimation points to the zenith^ the reading 
for the star will determine its meridian Z.D., in other cases 
we must subtract the zenith reading. From the meridian 
Z.D. the declination can be found. 

50. The Clironograpli. — To obviate the difficulty of 
observing transits by the eye and ear method, an instrument 
Called the Chronograph is now frequently used. A cylin- 
drical barrel, eovereid with prepared paper, is made to turn 
slowly and uniformly by clockwork about an axle, on which 
a screw is cut. In this way the barrel is made to move 
forward in the direction of its axis, about one-tenth of- an 
inch in every revolution. The observer is furnished with a 
key or button, which is in electric communication with a pen 
or marker. At the instant when the star crosses one of the 
vertical wires, the observer depresses the key, and a mark is 
made upon the paper of the barrel. The astronomical clock, 
also, has electric commimication with the marker, and marks 
the paper once every second, the beginning of a new minute 
being indicated, in some instruments, by the omission of the 
mark, in others, by a double mark. In this way, a record is 
made of the times of transit over the wires, the marks being 
arranged in a spiral, owing to the forwaird motion of the 
barrel. The distance of the heginnxng of any transit-mark 
from the previous second-mark can be measured at leisure 
with very great accuracy, and the time of transit may thus 
be readily calculated. Indeed, there is no difficulty in 
recording, by this method, the transits of two, or even more, 
near stars which are simultaneously in the field of view of 
the telescope, for the transit-marks of the different stars can 
be readily distinguished from one another afterwards. 

AermoK. b 
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51. Corrections. — After the transit of a star has been 
observed, certain corrections have to be allowed for in practice 
before its true R. A. and decl. are obtained. These corrections, 
which depend on errors of observation, may be conveniently 
classified as follows : — 

(a) Corrections required for the Eight Ascension : 

1. Error and rate of the astronomical clock. 

2. Personal equation of the observer. 

8. Errors of adjustment of the transit circle, including 
(a) Collimation error. 
Leyel error. 
Deviation error. 

Irregularities in the form of the pivots. 
Corrections for the " verticality" and ** wire 
intervals." 
{h) Corrections required in finding the Declination : 

1. Reading for zenith point, or for the nadir, hori- 

zontel or polar point. 

2. Errors of imperfect centering of the circles. 
8. Errors of graduation. 

4. Errors of " runs " in the reading microscopes. 
Besides these corrections, which we now proceed to de- 
scribe, there are others of a physical nature, such as refraction, 
Sarallax, aberration, the description of which will be given 
iter. A correction is always regarded as positive when it 
must be added to the observed value of a quantity in order 
to get the true value, negative if it has to be subtracted. 

(o) COEEEOTIONS EEQUIEBD FOE THE EIGHT ASCENSION. 

52. Clock Error and Sate. — A good astronomical dock 
can generally be regulated so as not to gain or lose more than 
about 28. in a sidereal day. But to estimate times with 
greater accuracy, it is necessary to apply a correction to the 
time indicated, owing to the clock being either fast or slow. 

The Error of a clock is the amount by which the clock is 
slow when it indicates Oh. Om. Os. Thus, the error must be 
added to the indicated time in order to obtain the ooireot 
time. If the clock is fast, its error is negative. 

The Bate of the clock is the increase of error during 24 
hours. It is, therefore, the amount which the dock loses in 
the 24 hours. If the clock gainSf the rate is negative. 
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The rate of a dock is said to be aniform or constant 
when the dock loses equal amonnts in equal intervals of 
time. In a good astronomical dock, the rate should remain 
uniform for several weeks. 

53. Correction for Error and Bate. — If the error of a 
dock and its rate (supposed uniform) are known, the correct 
time can be readily found from the tune shown by the clock. 

The method will be made dear by the following example : — 

Example. — If fche error of an astronomical clock be 2*528., and ifcs 
rate be 0*448., to find to the nearest hnndreth of a second the correct 
time of a transit, the observed time by the clock being 19h. 23m. 26 '44s. 
Here in 24h. the clock loses 0*448. 

.*. in Ih. it loses ,V ^ 0*44s. = 0*01838. 
Hence, loss in 19h. =« 001838. x 19 = 0*3488., 
and loss in 23m. = 00078. 
At Oh. Om. Os. the clock error is = 2'52s. ; 
•*. at 19h. 23m. 25*448., clock is too slow by 2*528. + 0*3558. « 2*888., 
.'. the correct time « 19h. 23m. 2544s. +2*888. 
» 19h. 28m. 28*828. 

54. Determination of Error and Bate of Clock. — 

The clock error is found by observing the transit of a known 
star, i.e., a star whose R.A. and decl. are known. 

If the dock were correct, the time of transit (when cor- 
rected for all other errors) would be equal to the star's R.A. 
(see § 24). If this is not the case, we have evidently 
(Clock error) = (Star's B.A.) 

— (observed time of transit). 

This determines the clock error at the time of transit. 

To find the rate, the transits of the same star are observed 
on two consecutive nights. 

Let t and i—x be the observed times of transit ; then x is 
the amount the clock has lost in 24 hours, i.e., the rate of the 
clock. Therefore 
(Bate of Clock) = (observed time of 1st transit) 

— (observed time of 2nd transit). 

Having found the rate of the clock and its error at the 
time of transit, the error at Oh. Om. Os. may be found by 
subtracting the loss between Oh. Om. Os. and the transit. 

Stars used in finding clock error are known as " Clock 
Stars.'' 
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66. Personal Equation is the error made by any par- 
ticular observer in estimating the time of a transit. 

Of two observers, one may habitually estimate the transit 
too soon, another may estimate it too late, but experience 
shows that the error made by each observer in taking times 
of transit by the same method is approximately constant. 

If all observations are made by the same individual there 
will be no need to take account of personal equation, because 
the error made in taking a transit will be compensated by the 
error made in observing the clock stars to set the dock. If 
the two operations are performed by different observers, we 
must allow for the difference of their personal equations. 

Pei'sonal equation may be measured by an apparatus for 
observing the transit of a fictitious star, t.^., a bright point 
moved by clockwork ; in this case the actual time of its transit 
is known, and can be compared with the observed time. 
Personal equation is positive if the observer is too quick, 
BO that the correction must be added to the observed time to 
get the true time, as in § 51. 

66. Errors of Adjustment of the Transit Circle. — 

If the transit circle is in perfect adjustment, the line of coUi- 
mation of the telescope must always lie in the plane of the 
meridian. If not, we must correct for the small errors of 
adjustment. The conditions required for perfect adjustment, 
together with the corresponding corrections when these con- 
ditions are not fulfilled, may be classified as follows : — 

{a) The line of collimation should be perpendicular to the 
axis about which the telescope rotates. If not, the corre- 
sponding correction is called Collimation Error. 

{h) The axis of rotation must be horizontal. Level Error. 

{c\ The axis must point due east and west. Deviation 
(or A^imuthal) Error. 

(d\ The pivots resting on the Y's must be truly turned, 
and lorm parts of the same circular cylinder. Correction for 
shape of pivots. 

(/) The vertical wires in the transit must be truly vertical 
(f .tf., pardlel to the meridian) and equidistant. Vertioali^ 
and Thread Intervals, 
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^7. OoUimatioXl Srior.— We have seen (§ 46) that the frame- 
work oarrying the yertical wires in the transit telescope can be 
adjusted by a screw, so that collimation error can be corrected. 
Suppose, for simplicity, that no other error is present. Then the 
line of oollimation will always make a constant small angle with the 
meridian, and this angle will measure the collimation error. 

To correct this error, two telescopes, called Collimators, are 
pointed towards each other, one dne north, the other due sonth of 
the instrument (n, s. Fig. 26). Both contain adjustable " collimating 
marks," formed by cross wires in their focal planes. The transit 
telescope being first pointed vertically, and two apertures in the 
side of its tube being uncovered, the observer looks through the 
telescope «, and sees through the apertures into the telescope n. 
He then brings the wires in a into coincidence with the images of 
the wires in » ; he then knows (from the optkal theory of the tele- 
scope) that the lines of collimation of n, a are parallel. Suppose 
(e.g.) that they make a small unknown angle »" W. of S., and B. of 
N., respectively. 

He now looks through the transit telescope into the collimator s. 
He adjusts the middle vertical wire of the transit to coincide with 
the image of the cross mark in s, reading the graduated screw by 
which the adjustment is made. The line of collimation of the 
transit is now m" west of the meridian. He points the telescope into 
n, and similarly adjusts the wires : the line of collimation is now x'* 
east of the meridian. He now turns the adjusting screw to a reading 
midway between the two observed readings ; the line of collimation 
is then in the meHdian, and collimation error has boon removed. 

*58. Level Error is measured by the inclination to the horizon of 
the axis of rotation of the tolecope. It causes the lino of collima- 
tion to trace out, on the celestial sphere, a great circle inclined to 
the meridian at an angle equal to the level error. 

Level error is found by pointing the telescope (corrected for 
collimation error) downwards over a trough of mercury {N^ Figs. 24, 
26,28). 

An eye-piece is provided, called a " collimating eye-piece" {EF, 
Fig. 28, p. 49), containing a plate of glass Jf, which reflects the 
light from a lamp straight down the tube. The mercury will 
form a reflected image of the telescope, which may be treated just 
as if it vrere a real telescope or collimator ; the wires in the actual 
telescope will appear bright, and those in the imago will appear 
dark. By the law of reflection, if the middle wire coincide with its 
image, the line of collimation will be vertical, and (since there is no 
collimation error) there will be no level error. If not, the wires 
are moved by the screw until the vertical wire coincides with its 
image. The observer reads the angle through which the screw has 
been turned, and thus measures tho level error. The wires are then 
replaced (otherwise collimation error would be introduced) and 
level error is corrected by adjusting tho Y's (§ 69). 
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*59. Deviation Error is mea«ared by the small angle whioH the 
axis of rotation of the telescope makes with the plane of the prime 
vertical. It causes the line of collimation of an otherwise correctlj 
adjusted transit circle to describe a great circle through the zenith 
whose inclination to the meridian is equal to the deviation error. 

Deviation error can be discovered by observing the times of upper 
and lower transit of a circumpolar star, such as the pole star. 
Suppose {e.g.) that the telescope axis points sh'ghtly south of east; 
then it is readily seen by a diagram that when the telescope is 
pointed north of the zenith, the line of collimation will be slightly 
east of the meridian. Then, at upper transit, if the observed cir- 
cumpolar star is north of the zenith it will reach the middle wire 
before reaching the meridian. At lower transit it will not reach the 
wire till after passing the meridian. Hence, the time from upper to 
lower transit will be rather greater than 12h., and the time from 
lower to upper transit will be rather less than 12h. By observing 
the difference of the intervals the deviation error can be found. 

In many observatories, the Y*s of the transit circle can be adjusted 
by screws, one moving vertically, to correct for level error, the 
other horizontally, to correct for deviation error. 

When these errors are corrected, the cross wires of the oollimaton 
are brought into coincidence with the middle wire of the telescope 
when pointed horizontally. 

*60. The correction for the shape of the pivots is rather compli- 
cated, but, in a good instrument, it should be very small. When 
the pivots are much worn by friction, they should be re-turned. 

The errors may be measured by making a small mark on the end 
of each pivot, and observing, by means of reading microscopes, the 
motions of the marks as the instrument is slowly turned round. If 
the pivots are true, the marks should remain fixed, or describe circles. 

•61. Verticality of the Wires may be tested by observing one of 
the collimators, whose cross wires are adjusted as in § 60. If the 
cross wires always appear to intersect on the middle wire of the 
transit when the instrument is turned through any small angle, we 
know that the middle wire is vertical. 

•62. Wire Intervale.— Bj "Equatorial Wire IntervaLi" ore 
meant the intervals of time taken by a star on the equator in pass- 
ing from one vertical wire of the transit to the next. 

If the intervals between successive wires are unequal, the mean 
of the times of transit over the wires will not in general be the 
same as the time of transit over the middle wire. We may imagine 
a straight line so drawn across the field of view that the time of 
transit across it is exactly equsd to the mean of the times of transit 
over the five or seven wires. Tliis line is called the Mean of the Wires. 

By carefully determining the equatorial wire intervals, the very 
smidl interval between the transits over the mean of the wires and 
over the middle wire can be found. 

For a star not in the equator, the wire intervals are proportional 
Lo the secant of the declination. This follows from Sph. Qeom. (17). 
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(b) OOBBEOTIONS EEQUIEED IN FINDING THE DECLINA- 
TION OF A STAB. 

63. Senith Point. — In § 45 we stated that the pointer 
of the transit circle is usually adjusted to read 0* 0' when 
the line of collimation is pointed to the zenith. But it would 
be yery difficult to adjust the microscopes to give a mean 
reading of exactly 0' 0' 0" for the zenith. Hence it is neces* 
sary to determine the senith point, or zenith reading, and 
in calculating the meridian Z.D. of any star, this must be 
subtracted from the reading for the star. 

Let ^and i^be the rea£ngs when the telescope is pointed 
to the zenith and nadir, respectively, iZ" and R* the readings 
for the north and south points of the horizon; then evidently, 

Z=zE-W = iV'-lSO' = ir-270». 
Also, if « is the reading for the meridian transit of any star, 
then star's meridian Z.D.= :c— -^, if north of the zenith, 
or, = 360*- {x^Z)^ if south of the zenith. 

64. To find the Nadir Point, use is made of the Colli- 
mating Eye Piece, already mentioned in § 56, and 
represented in Fig. 28. It consists of 
two lenses JE', F^ between which is a 
plate of glass, J/", inclined at an angle of 
45* to the axis. This plate illuminates 
the wires from above by partially re- 
flecting the light from a lamp on them, 
at the same time allowing them to be 
seen through the eye-glass, E, 

The telescope is pointed downwards 
over the trough of mercury, N\ and 
the rays of light from any one of the 
wires, Q, will produce by reflection a 
distinct image of the wire at g' in the 
focal plane. By turning the telescope 
with the tangent screw, the fixed hori- 
zontal wire may be made to coincide 
with its image ; it will then bo verti- 
cally over the " optical centre " of the 
object-glass (§ 44). The line of colli- 
mation will, therefore, point to the 
nadir, and the nadir reading is given by 
the pointer and microscopes. Subtracting 180*, wo have th^ 
pie zenith reading. 




Fig, 
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65. — Determination of Horizontal Point. — Xethod 
of Donble Observation. — Both the horizontal reading and 
the meridian altitude of a star can be determined by obscry- 
ing the star, both directly and by reflection, in a trough of 
mercury placed in a suitable position (Jf, Figs. 26, 29). . 



^' 




Fig. 29. 

Fig. 29 illustrates the method of double observation. Let 
PZ be the direction of the line of coUimation corresponding 
to the zero reading, FR the horizontal direction, FS and 
MTF the directions of the star viewed directly and its image 
viewed by reflection. The reading of the circle for the direct 
observation is the angle ZFSj the reading for the reflection 
is the angle ZFM. 

Since the angles of reflection and incidence 8^MZ\ TMZ' 
at the mercury are equal, and JfS', FS are parallel, we have 
evidently Z SFir= S'MR' = TlfX = MFR; 
.-. star's altitude, 8FB:= ^ SFM; 
= A (ZFM-'ZFS) 

= half the difference of the two readings. 
Also : Horizontal reading, ZFE=l i {ZFM^-ZFS) ; 

= half the sum of the two readings. 
Subtracting 90* from the north horizontal point, the zenith 
point is found. 

*66. In QBing this method with the transit circle of a fixed 
observatory, the star will remain suflBciently long in the field of 
view to allow of both observations being made at the same transit, 
and th^ fact of the star not bein^ qaite on the meridian will nok 
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affect the results poroeptibly. Bat there will not be time to read 
the oiroles by means of the four microscopes, between the two 
observations. This difiSoalty is obviated by proceeding thus: — 
Before the first observation, point the telescope (by means of the 
pointer) in such a direction that the reflection of the star in the 
meronry will cross the field of view daring the transit; for this 
porpose the star's meridian altitude mast be known approximately. 
Clamp the telescope, and read the microscopes. When the star 
appears in the field of view, adjust the moveable horizontal wire (by 
means of its graduated screw) till it crosses the star, keeping the 
telescope fixed. Now unclamp the telescope, and point it to the star 
direct, turning it with the tangent screw until the moveahle horizontal 
wire again crosses the star. After the observation, read the graduated 
screw of the horizontal wire, and also the pointer and microscopes. 
Since the star is bisected by the same wire at each observation, 
the difference in the readings gives the angle through which the 
telescope was rotated, and this angle is evidently double the star's 
altitude. Half the sum of the readings gives what would be the 
reading if the moveable wire were pointed horizontally. This must 
be corrected by adding the angulax interval between the moveable 
and fixed wires as determined from the graduated screw, and we 
. then have the reading for the horizon point when the fixed wire is used. 

67. Polar Point. — ^In order to find the declination of a 
star by means of the transit circle, it is necessary to know 
the reading when the telescope is pointed to the pole. This 
may be found, just as in § 28, by observing the upper and 
lower transits of a circumpolar star. The mean of the two 
readings gives the polar point. 

The N.P.D. of any star is found by taking the difference 
of the readings for the star and the polar point. The decli- 
nation is, of course, the complement of the N.P.D. 

"We may also find declinations thus : — Since angles are 
measured from the zenith northwards, it is evident (by draw- 
ing a figure or otherwise) that the reading for the point of 
the equator above the horizon is given by 

Equatorial point = (Polar point) + 270**. 
Since the decl. is the angular distance from the equator, we have 

(North Decl.) = (Reading for star)— (Equatorial point). 
If the star transits north of the zenith, its reading must be 
increased by 360*^. 

The latitude of the observatory is given by 
Latitude = Altitude of pole 

= (North horizontal point) — (Polar point). 
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*68. Enron of Graduation. — Tbe operation of testing the accnraoy 
of the gradoations on the circles of the transit circle is rery long 
and laborious. One of the two srraduated circles is so attached to 
its axis, that it can bo turned through any anglo relative to the 
telescope. Then, by reading the microscopes belonging to both 
circles, every graduation on one circle is compared with every 
graduation on the other circle, and any errors of graduation are thus 
detected and measured. The effect of such errors is much reduced 
by using all the four microscopes, and taking the mean of their 
readings. 

•69. EiTora due to Imperfect Centering of the Circles.— By 

taking the mean of the microscope readings, all errors due to imper- 
fect centering are eliminated. In proof, let us suppose that only 
two microscopes (J., C, Fig. 26) are used, but that these are opposite 
to one another. If the circle is truly centred, with its centre on 
the line AG, the two readings will differ by 180°. If, now, the gradu- 
ated circle is displaced, without being rotated, till its centre is at a 
distance h from AC, then the points of the scale, now under AC, 
will be at distances h from the points formerly under AC, both being 
displaced in the same direction. Hence, since both readings are 
measured the same way round the circle, one will be increased 
and the other will be decreased by the same angle. The arithmetio 
mean of the two readings will, therefore, be unaltered by the dis- 
placement of the centre, and will be independent of any small error 
due to imperfect centering. The same is, of course, true of the 
mean reading for the other pair of microscopes, B, D, 

The error in centering may be discoTered by taldng the difference 
of the readings of a pair of opposite microscopes. This difference 
should be 180' if the circle is properly centred ; if not, the amount 
by which it differs from 180° will determine how much the centre of 
the circle is to one side or the other of the line joining the centres 
of the pair of microscopes. 

*70. Error of Rnns. — In the reading microscopes, one turn of the 
micrometer screw should move the parallel wires over a space corre- 
sponding to exactly 1' on the graduated circle, so that the vdres 
should be brought from one mark of the circle to the next by exactly 
five turns of the screw. In practice it will probably be found that 
rather more or rather less than live turns will be necessary. In this 
case the readings of the teeth and of the micrometer screw-head will 
differ slightly from true minutes and seconds of arc on the circle, 
and a correction will be required. This error is called Error of 
Buns. 

*71. CoUimation, Level and Deviation Errors have no appre- 
ciable effect on observations for declination, provided that such 
errors are small compared with the star's N.P.D. Hence, they may 
be left out of account, except in observations of the Pole Star. 
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72. General Bexuarloi. — We first described the Transit 
Circle, and the methods of ^^ taking a transit" ; we afterwards 
described the corrections which must be applied to the results 
of the observations in finding the right ascension and decli- 
nation of a star. But in practical work the various errors 
must be detennined before any observation can be made. 
Among these, collimation, level and deviation error, and the 
nadir point should be found daily, as they may be affected by 
heiat or cold, or by shaking the instrument. 

Clock error and rate arc also determined daily by observing 
certain " clock stars." The accuracy of the corrections may 
be tested by observing various ** known stars" of different 
declinations. If the corrections have been accurately made, 
the observed right ascensions and declinations should agree 
with their values as given in astronoinical tables. 

Before determining clock error and rate by mcuns of a 
" clock star," the R.A. of one such star must be known. 
Since the E.A. is measured from the first point of Aries, that 
point must first be found* The method of finding it will be 
described in Chap. IV. 

73. Observatioiis on the Bxui, Xoon, and Planets.— 

The positions of the Sun, Moon, and Planets are defined by 
the coordinates of their centres. In finding these, the 
angular diameters must be taken into account. 

In observing the Moon or a planet, the fixed horizontal wire 
is adjusted to touch the illuminated edge of its disc, and the 
times at which its edge touches the vertical wires are ob- 
served. To find the coordinates of the centre, a correction 
is made for the angular semi-diameter of the body, which 
must be determined independently. It must not be forgotten 
that the image formed by the telescope is inverted. 

In observing the Sun, the semi-diameter may be found 
during the observation by adjusting the moveable horizontal 
wire to touch one edge of the disc, while the fixed wire 
touches the other edge. The reading of the micrometer 
screw gives the Sun's angular diameter. In finding the time 
of transit, the times of contact of the disc on arriving at and 
leaving each wire are separately observed ; their arithmetic 
mean for any wire is the time of transit of the centre. 
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Section II. — Imtrumenis adapted for OhservatioM off the 
Meridian, 

74. The Transit Circle can only be used to observe celestial 
bodies during the short period before and after their transit 
that they remain in the field of view. It is, therefore, un- 
suited for eontinuoue observation of a celestial body, such as 
is required more particularly in Physical Astronomy. For 
this purpose, a telescope iflust be mounted in such a way that 
it can be pointed in any required direction, or moved so as to 
keep the same body always in the field of view. There are 
two such forms of mounting, and the telescopes thus mounted 
are called the Altazimuth and the EquatoriaL 




75. The Altasimntli. — In this instrument, a telescope, 
ST, is supported so that it can turn freely about a horizontal 
axis, CD, sometimes called the secondary axis. This 
secondary axis, with the attached telescope, is capable of 
turning about a fixed vertical axis, AB, sometimes called the 
primary axis, which is supported at its upper and lower 
ends as shown in the figure. 

Both axes are provided with graduated circles, GM, UV^ 
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attached to, and taming with them. Each circle is read 
by means of one or more "pointer" microscopes, if and N, 
ThsiTQ aro also clamps, furnished with tangent screws, by- 
means of which the circles may be fixed in any desired posi- 
tion, or rotated slowly if required. At C7 is a oounterpoisej 
which balances the telescope and the circle UV^ and so 
prevents their weight from bending the axis AB, 

By rotating the whole instrument about the vertical axis 
AB^ the telescope can be brought to any required azimuth. 
If now the circle QHhQ clamped, the telescope can be turned 
about CD to any required altitude. The microscope N 
should indicate zero when the telescope is pointed in the 
plane of the meridian, and the microscope M should indicate 
zero when the telescope is horizontal. If now the telescope 
be pointed so that a star is in the middle of its field of view, 
the readings of the two microscopes iV, Jf will give the star's 
azimuth and altitude respectively. The time of observation 
being also known, the position of the star on the celestial 
sphere is completely determined, and its E.A. and decl. can 
be calculated if required. But for observations of this class, 
the altazimuth is not nearly so reliable as the transit circle. 

As the altazimuth possesses two independent motions, while 
the transit circle possesses only one, the former instrument 
is liable to a far greater number of errors of adjustment; 
moreover, its telescope is far less firmly and rigidly supported, 
and the instrument is therefore more liable to bend. 

A large altazimuth in Greenwich Observatory is used for 
observing the Moon's motion, when it is so near the Sun 
that it cannot be accurately investigated by meridian observa- 
tions alone. 

A portable telescope, mounted on a tripod stand, such as is 
commonly used for observing the stars at night, is an altazi- 
muth unprovided with graduated circles. 

A Finder {F) is usually attached to a large altazimuth, 
whose field of view is of small angular breadtii. This is a 
small telescope of lower magnifying-power, with a larger field 
of view, the centre of which is marked by cross wires. To 
point the large telescope to any celestial body, the altazimuth 
18 so adjusted that the body is seen in the cenlre of the finder. 
It will th^ be in the field of view of the large telescope. 
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76. The Equatorial (Fig. 31). — ^If we suppose an alta- 
zimuth inclined so that its primary axis, instead of being 
Tortieal, is pointed in the direction of the pole, we shall have 
an Equatorial. In this instrument the framework carrying 
the telescope turns as a whole about the primary axis 
AB, which is supported at A and ^, so as to point 
towards the pole. Attached perpendicularly to this axis, 
and turning with it, is a graduated circle, called the 
Hour Circle, which is read by a " pointer " microscope N. 

The framework AB carries a secondary axis perpendi- 
cular to the primary axis, and the telescope 8T\b attached 
perpendicularly to this secondary axis, about which it 
is free to turn. The axis of the telescope carries another 
graduated circle called the Declination Circle which is 
road by the " pointer " microscope if. 




Fio. 8L 

The declination circle should read zero when the telescope 
is pointed in the plane of the equator, and the hour cirde 
should read zero when the telescope is in the plane of the 
meridian. K now the telescope is pointed towards any 
celestial body, the readings of the tMio microscopes will 
give, respectively, the declination and hour angle of the 
body. 

AVlien it is required to observe the same body continuously 
with the equatorial, the declination circle is clamped, and 
the observer must slowly rotate the hour circle by hand, so 
as to keep the body observed in the field of view. 
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In large instroments the hour circle can be attached to a 
damp which is worked by clockwork in such a manner that 
the whole framework turns nnif ormly round the primary axis 
AB once in a sidereal day. This motion will ensure that the 
star under observation shall always remain in the centre of 
the field of view. 

The pointer-microscope of the hour circle may be made to 
revolve with the clamp, and to mark zero when the telescope is 
pointed towards the first point of Aries ; its reading will then 
give the right ascension of any observed star. But the decli- 
nation and right ascension cannot be determined with any 
great degree of accuracy by reading the circles of the equa- 
torial. There are the same difficulties as in the altazimuth ; 
moreover, the primary axis, being inclined to the vertical, is 
more liable to bend under the weight of the telescope. 

The clockwork by which the equatorial is flriven could not 
be regulated by an ordinary pendulum, as this would make 
the telescope move forward in a series of jerks, one at every 
beat. For this reason, a conical pendulum revolving uniformly 
must be used. The reader will find the principle of the 
conical pendulum explained in most text-books on elementary 
dynamics; a working example may be seen in the ** Watt's 
Cfovemor " of a steam-engine. 

In most modem equatorials, the primary axis is not sup- 
ported as in Fig. 81, but on a pillar just underneath the 
secondary axis. The advantage is that the primary axis is 
leas liable to bend than when supported at its two ends A^ B, 

77. Uses of the Equatorial. — ^Amongst these the fol- 
lowing may be mentioned : — 

(L) " Differential " observations, %,$,, micrometric obser- 
vations of the relative distances and positions of two near 
atars simultaneously visible. 

(ii.) Observationa of the appearance, structure, and magni- 
tude of the celestial bodies. 
(iiL) Stellar photography. 

(iv.) Spectroscopic analysis. 
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78. Micrometerfl. — ^Any instrament used for measuring 
the small angular distance between two bodies simultaneously 
visible in the field of view of a telescope is called a 
Micrometer. Thus the moveable horizontal wire in the 
transit circle, with its graduated screw, is a micrometer, for 
if the instrument be so adjusted that the fixed wire crosses 
one star, while the moveable wire crosses another neighbouring 
star, the distance between the wires, as read off on the screw 
head, gives the difference of declination of the stars. The 
moveable wire in the field of view of the reading microscope 
is identical in principle with a micrometer. 

79. The Sorew and Position Micrometer (Fig. 32) 
serves to 11 ad both the angular distance between two neighbour- 
ing stars and the direction of the line joining them. It contains 
a framework of wires placed 
in the focal plane of the tele- 
scope. Two of these wires 
are parallel, and one of them 
can be separated from the 
other by turning a screw with 
a graduated head. A third 
wire, which we will call the 
"transverse wire," is fixed 
in the framework perpendi- 
cular to the two former. The 
whole apparatus, together 
with the eye piece of the 
telescope, can be rotated so 
that the wires may appear in any required direction across the 
field of view. A graduated circle, called the Position Circle, 
is attached to the eye-piece, and measures the angle through 
which it has thus been turned. Besides the wires, the frame- 
work contains a transverse strip of metal marked with notches, 
at distances apart corresponding to complete turns of the micro- 
meter screw, an arrangement similar to that employed in the 
reading microscope (§46). 

In observing two stars, the equatorial and micrometer ar6 
so adjusted that one of the stars may appear at the inter- 
section of the two fixed wires, while the other appears at the 
intersection of the fixed and moveable wires. 




Fio. 82. 
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The nuinber of notches of the scale, together with the 
reading of the screw-head, determine the distance between 
the images of the stars in turns and parts of a turn of the 
screw-head. To find the angular distance between the sta», 
we only require to multiply by the known angular distance 
corresponding to one turn of the screw. 

The reading of the position circle determines the direction 
of the smaU arc joining the stars. The position-circle should 
read zero if the stars have the same E. A . Then the reading 
in any other position will determine their position angle* 
i.e.y tke angle which the line joining the stars makes with a 
declination circle through one of the stars. 

^. BoUond's Heliometer is another form of micrometer, cle> 
pending on the principle that if the object-glass of an astronomical 
telescope he cut across in two, each half will form an image of the 
whole field of view, in the same way as if the lens were still com- 
plete.t In the Heliometer one half of the object-glass can be made 
to slide along the other by means of a gradaated screw. 




Fio. 88. 

Sappose that wo want to measnre the angular diameter of the Son 
(S, Fig. 88). When the halves of the object-glass are together, so 
that their optical centres coincide, one image of the Son will be 
formed. When the two halves are separated, two separate images 
will be formed in the focal plane of the telescope, and will be seen 
simnltaneoasly. The half -lenses are separated, till the two images 
touch, as ah and he. Let 0, 0' be the optical centres of the two 
halves of the objective. The distance OC/is read off on the screw- 
head ; from this reading the Son's angular diameter may be foond. 

For at b, the point of contact of the images, the half -lens forme 
an image of the lower limb B, and the half -lens (/ forms an image of 
the npper limb A. Hence, BOh and A(yh are straight lines, and OhO" 
is the angnlar diameter BhA. Bat the focal length Oh is known 
Hence, if (XX is also known, the angular diameter OhC/ can be f oand. 

f To show this, it is only necessary to cover np half the object' 
glass of an astronomical telescope. (N.B. — Not an opera-gUut.) 
ASIBOir. V 
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In measuring the angular distance between two stars, the hello- 
meter is adjusted so that the image of one star formed bj one half-* 
lens coincides with the image of the other star formed hj the 
other half -lens 0'. The principle is the same as before. 

*81. To find the angular distance corresponding to a roTolation 
of the micrometer screw, the simplest plan is to observe the Sun*8 
diameter, and to compare the reading with its known value. The 
latter is given in the Nautical Almanack for every day at noon. 

To test the zero reading of the position circle, the equatorial 
is pointed to a star near the equator, and fixed, and the micrometer 
is turned tUl the diurnal rotation causes the star to run along the 
transverse wire. The circle should then read 90^. 

82. Stellar Photography. — ^For photographic purposes, 
the equatorial is driven by clockwork, carrying with it a 
sensitized plate, on which an image of the heavens is projected. 
In this way a photograph of part of the sky is obtained, and 
on such a photograph the distances and relatiTe positions of 
the various stars, nebulse, &c., can be accurately measured. 
Moreover, by continuing the exposure sufficiently long, even 
the faintest rays of light will produce an impression on the 
photographic plate ; and it is thus possible to detect stars and 
nebulae which would be invisible to the eye. 

*83. Spectrum AnalyslB. — A description of the spectrum is given 
in Wallace Stewart's Text-Book of Lights Chap. YIII., and the spec- 
troscope is described in § 91 of the same treatise. 

A detailed account of the methods of spectrum analysis would be 
out of place in this book, as the subject belongs to the domain of 
Physical Astronomy. The general principle is this : — We can, by 
means of the spectroscope, analyse the constituent waves of the 
light rays which reach us from the Sun and stars. We can compare 
these constituents with those emitted or absorbed by the various 
chemical elements in a state of vapour. Such comparisons enable 
us to infer what chemical elements are present in different celestial 
bodies. 

84. Other Instnunents. — ^The instruments described in 
this chapter are all such as are used in fixed observatories. 
Besides these, certain portable instruments are used in astro- 
nomical observations. Among the latter class the Zenith 
Sector will be described in the next chapter, in connection 
with the determination of the Earth's form and radius ; and 
the Sextant and Chronometer will be explained in treating of 
the methods of finding latitude and longitude at sea. 



Digitized by 



Google 



THE OnSERVATORT. 61 



EXAMPLES.— II. 

1. Describe the Altazimuth. Whj is it not so well snited for 
continnoas observations as the equatorial, and, in particular, why is 
it quite nnsaitable for stellar photography ? 

2. Show that the altitude of a star is greatest when the star is on 
the meridian. 

3. From the resolt of Question 2, show how the meridian zenith 
distance of a stsu: might be found by observing its altitude with an 
altazimuth. 

4. How may we most easily set the astronomical clock P 

6. Show that the rate of a clock might be found by. observations 
on successive nights with any telescope provided with cross wires, 
and pointed constantly in a fixed direction. 

6. Distinguish, with examples, direct and retrograde angular 
motion. Is B.A. measured direct or retrograde P 

7. Show that in latitude 45° the interval between the time of 
any star's passing due east and its time of setting is constant. 

8. Show that, if a transit circle be not centred truly, the con* 
sequent error can be eliminated by taking the mean of the reading^ 
of the microscopes. 

9. In a double observation made with the transit circle, the 
readings of the pointer directly and by reflection are 59** 36' and 
125** 20^ ; the means of the microscope readings are in the two cases 
3' 42" and 1' 13'. The moveable wire reads + 2 ", and the reflected 
star runs along the fixed horizontal wire. Find the zenith reading. 

10. Explain how it is that photography has revealed the existence 
of stars which are so faint as to be invisible. 

11. Find the decl. of a Ophiuchi from the following observations, 
made at Greenwich (lat. 51** 28' 31" N.) :— Pointer reading 821'' IC/, 
microscope readings, 1' 2", C 50", O' 46", 0' 58", the zenith reading 
being OP O' 16". 

12. Find also the R.A. of a Ophiuchi, Given : Time by sidereal 
dock — 17h. 29m., the numbers of seconds at the transits over the 
five wires being 37*46., 50-28., Im. 2*9s., Im. 15*28., Im. 27-4e. Clock 
error ■■ — lO'Os. ; personal equation =- +0*48. 
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EXAMINATION PAPER.— II. 

1. Classify the Yarioas observations which are taken in astro- 
nomical investigations, and state the respective instruments which 
may be used for those observations. 

2. Define the right ascension and declination of a star, and describe 
shortly the principles of the methods of finding them. 

8. Describe how the time of transit of a star across each of the 
five or seven wires of a transit instrument is observed, and explain 
how the time of transit across the meridian is deduced. Define the 
eqtuUorial interval of two wires. 

4. Describe the Heading Mici*oscope, and show how the zenith 
distance of a star may be found by direct observation with the 
transit circle. 

5. Enumerate the errors of a transit instrument, and explain how 
level error may be measured and corrected. 

6. Explain what is meant by collimation error, and draw a diagram 
showing the circle traced out on the celestial sphere by the line of 
collimation in an instrument which has a small collimation error 
east of the meridian. Is the correction, to be applied to the times 
of transit, positive or negative in such a case P 

7. Describe the Equatorial, and explain the adjustments and 
principal uses of the instrument. 

8. Describe the Screw and Position Micrometer, and explain how 
the value of a turn of the screw may be found. 

9. What is meant by the error and rate of a clock, and the personal 
equation of an observer? How are they usually found P 

10. On Ist March, 1872, the time of transit of fi Lihrse, at Green- 
wich, was observed to be 15h. Om. 6*158., and on the 8rd March the 
observed time was 16h. 9m. 4*788. The tabular BJL. of the star was 
16h. 10m. 7'258. Find the error and rate of the dock on 8rd March. 
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THE EARTH. 

Section I. — Phenomena depending on Change of Position on 
the Earth, 

85. Early Observations of the Earth's Form. — One 

of the first facts ascertained by the early Greek astronomers 
was that the Earth's surface is globular in form. Even 
Homer (b.c. 850 eire.) speaks of the sea as convex, and 
Aristotle (b.c. 320) gives many reasons for believing the 
Earth to be a sphere. Among these may be mentioned the 
appearances presented when a ship disappears from view. If 
the surface of the ocean were a plane, any person situated 
above this plane would (if the air were sufficiently clear) see 
the whole expanse of ocean extending to the furthermost 
shores, with all the ships sailing on its surface. Instead of 
this, it is observed that as a ship begins to sail away its 
lowest part will, after a time, begin to sink below the appa- 
rent boundary of the surface of the sea ; this sinking will 
continue till only the masts are visible, and, finally, these 
wiU disappear below the convex surface of the water between 
the ship and the observer. 

Another reason is suggested, by observing the stars. If 
the Earth's surface were a plane, any star situated above the 
plane would be seen simultaneously from all points of the 
Earth, except where concealed by mountains or other 
obstacles, and any star below the plane would be everywhere 
simultaneously invisible. In reality, stars may be visible 
from one place which are invisible from another ; and all the 
appearances presented were found by the Greeks to agree 
with what might be expected on a spherical Earth. Eratos- 
thenes even made a calculation of the Earth's size from the 
distance between Alexandria and Assouan and their latitudes 
(§91) deduced from the Sun's greatest meridian altitudes. 
He found the circumference to be 250,000 stadia, or furlongs. 

Lastly, the Earth's spherical form will account for the 
circular form of the Earth's shadow in a lunar eclipse. 
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86. General Effects of Change of Position. — ^In § 5, 

wo showed that, owing to the great distance of the stars, they 
are seen in the same direction whatever he the position of 
the ohserver. In confirmation of this fact, it is found hy 
ohservation that the angular distance hetween any two stars 
(after allowing for refraction) is ohscrved to he independent 
of the place of ohservation. 

But the directions of the zenith and horizon vary with the 
position of the ohserver. If we suppose the Earth spherical, 
the vertical at any point on it will he the radius drawn from 
the Earth's centre, while the plane of the horizon will he 
a tangent plane to the Earth's suiface; hoth will depend 
on the place. This circumstance accounts for the difference 
in appearance of the heavens as seen simultaneously from 
different places. 

87. Earth's Botation. — ^The apparent rotation of the 
heavens is accounted for hy supposing that the stars are at 
rest, and that the Earth rotates once in a sidereal day, from 
west to east, ahout an axis parallel to the direction of the 
celestial pole. The ohserver's zenith, horizon and meridian 
turn ahout the pole from west to east, relatively to the stars, 
and this causes the hour angles of the stars to increase hy 360° 
in a sidereal day, in accordance with ohservation. 

It is impossible to decide from observations of the stars 
alone whether it is the Earth or the stars which rotate, just 
as when two railway trains are side by side it is very difficult 
for a passenger in one train, when observing the other, to 
decide which train is in motion. That the Eai-th rotates has, 
however, been conclusively proved by means of experiments, 
which will be described when we come to treat of dynamical 
astronomy. 

88. Defimtions. — The Terrestrial Pples are the two 
points in which the Earth's axis of rotation meets its surface. 

The Terrestrial Equator is the great circle on the 
Earth whose plane is perpendicular to the Earth's axis. 

A Terrestrial Meridian is the section of the Earth's 
surface by a plane passing through its axis. If we suppose 
the Earth to be a sphere, a meridian will Ijq a great circle 
[massing through the terrestrial poles. 
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89. Plienoiiiaiiadapending on Change of Latitnda.— 

ABsnmmg the Earth to be spherical, let p Oqpr be a meridian 
section, C' being the Earth's centre, ^, p' the poles, q, r points 
on the equator. Then, if an observer is situated on the 
meridian at 0, the direction of his celestial pole P will be 
found by drawing OP parallel to the Earth's axis p'Cp{% 87), 
while his zenith Z will lie in CO produced. 




Fig. 84. 

Since OP is parallel to CpP^^ therefore, 
angle ZOP= OCp, 
.'. altitude of pole at = 90°-^OP = 90°- OCp = qCO. 
But the latitude of has been shown to be the altitude of 
the pole ; therefore 

The latitude of a place on tlie Earth is the angle 
mihtended at the Earth's centre by the arc of the 
meridian drawn from the place to the equator. 

Since the angle qCOia proportional to the arc yO, 

The latitude of a place is proportional to its 
distance from the equator. 

Suppose the observer to go northwards along the meridian 
from to (X, then, from what has just been shown, the 
altitude of the pole increases from LqCO to LqCO^ hence 

The increase in the altitude of the pole (= z OCO^ 
is proportional to the arc 0(X, t.^., to the distance 
IfTavelled northward^^ 
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90. Southern Latitudes. — To an observer situated in tho 
southern hemisphere of the Earth, as at 0", the North Pole ol 
the heavens is below, and tho South Pole, j?" is above the 
horizon. The South Latitude of the place is measured by 
the altitude of the South Pole, p'\ and is equal to the 
angle qC(y\ 

At the terrestrial equator, the altitude of the pole is 
zero ; hence the pole is on the horizon. At the terrestrial 
North Pole Pt the altitude of the celestial pole is 90', there- 
fore the celestial pole coincides with the zenith. Hence, 
also, an altazimuth, if taken to the North Pole, would there 
become an equatorial. 




At the Earth's North Pole, those stars are only visible 
which are north of the equator, and they always remain 
above the horizon. Oa travelling southwards, other stars, 
whose declination is south, are seen in the south parts of the 
celestial sphere, and on reaching the Earth's equator all the 
stars will bo above the horizon at some time or other, but the 
Pole Star will only just rise above the horizon, near the 
north point. After passing the equator, the Pole Star an^ 
p|;her stars near the North Pole disappear. 
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91. Badins of the Earth. — ^The Earth's radius 
may he found hy measnrixig the distance hetween 
two places on the same meridian, and finding their 
difference of latitude. 

Let the places of observation be 0, O (Fig. 35). Let the 
latitudes ^CO, qCO be / and H degrees respectively, and let 
the length 0(y -=.%. We have, supposing the Earth spherical, 

angle OCO __ arc 0(y 

360° circumference of Earth ' 

••. Earth's circumference = « x = — , ; 

X—V 

and Earth's radius = circumference^ 180 , 

27r IT V^t 

which determines the Earth's radius in terms of the data. 

By observations of this kind the Earth's radius is found to 
be very nearly 3,960 miles. For many purposes it will be 
sufficiently approximate to take the radius as 4000 miles. 
Its circumference is found by multiplying the radius by 2t, 
and is about 24,900 miles, or, roughly, 25,000 miles. 

Conversely, knowing the Earth's radius, we can find the 
length of the arc of the meridian corresponding to any 
given difference of latitude. 

92. Metre, Vantical Mile, Geographical Mile, 
Fathom. — The French Metre was originally defined as the 
ten-millionth part of the length of a quadrant of the Earth's 
meridian. 

A Vantical mile is defined as the length of a minute of 
arc of the meridian. Thus a quadrant of the meridian con- 
tains 90x60, or 5,400 nautical miles, and the Earth's 
circumference contains 21,600 nautical miles. 

A Vantical Fathom is t^ of a nautical mile = 6 f 1. 1 in. 
nearly. A fetthom is commonly taken as 6 feet. 

A Geographical Mile is defined as the length of a minute 
of arc measured on the Earth's equator. Taking the Earth 
^ a sphere, the nautical mile and geographical mile are equal. 
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93. The " Knot.*^— ITae of the Log Line in Naviga- 
tion. — ^A nautical mile is sometimes called a knot. Bnt the 
Knot is more correctly the unit of velocity used in navigation, 
being a velocity of one nautical mile per hour. Thus, a ship 
sailing 12 knots travels at 12 nautical miles an hour. 

The velocity of a ship is measured by means of the Log 
Line. This consists of a '* log," or float, attached to a cord 
which can unwind freely from a small windlass. The log is 
'' heaved " or dropped into the sea, and allowed to remain at 
rest, the cord being ** paid out " as the ship moves away. Ey 
measuring the length paid out in a given interval of time 
^usually half a minute), the velocity of the ship may be 
found. To facilitate the measurement, the line has knots 
tied in it at such a distance apart that the number of knots 
paid out in the interval of time is equal to the number of 
nautical miles per hour at which the ship is sailing. It is 
from these that the unit of velocity derives the name of knot. 

Now one nautical mile per hour = — nautical mile per 

half-minute. Hence, for this interval, the knots should be 

tied on the line at intervals of — of a nautical mile apart. 

94. From the definitions of §§ 92, 93, it is easy to reduce 
metres or nautical miles to ominary feet and miles, and 
conversely. 

Examples. 

1. To find the number of miles in an arc of 1*. 

An arc of 1° - c^cun^fe^ence of Earth ^ 24000 ^, ^ 69imiles. 
860 360 " 

2. To find the number of feet in one fathom. 

By Ex. 1, 60 nautical miles » 69i ordinary miles ; i.«., 60,000 
fathoms » 69} x 5280 feet ; 

.-. 1 fathom = ^^t""^^ feet - 6-086 feet. 

6oooa 

8. To express a metre in terms of a yard. 

By definition, 40,000,000 metres » Earth's circnmferenoe -24,000 

Viiles; 

,, I ^etre = ^^^^ yards - 10956 yards. 
40^000^00 "^ 
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95. Terrestrial Longitude.— The Longitude of a 
place on the Earth is ti^e angle between the terrestrial 
meridian through that place, and a certain meridian fixed on 
the Earth, and called the Prime Meridian. 

Thus, in Fig. 36, if PRP' represents the prime meridian, 
the longitude of any place q is measured by the angle RPq» 

The longitude of ^ is also measured by RQ, the arc of the 
equator intercepted between the meridian of the place and 
the prime meridian. 




Fig. 86. 

Since the latitude of ^ is measured by the lire Qq^ we see 
that latitude and longitude are two coordinates defining the 
position of a place on the Earth just as decl. and E.A., or 
celestial latitude and longitude define the position of a star.* 

The choice of a prime meridian is purely a matter of con- 
venience. The meridian of Greenwich Observatory is univer- 
sally adopted by English-speaking nations. The fVench use 
the meriAanof Paris, and the University of Bolognahas recently 
proposed the meridian of Jerusalem as the universal prime me- 
ridian. Longitudes are measured both eastward and westward 
from the prime meridian, from 0° to 180^, not from 0° to 360°. 

*Note, howeyer, that terrestrial latitude and longitade, being 
referred to the eqoator, correspond more nearly to declination aE4 
fight ascension than to celestial latitude and longitudo^ 
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96. Phenomena depending on Change of Longitude. 

ri.) Let q^ r (Fig. 37) be two stations in the same latitude, 
ana let the longitude of q be Z° west of r, so tbat z rPq = Z®. 
Ab the Earth revolyes about its axis at the rate of 360** per 
sidereal day, or 15° per sidereal hour, tbe points y, r will 
be carried forward in tbe direction of tbe arrow. After an 
interval oi-^ L sidereal hours, q will have revolved through 
Z° and will arrive at the position originally occupied by r. 
Hence the appearance of the heavens to an observer at q will 
be same as it was, ^L sidereal hours previously, to an 
observer at r. The stars will rise, south, and set ^ L hours 
earlier at r than at q. 

(ii.) If -4, -B be two places in different latitudes, whose 
difference of longitude is Z°, the transits of a star at A and 
B will take place when the meridian planes PAP' and 
PBP' (which are evidently also the planes of the celestial 
meridians of A^ B respectively), pass through the direction of 
the star. Hence, in this case also, the transits will occur 
^ L hours earlier at B than at A, 

Now an observer at B will set his sidereal clock to indicate 
Oh. Om. Os. when T crosses the meridian of B, When T 
transits at -4, the clock at B will mark -y^ -^ h., but an 
observer at A will then set his clock at Oh. Om. Os. Hence, 
if the two clocks be brought together and comrared, the 
clock from B will be tV -^ ^* ^^^er than the clock from A, 
This fact may be expressed briefly by saying that the 
'' local " sidereal time at B is ^L h. faster than the local 
sidereal time at A. 

Since the Earth makes one revolution relative to the Sun 
in a solar day, in like manner the local solar time at B 
will be -^L solar hours faster than the local solar time at A, 

Therefore, whether the local times be sidereal or solar, we 

have Longitude of A went of J? = long, of B east of A 

= 15 {(local time at J?)— (local time at A)}. 

In particular, Long, west of Greenwich 

= 15 { (Greenwich time)— (local time)} 

s 15 (Greenwich time of local noon). 
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97. To find the length of any arc of a given 
parallel of latitude, liaving given tlie difference of 
longitude of its extremities. 

J A small circle of the Earth parallel to the equator is 
ed a Parallel of Latitude.] 

Let qr be the given arc of the parallel hqrk, I its latitude, 
and let qPr^ the difference of longitudes of q and r, be = Z°. 
Tict a be the radius of the Earth. 




Fio. 87. 

If the meridians of q^ r meet the terrestrial equator in 
(?, R^ we haye, by Sph. Geom. (17), 

arc jr = arc Qi2 X sin Py = arc QR x cos h 
But arc QR : circumference of Earth = Z® : 360®/ 
.-. arc QiZ = 2irtfZ/360 = -i- xaZ; 



arc qr ss 



ifaL, cos I 
180 ' 



CoROLLABT. — Siuco V of arc of the equator measures a 
geographical mile, it follows that 

In latitude I, tlie arc of a parallel corresponding to 
V difference of longitude is cos I geograpMcal miles. 
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98. Changes of Latitude and Longitude due to a 
Ship's Motion. — Suppose a ship, in latitude /, to sail 
m nautical miles in a direction A degrees west of north. 
If t» is small, wo may easily see (by drawing a diagram) 
that the ship would arrive at the same place by sailing 
m cos^ nautical miles due north, and then sailing m sin^ 
nautical miles due west. Hence, 

The ship's latitude will increase by tn cos A minutes (§ 92). 
Its "W. long, will increase byw smA scc/minutes (§ 97, cor.). 

Note. — The shortest distance between two points on a sphere isi 
along a great cmjle. Henoe, the shortest distance between two* 
places in the same latitude is less than the arc of the parallel joining 
them (except at the equator). Bat the difference is imperceptible' 
when the arc is small. 

99. To explain the Chun or Loss of a Day in goingr 
ronnd the World. — If a traveller, starting from a place Ay 
go round the world eastward, and if, during the voyage, the 
Earth revolves n times relative to the Sun, the traveller will 
have performed one more revolution relative to the Earth in 
the same direction, and therefore n+ 1 revolutions relative to 
the Sun. Hence, to a person remaining at -A, the voyage 
will appear to have taken n days, while to the traveller, 
n+1 days will appear to have elapsed — ^in other words, the 
traveller will, apparently, have " gained a day.'* 

But, as he goes eastward, he will find the local time con- 
tinually getting faster, and he will have to move the hands 
of his watch forward Ih. for every 15°, or 4m. for every 1° 
of longitude. Thus, by the end of the voyage he will have 
put his watch forward through 24h., and the day apparently 
gained will be made up of the times apparently lost every 
time the watch is put forward to local time. 

Similarly, a traveller going round the world westward, 
and starting and arriving back simultaneously with the first- 
traveller, will have made n— 1 revolutions relative to the Sun, 
instead of n. Hence, the journey will appear to have taken- 
n— 1 days, and he will apparently have lost a day. 

But, during the journey, he will have been continually' 
moving the hands of his watch backwards, so that the 24h.^ 
apparently lost will be made up of the times apparently' 
gained each time the watch is put back to local time. 
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Sscnoir 11. — Dip of the Bbrizon 

100. Definitions. — Let be an observer situated above 
the surface of the land or sea. Draw OT, OT' tangents to the 
surface. Then it is evident, from the figure, that only those 
portions of the Earth's surface will be visible whoso distance 
from the observer is less than the length of the tangents 

OT, or. 




Fio. 88. 

The boundary of the portion of the Earth's surface visible 
from any point is called the Offing or Visible Eorison. 
Hence, if OA CB be the Earth's diameter through 0, and the 
Earth be supposed spherical, the offing at is the small cirole 
TtT, formed by the revolution of T about OB, and having 
for its pole the point A vertically underneath 0. If, however, 
the Earth be not supposed spherical, the form of the offing 
will, in general, be more or less oval, instead of circular. 

Conversely, since it is observed that the " offing " at sea is 
very approximately circular, whatever be the position of 
the observer, it may be inferred that the Earth is approxi- 
mately spherical. 

The Dip of tlie Eorison at is the inclination to the 
horizontal plane of a tangent from to the Earth's surface. 

Hence, if HO JET be drown horizontally (•'.«., pm>endicular 
to 0(7), the dip of the horizon will be the angle SOT. 
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101. To determine the Distance and Dip of the 
Visible Eorison at a given height above the Earth. 

Let h = AO = given height of observer ; 
a^ CA =. Earth's radius; 
d = OT = required difitance of horizon ; 
I>= Z. KOT = required dip expressed in cwcfilar 

measure] 
D" the number of seconds in the dip J), 
(i.) By EucHd III. 86, 01^=0 A, OB, 

This determines d accurately. !But in practical applications 
h is always very small compared with 2a ; therefore V may be 
neglected in comparison with 2ak, and we haye the approxi- 
mate formula, d} = 2ah . •. cf = V (^ah). 

(ii.) Since CTO is a right angle, 

.-. lOCT= complement of I COT =i L TOE— D. 

Therefore, D being expressed in circular measure, we hay^ 

radius CT' 




FiQ. 39. 



Now, in practical cases, where the dip is small, the arc -4T 
will not differ perceptibly in length from the straight line OT. 
We may, therefore, take arc -47^= rf ; 

a a \ a' 
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• To reduce to secondsj we must multiply by 180 x 60 x 60/ir, 
the number of seconds in a unit of circular measurement, and 
we haye 



jp,._ 180X60X60 j%h 



CoBOLLABY 1. — ^Let a, h, d be measured in miles, and let 
h' be the number of feet in the height h. 

Then h' = 5280A; and taking the Earth's radius a as 3960 
miles, we haye 

, /2x3960xA' 1 13U\ 
^=V 6280 ^VIt/' 
a yery useful formula. 

CoEOLLAJiY 2. — Since the offing is a circle whose radius is 
yery approximately equal to OT or rf, we have 

Area of Earth's surface visible from = vd^ = 2vah = firA' 
in square miles. /f^ 

*102. Aoonrate Beterminatiou of Dip. — ^The use of approzi* 
mations can be ayoided by the exact formula : 

GT a V a« 

which is adapted to logarithmio computation. 

In this, as in the preceding formulae, no account has been taken 
of the effect of refraction due to the atmosphere. 

For this reason it is important to determine dip of the horizon 
by practical observations. An instrument called the Dip Sector is 
constructed for this purpose. 

Tables have also been constructed, giving the dip of the horizon 
as seen from different heights. They are of great use at sea, 
where the altitude of a star is usually found by observing its angular 
distances from the offing. 

103. Disappeaxance of a Ship at Sea. — ^When a ship 
has passed the offing, the lower part will be the first to dis- 
appear. Let A' O (Fig. 38) be the position of the ship ; let its 
distance OO' be «, and let ^ = u^'O' be the height above sea 
level of the lowest portion just visible from 0. By the 
approximate formula we have Or= v/(2aA), 0T= y(2ak) 

.'. 8= y{2ah)+y{2ak). 
This formula determines the distance s at which an object of 
given height k disappears below the horizon. 

▲6IS0H. o 
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104. Effect of Dip on the Times of Bising and 
Setting. — To an observer on land, the ofBng is generally 
more or less broken by irregularities of the Earth's surface. 
At sea, however, the offing is well defined, and if the dip of 
the horizon in seconds be IT, the visible horizon, which 
bounds the observer's view of the heavens, is represented on 
the celestial sphere by a small circle parallel to the celestial 
horizon, and at a distance i>" below it {nKs^ Fig. 40). 

Hence the stars appear to rise and set when they arc at an 
angular distance 2/' below 
the celestial horizon. Thus 
they will rise sooner and set 
later than they would if 
there were no dip. 

Taking the observer's lati- 
tude to be /, let afy x be the 
positions of a star of decli- 
nation <?, when rising across 
the visible horizon vIE'b and 
the celestial horizon nE% 
respectively. Draw ar^iTperpendicular to w^«, then sfll=^ D'\ 

Then, if the star rise t seconds earlier at of than at », we have 
16 ^ = Z xFx (in seconds of angle) 




arc XX 
'sin xF 



arc XX 



(Sph. Geom., 17.) 



oxxM. ^^ cos d 
But treating the small triangle ir'ariT as plane (Sph. Geom., 24), 
and remembering that Z Pxx = 90°, we have 

^' = -^^^ = ^^^; 

sin xxS cos nxP 

.% t s i-2>" sec (^ . sec nxP, 
15 
Evidently the acceleration at rising = retardation at setting. 
CoKOLLAEY 1.— To »n observor at tlie Eqnator, P 
coincides with n, .'. Z nxP = 0, 
.•. the time of rising is accelerated by ^D" sec d seconds. 

CoEOLLABT 2.— If the star is on the eqnator, <? = 0, 
X coincides with E, and z nEP =z nP = l, 

.'. the acceleration = ^D'' sec I secondfl. 
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Section in. — Oeodetie MeasuremmU — Figure ofth$ Earih. 

105. Geodesy is the science connected with the accurate 
measurement of arcs on the surface of the Earth. Such 
measurements may he performed with either of the two 
following ohjects : — 

^i.) The construction of maps. 

Tii.) The determination of the Earth's form and magnitude. 
Only the second application falls within the scope of tMs hook. 

106. Alfred BnsseU Wallace's Method of Finding 
the Earth's Radius. — An approximate measure of the 
Earth's radius can he readily found hy means of the following 
simple experiment, due to Mr. A. H. Wallace. 



Fig. 41. 

Let X, If, iV(Fig. 41) he the tops of three posts of the same 
height set up in a line along the side of a straight canal. 
Owing to the Earth's curvature the straight line ZIT will, if 
produced, pass a little ahoTO N, Hence, in order to see Z, i/ 
in a straight line, an ohserver at the post iVwill have to place 
his eye at a point JT, a little ahove iV, and the height -Or 
minr be measured. Let JTZ, JOfhe also measured. 

Since the posts are of equal height, Z, if, iVwill lie on a 
circle concentric with, and almost coinciding with, the 
Earth's surface. Let the vertical KN meet this circle agaii^ 
in ». By Euclid III. 36, 

KL,KM^KN.Kn\ .-. ITn = KZ . KlflKN, 
and Radius of Earth = lEh (very approximately) 
_ KL . K3f 

This method cannot he relied on where accuracy is required, 
for the small height JTiVis very difficult to measure, and a 
very slight error in its measurement would affect the final 
result considerably. Moreover the observations are consider-' 
ably affected hy refraction. 
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107. Ordinaxy methods of Finding the Earth's 
ftadins, — ^Where greater accuracy is required, the radius of 
the Earth is obtained b^ measuring the length of an arc of 
the meridian and determming the difference of latitude of its 
oztremitieB; the radius may then be calculated as in § 91. 

The instniments required for the obseryations indudo— 
Measuring rods, such as the double bar ; 
. theodolite, for measuring angles ; 
(iii.) A zenith sector. 

108. Measurement of a Base Line. — The first step is 
to measure, with extreme accuracy, the length of the arc 
joining two selected points, several miles apart, on a level 
tract of country ; this line is called a Base Line. A series of 
short upright posts are placed at equal distances apart along 
the base hue, and they are adjusted till their tops are seen 
exactly in the same v^ical plane, and are on the same level 
as shown by a spirit level. Across these posts are laid 
measuring ix>d8 of metal, whose length is very accurately 
known, and these are also adjusted in a line, and made level 
by the spirit level. These rods are not allowed to touch, 
but the small distances between their ends are measured with 
reading microscopes. In this way, a base line several miles 
long can be measured correctly to witliin a small fraction 
of an inch. 

•109. The Bouble Bar.— «< .^f 

If the measuring rods be made 
of a single met^, their length 
will vary with tiie tempera- 
ture. This disadvantagB is, c'L, 
however, sometimes obviated 
by the use of the doable bar ^ ^ 

(Fig 42). 

It consists of two bars, ob, cd, one of iron, the other of brass. 
These are joined together in the middle, and to their ends are 
hinged perpendicular pointers eac, fhd of such length that 
aa:#c-/5:/d 

M ooeflSicient of linear expansion of iron : that of brass, 
- about 11 : 18.t 
If the temperature be raised, the rods will expand, say to a'6', 
c'd'. But oa' : cc' - «a : ec, therefore e, and similarly /, will remain 
fixed. Hence the distance «/ will be unaffected by the changes of 

temperature* ^ 

t Wallace Stewart's Heat, Table 22. 
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110. Triangnlation. — When once a base line has been 
measured, the distance between any two points on the Earth 
can be determined by the measurement of angUs alone. For, 
calliDg the base line AB, let C be any object Tisible from 
both AmdB. If the angles CAB, CBA 

be observed, we can solve the biangle ^^^T\ 

ABC and determine the lengths of the ,-'^' 
sides CAf CB, Either of these sides, say y^'^^ 
CAy may now be taken as the base of a new \ ^\ 
triangle, whose vertex is another point, D. \ 
Thus, by observing the angles oi the tri- • 
angle A CD we can determine DAj DC in \ 
terms of the known length of AC. Pro- i 
ceeding in this way, we may divide any ; y 
oountiy into a network of triangles connect- Dfc''^ 
ing different places of observation A, B, (7, i>, \ ^^ 
and the distance between any two of the \ 

places calculated, as well as the direction of A^ / 
the line joining them. Finally, two stations g 

C, JSTare taken, which lie on the same meri- 
dian, and the distance CH is calculated ; in w. 48, 

this way it is possible to measure an arc of the meridian. 

111. The Theodolite. — The measurement of the angles 
is far easier in practice than the measurement of a base line. 
The instrument used for measuring angles is called a Theo- 
dolite, and is really a portable form of altazimuth. It is 
provided with spirit-levels, by means of which the instrument 
can be adjusted so that the horizontal circle is truly horizon- 
tal, and the vertical axis, therefore, truly vertical; the 
direction of the north point is usually found by means of a 
compass needle. Most theodolites are only furnished with a 
small arc of the vertical circle, sufficient for measuring the 
altitude of one terrestrial object as seen from another. 

By reading the horizontal circle of the theodolite, the azimuths 
of Bf 0, as seen from A, are foond. By OBing the difference of 
azimnth instead of the an^^le ABOt it becomes unnecessary to take 
account of the height of the various stations above the Earth. For 
if ^, B, are replaced by any other points, A', B', C, at the sea 
level, and vertically above or below A, B, 0, the vertical planes 
joining them will be unaltered in position, and thorofore the 
ftiimnthi will also be unaffected* 
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112. Haying thus found, with great accnraoy, the length 
of the arc joining two stations on the same meridian, it only 
remains now to observe their difiPerence of latitude. 

The Zenith Sector is the most useful instrument for 
this purpose. It consists essentially of a long telescope ST 
(Fig. 44), mounted so as to turn about a horizontal axis, A^ 
near its object-glass ; this axis is adjusted to 
pomt due east and west (as in the transit 
circle^. Attached to the lower end near the 
eye piece is a graduated arc of a circle GH^ 
whose centre is at ^. The lino of collimation 
of the telescope is indicated by cross-wires 
placed in the field of view. A fine plumb- 
line, AP, is attached to the axis A^ and hangs 
freely in front of the graduated arc. The 
plumb-lino should mark zero when the line of 
collimation points to tlie zenith. When the 
instrument is pointed to any star, the reading 
opposite the plumb-lino will be the star's zenith distance 
This reading can be determined with great accuracy by 
means of a reading microscope. 

113. A star is selected which transits near the zenith* 
and its meridian zenith distances are observed at the two 
stations. Let these be % and z degrees. Then if l^ and /, 
are the latitudes of the stations, and d the declination, 
we have, by § 24, 

r-/= (ef-s5')-(^- «) = «-«'• 

Hence, if « is the measured length of the arc of the meri- 
dian joining the stations, and r the radius of the Earth, § 91 
gives 

- 180 _8_ _ 180 $ 

whence the Eoith's radius is found. 




* This position is chosen becanse tho effects of atmospheric 
refraction are least in tho neighbonrhood of the zenith* 
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114. Ezaot Figure of the Earth.— If the Earth were 
an exact sphere, the same value would he found for the 
radius r in whatever latitude the observations were made. 
But in reality the length of a degree of latitude, and therefore 
also r, is found to be larger when the observation is made near 
the poles than when made near the equator, and hence it is 
infeired that the meridian curve is somewhat oval. 

Let PQP'R represent the meridian curve, 0(7 two near 
places of observation on it. Then, if OJTand (XK be drawn 
normal (t.tf., perpendicular) to the Earth's surface at 0, O', 
they win be the directions of the plumb lines of the zenith 
sectors at 0, (/, Hence the observed difference of latitudes 
or meridian altitudes at 0, 0' will give the angle OK(y. 

Regarding the small arc 0(7 as an arc of a circle whose 
centre is JT, we shall have approximately, 

Circular measure of OKO = arc 00' -f- OK^ 

ciro. measure of OK(y v V—V 
and hence r, calculated as in § 113, is the length OK, 

The length OK is called the 
radius of cnrvatiire of the arc, 
and K is called the centre of 
curvatiire ; they are respec- 
tively the radius and centre of 
the circle whose form most nearly 
coincides with the meridian along 
the arc OO. 

This radius of curvature OK 
is not, in general, equal to OCf 
the distance from the centre of 
the Earth, owing to the Earth 
not being quite spherical. 

As the result of numerous observations, the meridian curve 
is found to be an ellipse (see Appendix), whose greatest 
and least diameters, called the major and minor axes, are 
the Earth's equatorial and polar diameters respectively. The 
Earth's surface is the figure formed by making the ellipse 
revolve about its minor axis POP'. Tins figure is called an 
fUate spheroid. 
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115. To find the Equatorial and Polar Badii otCws 
vatnre of the meridian curve, supposing it to be an 
eUipse.— Let FQF':R be the ellipse. Let 2a, 2h be the 
lengths of its equatorial and polar diameters QCEj POP', 
Let r„ r, be the required radii of curvature at Q and P 
respectively. 

Take any point on the ellipse, 
and let the normal at meet the 
two axes in O and g respectively. 

It is proved in treatises on 
Conic Sections* that 
OQiOg^ CP^ : C<? = y : a\ 

First take very near to Q. 
Then 00 will become equal to 
the radius of curvature r^ ; also 
Og will evidently become ulti- 
mately equal to CQ or a. 

Therefore, r^ : a = ^* : a' ; .•. r, = Vja. 

Next take very near to P. Then 00 will become equal 
to h and Og to r,. 
Therefore, J : r, = J* : a* ; .•. r, = o'/J. 

Thus Tj, r, are found in terms of a, J. 

Conversely, if r, and r, are known, a and J may be found ; 
for, by solving, we find a = y(r,'ri), h = ^/(ri'rj). 




We notice that since a > h^ 



n < rr 



That the equatorial radius of curvature is less than the 
polar is also evident from the shape of the curve. This, as the 
figure shows, is most rounded at Q, i?, and flattest or least 
rounded at P, P\ Hence it will require a smaller circle to 
fit the shape of the curve at the equator than at the poles. 

116. Exact Dimensions of the Earth. — The lengths of 
the Earth's equatorial and polar semi-diameters, d, I, are 
a = 3963-296 miles, h = 3W9-791 miles. 

Thus, the Earth's equatorial semi-diameter exceeds its 
polar semi-diameter by 13*505 miles. 

• Appendix, Ellipse (9). 
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The maaii radius of an oblate spheroid is the radius of a 
sphere of equal yolume, and is equal to X/^jufli). Thus, the 
Earth's mean radius is approximately 3958*8 miles. 

The ellipticity or compression {e) is the fraction 

a 

For the Earth, c = —- nearly. 
293 

The eccentricity («) is given by the relation 

^"^^^ 

Hence V = fl«(l-0 = «'(!-<?)'; 

••. 1-<J* = (l-(^)' = 1— 2<?+<^; 

.*. <j* = 2c— <j* = <^(2— <^). 

Since e is small, 2—^=2, approx. ; .*. ^ = 2(T, approx., 
which gives the Earth's eccentricity $ = •0826, 

117. Geographical and Geocentric Latitude. — The 
Geographical Latitude of a place is the angle which the 
normal to the Earth's surface at that place makes with the 
plane of the equator. It is the latitude defined in S 18, 
Thus, Z Q,QO (Fig. 46) is the geographical latitude of 0. 

The Geocentric Latitude is the angle subtended at the 
Earth's centre by the arc of the terrestrial meridian between 
the place and the equator. Thus, Z Q,CO is the geocentric 
latitude of 0, 

*118. Belations between the Geooentrlo and Oeographioal 
Latitude!.— Let Z QGO - Z, Z dCO = l\ Draw 02^ porp. to Ci^, 

Then QN : ON -^ OG : Og -^ b« : a», /. NO/ON - (NO/GN) x (6«/a-) j 

.-. tanr-tanlxl«/a« = (l~e*)tanl. 

We deduce also tan (l-V) - » ,f ^'? ?^,, = ic'sin 21 (approx.), 

2(1-6*8111^) 

smce «* is small. 
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EXAMPLES.— ni. 

1. Show that the locns of points on the Earth's surface at which 
the Sun rises at the same instant is half a great circle ; and state 
the corresponding property possessed by the other half. 

2. Find the least height of a mountain in Corsica in order that it 
may be visible from the sea-level at Mentone, at a distance of 80 
miles. 

3. At the equator, in longitude X^, a given vertical plane declines 
a** from the north towards the west ; find the latitude and longitude 
of the places to whose horizon the given plane is paralleL 

4. Prove that, at either equinox, in latitude I, a mountain whose 
height is 1/n of the Earth's radius will catch the Sun's rays in the 

12 /"2 
morning ^ / — hours before he rises on the plain at the base. 



J2_ / 2^ 
cost Y n 



5. Estimate to the nearest minute the value of this expression for 
a mountain three miles high in latitude 46**. 

6. Find the distance of the horizon as seen from the top of a hill 
1056 feet high. 

7. Find, to the nearest mile, the radius of the Earth, supposing the 
visual line of a telescope from the top of one post to the top of 
another post two miles off, cuts a post, half way between, 8 inches ' 
below the top, the posts standing at equal heights above the water 
in a canaL 

8. In Question 7, what would be the length of a nautical mile, 
adopting the usual definition. 

9. Supposing the Earth spherical, and of radius r, and neglecting 
the refraction of the air, show that, if from the top of a mountain 
of height a above the level of the sea, the summit of another 
mountain is seen beyond the horizon of the sea, and at an elevation 
e above the horizon, and if its distance be known to be D, its height is 
approximately given by 



a'reD + 



'd-y/n 



10. A railway train is moving north-east at 40 miles an hour in 
latitude 60**; find approximatelv, in numberSi the rate at which it it 
changing it9 loDgitn4e, 
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MISCELLANEOUS QUESTIONS. 

1. Explain the different systems of coordinates by which a star's 
position is fixed in the heaventi. 

2. Show, bj a figare, where a star will be fonnd at 9 p.m. on the 
5th of Jane in latitude 50**N., if the star's right ascension is 12 hours 
and its declination 6° south. 

8. Define dip, axitMith, culmxnationf circumpolar, zenith. Why 
would it be insufficient to define the declination of a star as its 
distance from the equator measured along a declination circle ? 

4. Three stars, Ay By C, are on the same meridian at noon, B being 
on the equator, and A and equidistant from B on cither side. 
Prove that the intervals between the setting-times of A and B and 
B and are equal. 

5. Show how to find approximately the Sun's B.A. at a given 
date. Obtain its approximate value for March 1, Angust 10, 
October 23, and January 16. 

6. Describe the transit circle. 

7. Define a morning and evening star. Show that on the Ist of 
September a star, whose declination is 0°, and R.A. lib. 28m., is an 
evening star, but that it is a morning star three weeks Inter. 

8. Assuming the Earth to be a sphere, show how its radius may 
bo practically measured. 

9. Explain clearly the nature and uses of the zenith sector. 

10. A, B, are the tops of the masts of three ships in a line, and 
are at equal heights above the sea-level, and is the centre of the 
Earth. If the distance BC be x miles, and r is the Earth's radius 
in milesi show that Z BAG == i Z BOG j and hence deduce that 

ZB^C=l?2A60iL60iL seconds. 
T 2r 

Find this angle, having given go '=' 2fr ^^^ 3DC0, w = 3}. 
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EXAMINATION PAPER.— IH. 

1. Assnming the Earth to be a sphere, show that, as we travel from 
the equator due north, our astronomical latitude (t.0., the altitude of 
the Pole) will increase. Taking this increase as 1** for every 
69 miles, find the circumference and the radius of the Earth. 

2. Define the metre, the nautical mile, and the knot, and calculate 
their values in feet and feet per second respectively, taking the 
Earth's radius as 8960 miles. 

3. How is the speed of a ship estimated P Find, in feet, the dis- 
tance apart of the knots on a log line, so constructed that the 
number run out in half a minute measures the ship's velocity in 
nautical miles per hour. 

4. What are the difficulties in measnring an arc of the meridian 
and how are they met P 

5. Find the Earth's radius in fathoms, and in metres. Express 
the nautical mile in French units of length. 

6. Obtain formulso for the distance of the visible horizon from a 
place whose height is given. Deduce that, if the height h be 

measured in inches, the distance in miles will be^yZ-r-, taking the 
Earth's radius as 8960 miles. 

7. Define the dip of the horizon, and show how to find it. Prove 
that the number of seconds in the dip is nearly 62 times the 
distance in miles of the offing. 

8. If A, B, and be the tops of three equal posts arranged in 
order two miles apart along a straight canal, show that the straight 
line AB passes 5 feet 4 inches above 0, and that AO passes 2 feet 
8 inches below B. 

9. Find the length of a given parallel of latitude intercepted 
between two given circles of longitude. 

10. Is the Earth an exact sphere P Show that a degpree of latitude 
increases in length as we g^ northward. Distinguish a nauUeal 
from a geographical mile. 
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THE SUN'S APPARENT MOTION IN THE ECLIPTIC. 
Section I. — The Seasons, 

119. In Section III. of Chapter I.* we described the Sun's 
annual motion among the stars, and showed how, in con- 
sequence of this motion, the Sun's right ascension increases 
at an average rate of nearly 1° per day, while his declination 
fluctuates between the values 23° 27^' north, and 23* 27 J' 
south of the equator. We shall now show how this annual 
motion, combined with the diurnal rotation about the poles, 
gives rise to the variations, both in the relative lengths of day 
and night, and in tho Sun's meridian altitude, during the 
course of the year ; how these variations are modified by the 
observer's position on the Earth ; and how they produce tho 
phenomena of summer and winter. 

Although both the diurnal and annual apparent motions of 
the Sun are known to be realli/ due to the Earth's motion, it 
will be convenient in this section to imagine the Earth to be 
fixed, while the Sun and stars are moving ; thus the zenith, 
pole, horizon, meridian, and equator will be considered fixed, 
as they actually appear to be to an observer on the Earth. 

As the change in the Sun's declination during a single day 
is very small, the Sun's apparent path in the heavens from 
morning till night is very approximately a small circle parallel 
to the equator, and may be regarded as such for purposes of 
explanation. The effects of the variation in the declination 
wiU, however, become very apparent when we compare tho 
Sun's diurnal paths at different seasons of the year. 

Throughout this section we shall denote the obliquity of 
the ecliptic by t, the Sun's declination at any time by d, his 
jzenith distance at noon by «, and the observer's latitude by /. 

* Tho stadent will do well fco reviso Chapter I., Beoiion HI., 
before proceeding further. 
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120. Zones of the Earth. — Definitions.— From § 24 

it is evident that if the Son posses through the zenith at 
noon, d must = L 

But d lies between » (north) and * (south). 

Therefore / must lie between the limits » IT. and » 8. 

Thus, if the Sun be vertically overhead at some time in the 
year, the latitude must not be greater than 23° 27|' N. or S. 

Again, from § 28 we see that the Sun, like a circumpolar 
star, will remain above the horizon during the whole of its 
revolution provided that 90^— «? < /. 

This requires that / > 90° - f . 

Thus, if the Sun be visible all day long during a certain 
period of the year, the latitude must be greater than 66° 32^' 
KorS. 

These circumstances have led to the following definitions. 

The Tropics are the two parallels to the Earth's equator 
in north and south latitude t, or 23° 27^'. The northern 
tropic is called the Tropic of Cancer, the southern the 
Tropic of Capricorn. 

The Arctic and Antarctic Circles are respectively the 
parallels of north and south latitude 90°—*, or 66° 32^'. 

These four parallels divide the Earth's surface into five 
regions or sones. 

The portion between the tropics is called the Torrid Zone. 

The portion between the tropic of Cancer and the arctic 
circle is called the North Temperate Zone. The portion 
between the tropic of Capricorn and the antarctic circle is 
called the South Temperate Zone. 

The portions north of the arctic circle, and south of the 
antarctic circle are called the Frigid Zones, and are distin- 
guished as the Arctic and Antarctic Zones. 

121. Sun's Diurnal Path at Different Seasons and 
Places. — We shall now describe the various appearances 
presented by the Sun's diurnal motion at different times of 
the year, beginning in each case with the vernal equinox. 
We shall first suppose the observer at the Earth's equator, 
and shall then describe how the phenomena are modified as 
he travels northward towards the pole. 
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122. At the Earth's equator, Z = 0, and the poles of 
of the celestial sphere are on the horizon (P, P', Pig. 47). 
Hence, between sunrise and sunset, the Sun has always to 
revolve about the poles through an angle 180°, and the days 
and nights are always equal, each being 12 hours long. 

On March 21 the Sun is on the celestial equator, and it 
describes the circle EZW^ rising at the east point, passing 
through the zenith at noon, and setting at the west point. 

Between March 21 and Sept. 23, the Sun is north of 
the celestial equator; it therefore rises north of JE*., transits 
north of the zenith Z^ and sets north of W, Its N. meridian 
zenith distance z is always equal to its N. declination d 
(since by § 24, 2 = rf-Z and / = 0). 

Hence, from March 21 to June 21, « increases from to 
t N. On June 21, « has its greatest N. value », and the 
Sun describes the circle E'QW, where ZQ = t. 




FiQ. 47. 

From June 21 to Sept. 23, z decreases from % to 0. 

On Sept. 23, the Sun again describes the great circle j&QTF. 

Between Sept. 23 and March 21, the Sun is south of the 
equator, and therefore it transits south of the zenith. "We 
now have « = rf, both being S. 

From Sept. 23 to Dec. 22, the Sun's south Z.D. at noon, 
s, increases from to ». 

On Dec. 22, 2 has its greatest value ♦ (south) and the Sun 
describes the circle E'Q!'W" where ZQ' = %, 

From Dec. 22 to March 21, s diminishes again from i to 0. 
On March 21, the Sun again describes the circle jEQJT, and 
the same oyole of changes is repeated the following year. 
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128. In the Torrid Zone North of the Equator. 

On March 21, the Sun describes the equator UQW (Fi^. 
48), rising at J? and setting at JF. Here Z ZFU = Z ZFW 
= 90**, and the day and night are each 12h, long. The 
Sun transits S. of the zenith at Q, where ZQ = s =X 

From March 21 to June 21, d increases from to t, and 
the Sun's diurnal path changes from UQJF to U'Q! W. 

The hour angles at rising and setting increase from ZPE 
and ZFW to ZFE' and ZFW\ respectively ; hence the days 
increase and the nights decrease in length. The day is 
longest on June 21, when the hour angle ZFE* is greatest. 
The increase in the day is proportional to the angle EFE\ 
and is greater the greater the latitude h 

At fbrstthe Sun transits S. of the zenith, and z^l—d. 

When (I = /, 2 = 0, and the Sun is directly overhead at noon. 

After this, the Sun transits N. of the zenith, and s = d-^l. 

On June 21, « attains its maximum N. value ZQ^ = ♦— /. 

From June 21 to Sept. 23, the phenomena occur in the 
reverse order. The diurnal path changes gradually back to 
EQIF, The day diminishes to 12h. The Sun, which at first 
continues to transit N. of the zenith, becomes once more ver- 
tical at noon when d again =s l^ and then transits S. of the 
zenith. 

From Sept. 23 to Dec. 22, the Sun's path changes from 
EQJT to E''Q'W'\ 

The eastern hour angle at sunrise decreases to ZFE"; thus 
the days shorten and the nights lengthen. The day is 
shortest on Dec. 22. 

Also s increases from Z to /+». 

On Deo. 22, % attains the maximum value ZQ' = J+t, and 
the Sun is then furthest from the zenith at noon. 

From Dec. 22 to March 21, the length of the day increases 
again to 12 hours, and the Sun's meridian zenith distance 
decreases to z= L 

124. On the Tropic of Cancer, Z = t. — The variations 
in the lengths of day and night partake of the same general 
character as in tbe Torrid Zone. But the Sun only just 
reaches the zenith at noon once a year, namely, on the longest 
day, June 21. At other times the Sun is south of the zenith 
at noon, ands attains the maximum value 2f on December 22. 
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Fig. 48. 



Fig. 49. 



125. In the North Temperate Zone / > t but < 90"^— «. 

Here the variations in tho lengths of day and night are 
similar, but more marked, owing to the greater latitude. 

On March 21, the Sun describes the equator EQWR (Fig. 
4 9), which is bisected by the horizon ; hence the day is 1 2h. long. 

The length of the day increases from March 21 to June 21. 
The day is longest on June 21, when the Sun describes 
E'QW'ie, and the hour angles ZPE', ZPW are greatest. 

The days diminish to 12h. on Sept. 23, when the Sun again 
describes EQ WR, The day is shortest on Dec. 22, when the 
Sun describes ^'C"^"iil". 

From Dec. 22 to March 21, the days increase in length, and 
on March 21 the day is again 12 hours long. 

The difference between the longest and diortest days is the 
time taken bv the Sun to describe the angles E'PE'\ 1F"FJF\ 
and is therefore 

= tV ( ^ E'PE"+ Z W"FW') = A . / E'FE\ 

It will be seen that Z E'FE" is greater in Fig. 49 than in 
Fig. 48, thus the variations are more marked in the tem* 
perate zone than in the torrid zone. The variations increase 
as the latitude increases. 

The Sun never reaches the zenith in the temperate zone, 
but always transits south of the zenith. The Sun's zenith 
distance at noon is least on June 21, when s = ZQ = /— f, 
and is greatest on Dec. 22, when % = ZQ' = /-f ♦. At the 
equinoxes (March 21 and Sept. 23), s = ZQ = /. 

▲STROK. H 
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126. On the Arctic Circle^ / = 90^— i. Hence on June 
21, when the Sun's N.P.D. = 90®- 1, the Snn at midnight 
will only just graze the horizon at the north point without 
actually setting. On Dec. 22 at noon, the Sun's Z.D. = 90**, 
and the Sun will just graze the horizon without actually 
rising. As in the preceding case, the days increase from Dec. 22 
to June 21, and decrease from June 21 to Dec. 22; on 
March 21 and Sept. 28, the day and night are each 12h. long. 

127. In the Arctic Zone we have /> 90°— t, and the 
variations are somewhat different (Fig. 60). 

On March 21, the Sun describes the circle EQW^ and the 
day is 12h. long. 

As (^increases, the days increase and the nights. decrease, 
and this continues until rf= 90**—/. When this happens, 
the Sun at midnight only grazes the horizon at n. 

Subsequently, while rf>90*'— /, the Sun remains above 
the horizon during the whole of the day, circling about the 
pole like a circumpolar star. This period is called the Fer- 
petnal Day. 

During the perpetual day, the Sun's path continues to rise 
higher in the heavens every twenty-four hours until June 21, 
when the Sun traces out the circle B! Q, The Sun's least and 
greatest zenith distances will then be ZQ = / — t , and 
ZB! =i 180°— »—/ respectively. 

After June 21, the Sun's path will sink lower and lower. 

When d is again =90°—/ the perpetual day will end. 
Subsequently, the Sun will be below the honzon during 
part of each day. The days will then gradually shorten and 
the nights lengthen. 

On Sept. 23, the Sun will again describe the circle EQ W^ 
and the day and night will each be 12 hours long. 

The days will continue to diminish till the Sun's south 
declination d! = 90° — /. When this happens the Sun at noon 
will only just graze the horizon at b. 

While a' >90°— /, the Sun remains continually below the 
horizon. This period is called the Perpetual Night. 

On Dec. 22 ttie Sun traces out the circle R"Q' below the 
horizon. 

When d' is again = 90°— J, the perpetual night will end. 

Subsequently, the day will gradually lengthen until 
March 21, when it will again be 12 hours long. 
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128. At the Nortli Pole (Fig. 51) the phenomena ore 
much simpler. The celestial equator coincides with the 
horizon. Hence, from March 21 to Sept. 23, the Sun will 
be above the horizon, and there will be perpetual day. The 
Sun's altitude will attain its greatest value » on June 21, 
when the Sun will trace out the circle QB. 

From Sept. 23 to March 21 there will be perpetual night. 
The Sun will be at its greatest depth below the horizon 
on Dec. 22, when it will ixace out the circle Q'R*, 

129. Phenomena in the Southern Eemispliere. — 

At a place south of the equator, the variations will partake 
of the same general character as those in the corresponding 
north latitude, but the seasons will be reversed. The south 
pole will be above the horizon, instead of the north pole, and 
the days will increase in length as the Sun passes to the south 
of the equator. In fact, if we consider two antipodal points 
or places at opposite ends of a diameter of the Earth, the day 
at one place will coincide with the night at the other. 

Hence, at anyplace between the equator and antarctic circle, 
Dec. 22 will be the longest day, and June 21 the shortest. 

"Within the antarctic circle there will be perpetual day for 
a certain period before and after Dec. 22, and perpetual night 
for a certain period before and after June 21. 
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The Tariations in the Bun's north zenith distance at noon 
will he the same as the Tariations in the south zenith distance 
in the corresponding north latitude six months earlier.* 

1 30. The Seasons. —Having thus described the Tariations 
in the Sun's daily path at different times and places, we shall 
now show how these variations account for the alternations 
of heat and cold on the Earth. 

Astronomically, the four seasons are defined as the portions 
into which the year is divided by the equinoxes and the 
solstices. Thus, in northern latitudes. 

Spring commences at the Vernal Equinox (March 21), 
Summer ,, „ Summer Solstice (June 21), 

Autumn ,, ,, Autumnal Equinox TSept. 23), 

Winter „ „ Winter Solstice (Dec. 22). 

It is obvious that the temperature at anyplace will depend 
in a great measure upon the length of the day. While the 
Sun is above the horizon, the Earth is receiving a considerable 
portion of the heat of his rays, the remaining portion being 
absorbed by the Earth's atmosphere through which the rays 
have to pass. When the Sun is below the horizon, the 
Earth's heat is radiating away into space, although the heated 
atmosphere retards this radiation to a considerable extent. 
Thus, on the whole, the Earth is most heated when the days 
are longest, and conversely. 

The variations in the Sun's meridian altitude have a still , 
greater influence on the temperature. When the Sun's rays 
strike the surface of the Earth nearly perpendicularly, the 
same pencil of rays will be spread over a smaller portion of the 
surface than when the rays strike the suii ace at a considerable 
angle ; hence the quantity of heat received on a square foot 
of the surface will be greatest when the Sun is most nearly 
vertical. By this mode of reasoning it is shown in Wallace 
Stewart's Text-Book of Lights § 10, that the intensity ol 
illumination of a surface is proportional to the cosine of the 
angle of incidence, and the same argument holds good with 

• The studont will find it instructive to trace out fully the varia- 
tions in S. latitudes corresponding to those described in §§ 122-128. 
See diagram, p. 421. 
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regard to radiant heat as well as light. Hence the Sun's heat- 
ing power when ahove the horizon is always proportional to 
the cosine of the Son's zenith distance or the sine of its altitude. 
In this proof, howerer, the ahsorption of heat hy the 
Earth's atmosphere has heen neglected. But when the 
Sun's rays reach the Earth ohliquely, they will have to pass 
through a greater extent of the Earth's atmosphere, and 
will, therefore, lose more heat than when they are nearly 
vertical. This 'cause will still further increase the effect of 
variations in the Sun's altitude in producing variations in the 
temperature. 

131. Between the Tropics the comhination of the two 
causes ahove described tends to produce high temperatures, 
subject only to small variations during the year. The Sun's 
meridian altitude is always very great, and the variations in the 
lengths of day and night are small. If the latitude bo north, the 
Sun's heating power is greatest while the Sun transits north 
of the zenith. During this period the Sun's meridian 
altitude is least when the days are longest. Thus the effects 
of the two causes in producing variations in the Sun's heat 
counteract one another, to a certain extent, and give rise to 
a period of nearly uniform but intense heat. 

In the North Temperate Zone, the Sun is highest at 
noon when the days are longest, and therefore both causes 
combine to make the spring and summer seasons warmer 
than autumn and winter. But the highest average tempera- 
tures occur some time after the summer solstice, and the 
lowest temperatures occur after the winter solstice ; for 
the Earth is gaining heat most rapidly about the summer 
solstice, and it continues to gain heat, but less rapidly, for 
some time afterwards. Similarly, the Earth is losing heat 
most rapidly at the winter solstice, and it continues to lose 
heat, but less rapidly, for somo time afterwards. For this 
reason, summer is warmer than spring, and winter is colder 
than autumn. 

As we go northwards, tho Sun's altitude at noon becomes 
generally lower throughout the year, and the climate therefore 
becomes colder. At the same time, the variations in the length 
of the day become more marked, causing a greater fluctua- 
tion of temperature between summer and winter. 
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Within the Arctic Circle there is a warm period during 
the perpetual day, but the Sun's altitude is never sufficiently 
great to cause very intense heat. During the perpetual night 
the cold is extreme ; and the low altitude of the Sun, when 
above the horizon at intermediate times, gives rise to a very 
low average temperature during the year. 

In the Southern Hemisphere the seasons are reversed ; 
for, in south latitude /, when the Sun's south declination is d, 
the same amount of heat will bo received from the Sun as in 
north latitude /, when his north declination is d. Hence, the 
seasons corresponding to our spring, summer, autumn and 
winter will begin respectively on Septembei* 23, December 22, 
March 21, and June 21, and will be separated from the corre- 
sponding seasons in north latitude by six months. 

132. Other Causes affecting the Seasons and 
Climate. — It is found (as will be explained in the next 
section) that the Sun's distance from the Earth is not quite 
constant during the year. The Sun is nearest the Earth 
about December 31, and furthest away on July 1 (these are 
the dates of perigee and apogee respectively). As shown in 
Wallace Stewart's Text-Book oj Lights § 9, the intensity of 
illumination, and therefore also of heating, due to the Sun's 
rays, vaiies inversely as the square of the Sun's distance. 
Hence the Earth receives, on the whole, more heat from the 
Sun after the winter solstice than after the summer solstice. 
This cause tends to make the winter milder and the summer 
cooler in the northern hemisphere, and to make the summer 
hotter, and the winter colder in the southern hemisphere. 

The variations in the Sun's distance are, however, small, 
and their effect on the seasons is more than counter- 
acted by purely terrestrial causes arising from the unequal 
distribution of land and water on the Earth. The sea has a 
much greater capacity for heat than the rocks forming the 
Ixmd ; it is not so reacUly heated or cooled. In the southern 
hemisphere the sea greatly preponderates, the largest land- 
surfaces being in the northern hemisphere. Hence, the 
climate of the southern hemisphere is generally more equable, 
and the seasons are not so marked as in the northern hemi- 
sphere, quite in contradiction to what we should expect from 
the astronomical causes. 
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133. Times of Sunrise and Sunset. — The times of 
sunrise and sunset at Greenwich are given for every day 
of the year in Wh%tdkef^9 and other idmanacks. For any 
other latitude, the Sun's declination must be found from the 
almanack, the times of sunrise and sunset can then be found 
by means of tables of double entry constructed for the pur- 
pose (§29). These are called ** Tables of Semidiurnal 
and Seminoctumal Arcs." They give, for different latitudes 
and declinations, the interval betw^een apparent noon 
and sunset, t.^., the apparent time of sunset, or half the 
length of the day. Subtracting this from 12 hours, the 
apparent time of sunrise is found, and is half the length 
of the night. 

If, as in § 129, we consider two antipodal places A 
and B^ the planes of their horizons will be parallel, and tho 
Sun wiU be above the horizon at A when he is below the 
horizon at B, and vice v&rsd. Hence, the apparent time of 
sunrise (measured from noon) in N. latitude / will be the 
apparent time of sunset (measured from midnight) in S. 
latitude / on the same date. 

Por this reason the tables are usually constructed only for 
N. latitudes. For S. latitudes they give the time of sunrise 
instead of sunset. 

The times found in this manner will be the local solar times. 
To reduce to Greenwich solar time we must add or sub- 
tract 4m. for each degree of longitude, according as tho place 
is W. or E. of Greenwich. 

134. To And the length of the perpetnal day and 
night at places within the Arctic or Antarctic 
Circles. 

The perpetual day lasts while the Sun's declination at local 
midnight is greater than the colatitude (or complement of the 
latitude), during spring and summer. The perpetual night 
lasts wMle the Sun's S. decl. at local noon is greater than the 
colat. during autumn and winter. The Sun's decl. at Green- 
wich noon being given for every day of the year, in the 
Nautical Almanack, it is easy to find, to within a day, 
the durations of the perpetual day and night in any given 
latitude greater than 66*^ 32^^', 
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185. To find the time the Sun takes to rise or 
set. — ^Let -D" be the Sun's angular diameter, measured in 
seconds. When the Sun begins to rise, his upper limb just 
touches the horizon, and his centre is at a depth |i)" below 
the horizon. When the Sun has lust finished rising, his 
lower limb touches the horizon, and his centre is at an altitude 
^ly above the horizon. During the sunrise, the centre rises 
through a vertical height -D". The problem is closely similar 
to that of § 104, where the effect of dip is confddered. Hence 
if t seconds be the time taken in rising, d the declination of 
the Sun's centre, and x the inclination to the vertical of the 
Sun's path at rising (Hji/x or nxF, Fig. 40) we have 
t=^ 1^ ly sec d sec ar, 
= 4 sec rf sec a: X (0's angular diameter in minutes). 
As in § 104, this gives, for a place on the equator, 
^ = -jV i>" sec (f, 
and at an equinox in latitude /, 

^ = tV -^' sec /. 

ExAXPLB. — ^At an equinox in latitude 60°, the Q's angular 
diameter being 32', 

the time taken to rise will be «» 4 x 32 x sec 60" seoonds 
= 2568. » 4m. 16s. 

136. Note. — It may be mentioned that, owing to atmos- 
pheric refraction, the Sun really appears to rise earlier and 
set later than the times calculated by theory. As the pheno- 
mena of refraction will be discussed more fully in Chapter 
VI., it will be sufficient to mention here that the rays of light 
from the Sun are bent to such an extent by the Earth's 
atmosphere that the whols of the Sun's disc is visible when it 
would just be entirely below the horizon if there were no 
atmosphere. 

Moreover, there is daylight, or rather twilight, for some 
time after the Sun has vanished, so that what is commonly 
called night does not begin for some time after sunset. 

For the same reasons, the perpetual day at a place in the 
arctic circle is lengthened, and the perpetual night shortened, 
by several days. 

The time taken in rising and setting is, however, prac- 
tically unaffected. 
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Section II. — The EelipUo, 

137. The First Point of Aries. — In determining the 
right ascensions of stars, the first step must necessarily be 
to find accurately the position of the first point of Aries, since 
this point is taken as the origin from which E. A. is measured. 
In other words, we must first find the E.A. of one star. 
When this is known we can use that star as a '' dock star," 
to determine the sidereal time and clock error ; and, these 
being known, we can then find the R.A. of any other star, as 
explained in Chapter II. But until the position of T has 
been found, the methods of Chapter II. will only enable us 
to find the difference of E.A. of two stars by observing the 
difference of their times of transit, as indicated by the astro- 
nomical clock, and will determine neither the sidereal time 
nor the clock error, nor the R.A.'s of the stars. 

138. First Method. — The position of t maybe found 
thus : — At the vernal equinox the Sun's declination changes 
from south to north, or from negative to positive. Lot the 
Sun's declination be observed by the Transit Circle at the pro- 
ceding and following noons, and let the observed values be 
—dy^ and -f(l, (i>., d^ S., and (^,K). Let ^i, t^ be the corre- 
sponding times of transit of tho Sun's centre, as observed by 
the astronomical clock, and let T, the time of transit of any 
star, be also observed. Then, 

jT— ^1 = difference of E.A. of star and Sun at first noon, 
T—t^ = „ „ „ at second noon. 

Let r— ^1 = Oi and T-^, = a,. We have 
Increase in Sim's decl. in the day = (^— ( — rf,) = d^ -|- rf„ 

„ „ E.A. „ =^— <j=aj— 0,, 
and both coordinates increase at an approximately uniform 
rate during the day. 

Therefore the 0's decl. will have increased from — (fj to 
in a time dJ{d^-\-d^ of a day, and the corresponding increase 
in E.A. will be 

The Sim is now at r, .'. 0*s E.A. is now = 0. Hence, 

The star's E.A. = a,- (^-^iH = ?4±5A. 
d^^d^ d^^d^ 
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«ld9. Flaiiuiteed's Method for finding the First 
Point of Aries. — The principle of the method now to be 
described is as follows : — ^Let iSj, 8 be two positions of the 
Sun shortly after the vernal and before the autumnal equinox 
respectively, and such that the declinations /Siif, and SMare 
eq^ual. Then the right-angled triangles tM^S^ and ^MS 
will be equal in all respects, and we shall therefore have 




Pig. 52. 

At noon, some day shortly after March 21, the Sun is 
observed with the Transit Circle, say when at Sj. "We thus 
determine its meridian zenith distance Sp and also the dif- 
ference between the times of transit of the Sun and some fixed 
star Xf whose R.A. is required. This difference, which is the 
difference of E.A. of the Sun and star, we shall call a^. If 
d^ be the Sun*s declination, and / the observer's latitude, we 
shall have 

We now have to determine MN^ the difference of R.A. of the 
Sun and star shortly before September 23, when the Sun'e 
declination 8M\& again equal to d^ But the Sun can only 
be observed with the Transit Circle at noon, and it is highly 
improbable that the Sun's declination will again be exactly 
equal to d^ at noon on any day. We shall, however, find two 
consecutive days in September on which the declinations at 
noon, /Sji/i and S^M^^ are respectively greatt^ and less than dy 
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Let 8, and s, be the obserred meridian zenith distances at 
iS, and 8^ ; d^ and d^ the corresponding declinations /S^i/^ 
/8,lf, ; 0, and 0, the observed arcs If^ and M^, being the 
diJSerences of E. A. of the Sun and star on the two days. 

During the day which elapses between the observations at 
fifi, Sj, we may assume that the Sun's decl. and RA. both 
vary at a uniform rate, so that the change in the decl. is 
always proportional to the corresponding change in K.A.* 

_ . ^ M^ 8^-SM d^-d. 
Therefore, ^^ = ^-^^ = ^; 

and MNz^ M^N-M^M^z a, -^Z^'C^ -*»»)• 

Now we have shown that 

r-2/"i = M^^ : 

= 2TiV-12hour8; 
riVr= 6h.+J {M^N+MN) 

This determines riV, the star's K. A., in terms of a„ rtj, «,, the 
observed differences between the times of transit of the Sun 
and star, and (^„ d^^ d^^ the Sun's declinations at the three 
observations. But we need not even find the declinations, for 

d^ = ;-«,, (f, = /-z,, rf, = /-a, ; 
therefore, substituting, we have 

The star's R. A., riV= 6h.+| ja,+a,-?L^=^ (fl,-<7,) | . 

( 85-2, ) 

In applying either of the above methods to the numerical calcala- 
tion of the right ascension of any star, it is advisable to follow the 
Tarions steps as we have described them, instead of merely sub- 
Btitnting the numerical valaes of the data in the final formal®. 

*In other words, we assume, as in Trigonometry, that the 
" principle of proportional parts " holds for tho small variations in 
decL and H.A. daring the day. 
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ASTRONOMT. 



140. The Advantages of Flamsteed's Method.— Among these 
the following may be mentioned. 

let. The method does not require a knowledge of the latitnde, for 
we do not require to find the Son's declination. Hence, errors 
arising from inaccurate determination of the latitude are avoided. 

2nd. One great source of error in determining Z.D.'s is the refrac- 
tion of the Earth's atmosphere. Since the Sun is observed each 
time in the same part of tho sky, Cj, z^ r, will be nearly equally 
affected by refraction. Hence, the "principle of proportional 
parts" will hold, so that the small differences in the true Z.D.'s 
are proportional to the differences in the observed Z.D.'s. Hence 
we may use the observed Z.D.'s uncorrected for refraction. 

Example. 
To find the Bight Ascension of Siritia and the clock errors in 
March and Sept., 1891, from tho following data, the rate of the clock 
being supposed correct. (Decl. of Sirius = 16" 34' 2" 8.) 



Mar. 25, 1891. 



Sept. 18. 



Sept. 19 



Decl. of Sun at noon... 
Time of transit of Sun 
Time of transit oiSiriua 



V 48' 56" 
Oh. 15m. 36s. 
6h. 39m. 10s. 



V 63' O'^ 

llh.42m.42s. 

6h. 40m. 25s. 



r29'43" 
llh. 46m. 17s. 
6h. 40m. 25s. 



OnMar.25,(R. A.of SiViiw) - (Sun's E. A.) «6h. 39ra. 10s. - Oh. 15m. 368. 

^6h.23m.346. 
Hence, in angular measure, the difference of R.A. is about 96^ 
Draw the diagram as in Fig. 52, but make the angle 8iPK =» 96*; N 
will therefore lie between Jf, and Afj, instead of where represented. 
Also, since 8iriu8 is south of the equator, it should be represented 
at a point w on PN produced through N, In this figure we shall have 
SiMi = r48'56"j MiN = 6h.39m.10s. -0h.15m.36s. = 6h.23m.34B. 
S,Af, » r 53' 0"; NMi = llh.42m.42s.-6h.40m.25s. = 5h. 2m.l7s. 
^jif, = ^29' 43"; NMz - llh.46m.17s.-6h.40m.25s. = 5h. 5m.52s. 
Also, 8M is by construction equal to 8iMi. 
Hence, applying the principle of proportional parts, we have 
MjM ^ SoMj-S^Mi ^ 4' 4" ^ 244 
IfjAfj 8iMi^SiM^^ 2Z'ir' 1897* 
and M^i « 3m. 35s. = 2158. ; 
.-. If Jf « 215 X 244/1397 - 375 seconds ; 
.-, Nk = 5h. 2m. 17s. + 37s, = 6h. 2m. 548. 
Now, NMi-NM « NT -N:0. « 2Nr -12h. 
hence, tN = 6h. + k{NMi-mf) = 6h. + H6h.23m.34e.-6hJ2m.548.) 
« 6h. + Klh. 20m. 40s.) « 6h. 40m. 20s. 
Thus the right ascension of Sirius » 6h. 40m. 208. 
AJso, clock error in March = 6h.40m.208.-6h.89m.lOs. = + Im. 108. 
„ „ „ „ Sept - 6h.40m.203.-6h.40m.25s. = — 6i. 
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141. Precession of the Equinoxes. — ^ThuBfarwehave 
treated the first point of Aries as being fixed, and this will 
evidently be the case if the equator and ecliptic are fixed in 
direction. But if the right ascensions of various stars are 
observed over an interval of several years, it will be found 
that the position of the first point of Aries is slowly changing, 
and that it moves along the ecliptic in the retrograde Erec- 
tion at the rate of about 50*2" in a year. This motion is 
called Precession of the Equinoxes, or, briefly, Precession. 

Precession is found to bo due almost enfirely to gradual 
changes in the direction of the plane of the equator, the 
ecliptic remaining almost fixed among the stars. Its effect is 
to produce a yearly increase of 50-2" in the celestial longi- 
tudes of all stars, their latitudes being constant. 

In a large number of years the effect of precession will be 

considerable. Thus, T will perform a complete revolution 

in the period 

360x60x60 . , i. oc OAA 

-— — years, «.^., about 25,800 years. 

50'2 

At the present time the vernal equinoctial point has moved 
right out of the constellation Aries into the adjoining con- 
stellation Pisces. It still, however, retains the old name of 
'* First Point of Aries." Similarly, the autumnal equinoctial 
point is in the constellation Yirgo, but it is still called the 
"First Point of Libra." 

The rate of precession can be found very accurately by 
observations of the first point of Aries separated by a con- 
siderable number of years. The larger ihe interval, the 
larger is the change to be observed, and tlie less is the result 
affected by instrumental errors. 

•142. Correction for Precession in using Flamsteed's Method.— 
During the interval that elapses between the two obserrations in 
Flamsteed's method, the right ascension of the observed star will have 
increased elightly, owing to preoession, and the E.A. given by the 
formula will be the arithmetic mean of the BA.'s at the times of 
the two observations. t As the change in B.A. is very approximately 
uniform, this mean will be the star's B.A at a time exactly hi^ 
way between the two observations, t.e., at the gummer solstice. 

t This may be most readily seen by imagining the equator and 
ecliptic to be at rest, and the change in E.A. to be due to motion of 
the star. 
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143. Determination of Obliquity of Ediptie.— The 

method now used for finding the ohliquity of the cdiptio is 
similar in principle to that of § 38, hut the Sun's meridian 
zenith distance is ohserved hy means of the transit circle 
instead of the gnomon. 

The ohliquity is equal to the Sun's greatest declination at 
one of the solstices. Since ohservations with the Transit 
Circle can only he performed at noon, while the maximum 
declination will prohahly occur at some intermediate hour of 
the day, it will he necessary, in exact determinations, to 
make ohservatinns of the Sun's decl. for several days hefore 
and after the solstice. From these it is possihle to determine 
the maximum decl. ; the method is, however, too complicated 
to he descrihcd here. For rough purposes the Sun's greatest 
noon decl. may he taken as the measure of the ohliquity. 




tjlM2l 



144. When the position of T has heen determined, the 
ohliquity can also he found hy a single observation of the 
Sun's R.A. and decl. For we thus find the two sides tM, 
MS of the spherical triangle tMS, and these data are 
sufficient to determine both the obliquity MtS^ and the 
Sun's longitude tS, 
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Sbchok in.— 1%^ EarWi Orbit about the Sun. 

145. Observationsof the Sun's BelativeOrliit.— By 

daily observations with the Transit Circle, the ded. and R. A. 
of the Snn's centre at noon are found for every day of the 
year. From these data the 8un's long, is calculated, as 
in § 144, by solving the roherical triangle T SM (Fig. 53). 
If the obliquity of the ecliptic is also known, we have three 
data, any twe of which suffice to determine the long., tS. 
Thus the accuracy of the observations can be tested, and the 
Sun's motion at various times of the year can be accurately 
determined. 

Although the determination of the Sun's actual distance 
from the Earth in miles is an operation of groat difficulty, it 
is easy to compare the Sun's distance from the Earth at dif- 
ferent times of the year, for this distance is always inversely 
proportional to the Sun's angular diameter. This property is 
proved in § 4, but numerous simple illustrations may also 
be used to show that the angular diameter of any object varies 
inversely with its distance (see § 4). 

The Sun's angular diameter may be readily observed by 
means of the HeHometer ; or, if preferred, any other form of 
micrometer may be used. The Sun's distances at two different 
observations will be in the reciprocal ratio of the corresponding 
angular diameters. Thus, by daily observation, the changes 
in the Sun's distance during the year may be investigated. 

If the circular measure of the Sun's angular diameter is 
2r, then irr* is called the Sun's apparent area. In fact, 
this is the area of a disc which would look the same size as 
the Sun if placed at unit distance from the eye. 

Example. 

The Snn's angular diameter ia 81' 82'' at midsammer, and 82' 86" 
at midwinter. To find the ratio of its distances from the Earth at 
these times. 

The distances being inversely proportional to the angnlar dia* 
meters, we have 

Dist. at midsnmmer ^ 82' 86" ^ 1956 ^ 489 ^ , » , 

Dist. at midwinter " 81' 82" " 1892 " 478 " " "®^ ^' 

Hence the Sun is further at midsummer than at midwinter, in the 
proportion of very nearly 81 to 80. 
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146. Kepler's First and Second Lftws. — ^We may now 

construct a diagram of the Sun's relative orbit. Let ^ repre- 
sent the position of the Earth, Ht the direction of the first 
point of Aries. Then, by making the angle T^S equal to the 
Sun's longitude at noon, and JSS proportional to the Sun's 
distance, we obtain a series of points 8, iS'... , iSj... , representing 
the Sun's position in the plane of the ecliptic, as seen from 
the Earth at noon on different days of the year. Draw the 
curve passing through the points S, S'.,.y 8^,..; this curve will 
represent the Sun's orbit relative to the Earth, and it will be 
found that 

I. Tlie Sun's annual path is an ellipse, of wluoh the 
Earth is one focus. 

II. The rate of motion is everywhere such that the 
radius vector (i*e.y the line joining the Earth to the 
Snn) sweeps out eqnal areas in equal intervals of time. 

These laws were discovered by Kepler for the motion of 
Mars about the Sun, and he subsequenl^y generalized them by 
showing that the orbits of all the other planets, including the 
Earth, obeyed the same laws. In their general foxm they are 
known as Kepler's First and Second Laws. [See p. 263.] 




Fig. 54u 

147. Perigee and Apogee. — When the Sun's distance 
from the Earth is least, the Sun is said to be in perigee. 
When the distance is greatest, the Sun is said to be in apogee 

The positions of perigee and apogee are called the two 
Apses of the orbit ; they are indicated at p, a in Fig. 54. 
The line p£a joining them is the major axis of the ellipse 
TEllipse, 4), and is sometimes also called the apse line. 



Digitized by 



Google 



THE Sim's APPABEHT MOTION tB titK BdUittO. 107 

148. Verifloation of Kepler's First Zaw.— The Sun's 
angular diameter is observed to be greatest on Dec. 31, 
and least on July 1 ; we therefore conclude that these are the 
days on which the Sun passes through perigee and apogee 
respectively. The positions of perigee and apogee being thus 
found, the angle T^p is known, which is the long, of perigee. 

From the winter solstice to perigee is about 10 days. 
Hence, during this interval the Sun will have moved through 
an angle of about 10** ; 

.-. longitude of perigee = 270^+10® = 280° roughly. 

To verify that the orbit is an ellipse, it is now only neces- 
sary to show that the relation connecting £8 and the angle 
pF8 is the same as that which holds in the case of the ellipse. 
If the orbit is an ellipse of eccentricity e, we must have 

^Sx{l+e coBpHS) = I (a constant). (EUipse, 3.) ' 
Therefore the Sun's angular diameter must be always pro- 
portional to 1 +^ cos^jE'iS. 

As the result of numerous observations, it is found that 
this is actually the case, and the truth of Kepler's First Law 
for the Sun's orbit relative to the Earth is confirmed. 

149. To find e, the eccentricity of the ellipse, the 

best plan is to compare the greatest and least angular dia- 
meters of the Sun, i.e., the diameters at perigee and apogee. 
Since at these positions p^S becomes 0° and 1 80** respectively, 
we have, from above, 
ang. diam. at p : ang. diom. at a = 1/J^ : l/JSa 

= l-|-tfcosO° : 1 -I- ^ cos 180**= 1+^ : 1-^. 
from which proportion e can be found. 

Taking the angular dicuneters at perigee and apogee to be 

3a' 36" and 31' 32" (as in the Ex. of § 145), the Sun's distances 

at those times are in the ratio of 1956" : 1892", or 489 : 473 ; 

. i±f = Mi . = 489-473 _ 16 _ JS_ 

'* l-e 473 ** * 489 + 473 962 481* 

Hence e is very nearly equal to 1/60. 

The Nautical Almanack contains a table giving the Sun's 
angular diameter daily throughout the year. The average 
angular diameter may be taken as 32' approximately. 

Owing to the smallness of $, the orbit is very nearly circular, 
being, really, much more nearly so than is snown in Fig. 54. 

▲STBON. I 
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150. Verification of Kepler's Second Law. — ^It is 

found, as tbo result of observation, that the Sun's increase in 
longitude in a day, at different times of year, is always pro- 
portional to the square of the angular diameter, and is, there* 
fore, inversely proportional to the square of the Sun's distance. 
From this it may be deduced (as follows) that the area de- 
scribed by the radius vector in one day is always constant. 




Fio. 55. 

Let SS' represent the small arc described by the Sun 
in a day in any part of the orbit. Then the sector USS' is 
the area swept out by the radius vector. This sector does 
not differ perceptibly from the triangle H88' ; therefore, by 
trigonometry, 

area USS' = iES . US' . sin SUS', 
Since the change in the Sun's distance in one day is imper- 
ceptible, we may write JS8 for I!S' in the above formula 
without materially affecting the result ; also, since the angle 
8FS' is small, the sine of SES' is equal to the circular 
measure of the angle SFS\ 

Therefore, area JESS' = ^ES" x Z SES '. 

But, by hypothesis, the change of longitude SES' varies 
inversely as ES^j so that ES^ x Z SES' is constant ; 

area ESS' is constant, 
that is, the area described by the radius vector in a day is 
constant. Thus, the area described in any number of days 
is proportional to the number of days, and generally the areas 
described in equal intervals of time are equal. 
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151. Dediiotions from Kepler's Second Law. 

(i.) If the circular measure of the Sun's anguljtr diameter 
is 2r, then vf^ is the Sun's apparent area (§ 145). Hence 
the 8un^8 daily rate of change of longitude is proportional to 
the apparent area of its disc. 

(ii.) If T, iT, ^, Z represent the Sun's positions at the 
equinoxes and solstices, we have 

z rJSir = z KJSd^ = z ^EL = z LJSr = 90% 

and it is readily seen from the figure that 

area L^T < area ^UZ < area tE^< area JT^^b, 
and the lengths of the seasons, heing proportional to these 
areas, are unequal, their ascending order of magnitude heing 

Winter, Autumn, Spring, Summer. 

Their lengths are, at the present time (1891), ahout 
39d. Oih., 89d. ISih., 92d. 20Jh., 93d. 14|h. 

(iii.) Since the intensity of the Sun's heat (§ 131) and its 
rate of motion in longitude hoth vary as the inverse square of 
its distance, they are proportional to one another. Hence 
the Earthy ae a whole, receives equal amounts of heat while the 
Sun describes equal angles. In particular, the total quantities 
of heat received in the four seasons are equal, 

(iv.) The Sun's longitude changes most rapidly on Decem- 
ber 31, and least rapidly on July 1. 

(v.) Since the apse line, or major axis, pSa, bisects the 
ellipse, the time from perigee to apogee is equal to the time from 
apogee to perigee, 

*152. To find the Fosition of the Apse Line. — 

The Sun's distance remains very nearly constant for a short 
time before and after perigee and apogee, hence it is difficult 
to tell the exact instant when this distance is greatest or least. 
For this reason, the following method is generally used : — 

The Sun's long, is observed at two points, 8, 8^, before and 
after the apse, when its angular diameters, or its rates of 
motion in long., are found to be equal. Then ES = ES^y 
and the symmetry of the ellipse shows that LpES = ipES^ 
and z aE8 = Z aE8^, Hence the long, of the apse is the 
arithmetic mean of the Sun's longitudes at the two observations. 

153. Progressive Motion of Apse lone.— From such 
observations, extending over a long period of years, it is found 
that the apse lino is not fixed, but has a forward or direct 
motion in the ecliptic plane of 1 1 '25" in a year. 
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164. Tlie Sun's apparent annual motion may be 
acoounted for by supposing the Earth to revolve 
ronn^ the Sun. 

Tlie annexed diagram \rill show how the Sun's annual 
motion in the ecliptic, as well as the changes in the seasons, 
may bo accounted for on the theory that the Sun remains at 
rest while the Earth describes an ellipse round it in the 
course of the year in a plane inclined at an angle 23° 27 J' to 
the plane of the Earth's equator. 



Utr2l 




Fio. 56. 

The distance of the nearest of the fixed stars is known to 
be over 200,000 times as great as the Earth's distance from 
the Sun. Hence, § 5 shows that the directions of the fixed 
stars will not change to any considerable extent, as the 
Earth's position varies. We shall, therefore, in the present 
description, consider the directions of the stars to be fixed. 
The dii-cctions of the various points and circles of the celestial 
sphere, such as the first point of Aries, will also be fixed. 

On March 21, the Earth is at -E^, and the Sun's direction 
£^8 determines the direction of T| the First Point of Aries, 



Digitized by 



Google 



THB SUK's AFPARBHT KOIIOH IK THB BCLIFIIO. Ill 

The Sun is vertioal at a point Q on the eqnator, and as the 
Earth revolyes about its axis through P, all points on the 
equator will come vertically under the Sun. There is night 
ail over the shaded portion of the Earth, day over the rest. 
The great circle bounding the illuminated part passes through 
the pole P, and, therefore, bisects the smedl circle traced out 
by the daily rotation of any point on the Earth ; thus, the 
day and night are everywhere equal. At the pole P the Sun 
is just on the horizon. 

On June 21, the Earth is at H^, and the Sun's longitude 
T^iS = 90**. The Sun is vertical at a point on the tropic 
of Cancer. Since the arctic circle is entirely in the illumi- 
nated part there is perpetual day over the whole arctic zone. 

On September 23, the Earth is at JS^, and the Sun's longi- 
tude T^iS is 180^. The Sun is once more 7ertical at a 
point Ji on the equator, and the day and night are ovciy whore 
12 hours long, as they are at JE'^ 

On December 22, the Earth is at JS^, and the Sun's longi- 
tude T^iS (measured in the direction of the arrow) is 270°. 
The Sun is now at its greatest angular distance south of the 
equator, and overhead at a point on the tropic of Capricorn ; 
this tropic is not represented, being on the under side of the 
sphere. Since the arctic circle is entirely within the shaded 
part there is perpetual night over the whole arctic zone. 

155. New DefinitioiLS and Facts. — According to the 
theory of the Earth's orbital motion, Kepler's First and 
Second Laws must be re-stated thus for the Earth. 

I. The Earth desoribes an ellipse, having the 
Sun in one focns. 

II. The radins veotor joining the Earth and Sun 
traces out equal areas in equal times about the Sun. 

The ecliptic is now defined as the great circle of the celestial 
sphere, whose plane is parallel to that of the Earth's orbit. 

The Earth is nearest the Sun on December 31, and is then 
said to be in perihelion. The Earth is furthest from the 
Sun on July 1, and is then said to be in aphelion. Thus, 
when the Sun is in perigee the Earth is in perihelion, when 
the Sun is in apogee the Earth is in aphelion. The positions 
of perihelion and aphelion are indicated by the letters /?, a in 
Fig. 56. The line joining them is the apse line. 
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166. Geocentric and Heliocentric Latitude and 
Longitude. — Hitherto we have been dealing only \dth the 
directions of the celestial bodies as seen from the Earth. 

In dealing with the motion of the planets, it is more con- 
yenient, as a rule, to define their positions by the directions 
in which they would be seen by an observer situated at the 
centre of the Sun. 

In every case, the direction of a celestial body may be 
specified by the two coordinates, celestial latitude and longi- 
tude, which measure respectively the arc of a secondary from 
the body to the ecliptic and the arc of the ecliptic between 
this secondary and the first point of Aries (§ 17). 

These coordinates are called the Geocentric Latitude 
and Longitude when employed to define the body's geocen- 
tric position, or position relative to the centre of the Earth. 
The names Heliocentric Latitude and Longfitude are 
given to the corresponding coordinates when employed to 
define the body's heliocentric position, or position relative 
to the Sun's centre. 

When the distance of a fixed star is immeajsurably great 
compared with the radius of the Earth's orbit, its geocentric 
and heliocentric directions coincide, and there is no difference 
between the two sets of coordinates. There is a slight differ- 
ence between the geocentric and heliocentric positions of a 
few of the nearest fixed stars. But, in the case of the 
planets, and of comets, the heliocentric latitude and 
longitude differ entirely from the geocentric, and laborious 
calculations are required to transform from one system of 
coordinates to the other. 

One fact may, however, be noted. The direction of the 
Eai-th as seen from the Sun is always opposite to the direction 
of the Sun as seen from the Earth. Hence, 

The Earth's heliocentric longitude differs from the 
Sun's geocentric longitude by 180^ 

This may be illustrated by referring to Pig. 56. We see 
that T 5^,= 0^ rSF^ = 90^, rSH, « 180^ r ^-£i = 270^; 
thus, the Earth's longitude is 0° on September 23, 90° on 
December 22, 180° on March 21, and 270° on June 21. 
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EXAMPLES.— IV. 

1. DcBoribe the phenomeiia of day and night at a pole of the 
Earth. 

2. Show how to find how long the midwinter Moon when fall is 
above tho horizon at a place within the arctio circle of given 
latitude. 

8. Show that the ecliptic can never be perpendicular to the 
horizon except at places between the tropics. 

4. Show that for a place on the arctic circle the Son always rises 
at 18h. sidereal time from December 21 to June 20, and sets at the 
same sidereal time from June 20 to December 21. 

6. Find the angle between the ecliptic and the equator in order 
that there should be no temperate zone, the torrid zone and the 
frigid zone being contiguous. 

6. Show how, by observations on the Sun, taken at an interval of 
nearly six months, the astronomical clock may be set to indicate 
Oh. Om. Os. when T is on tho meridian. 

7. Ou March 24, 1878, at noon, the Sun's declination was 
1® 29' 6*1'', and the difference of right ascension of the Sun and a ' 
star 6h. Im. 34'45s. On September 18, 1878, at noon, the Sun*s 
declination was 1^ 40^ 30'2'', and it was distant from the star 
6h. 27m. 82'97s. in right ascension. On September 19, 1878, at 
noon, the Sun's declination was l"" 26' 12*8'', and it was distant from 
the star 6h. dim. 8'3s. in right ascension. Find the right ascension 
of the star and that of the Sun at the first observation. 

8. Describe the appearance presented to an observer in the Sun 
of the parallels of latitude and the meridians of the Earth, any day 
(i.) between the vernal equinox and the summer solstice, 
(ii.) between the autumnal equinox and the winter solstice. 

0. If a sunspot be situated near the edge of the Sun's disc, 
describe how its position, relative to the horizon, will change between 
sunrise and sunset. 

10. Describe how the Sun's apparent velocity in the ecliptio 
varies throughout the year; and give the dates of apogee and 
perigee. Compare the daily motion in longitude at these dates, 
Vavin^ ^ven that the eccentnoity of the Earth's orbit is ^. 
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EXAMINATION PAPER.— IV. 

). What is the astronomical reason for the Earth being divided 
into torrid, temperate, and frigid zones ? 

2. Assuming yonr latitude to be 52^, show bj a fignre tho daily 
path of the Snn as seen by jou on June 21, December 22, and 
March 21 respectivelj. 

8. Explain the oanses of variation in the length of the day on the 
Earth. GKve the dates at which each season beg^s, and calculate 
thei^ lengths in days. 

4. Discuss the variations in the length of the day at points within 
tho arctic circle ; and show how to find, by the Nautical Almanack, 
the length of the perpetual day. 

6. Prove that, in the course of the year, the Sun is as long above 
the horizon at any place as below it. 

6. Explain how it is that winter is oolder than summer, although 
the Sun is nearer. 

7. Investigate Flamsteed's method of determining the first point 
of Aries. 

8. From the following observations calculate the Sun's R.A. on 
March 80, 1872 :— 





Sun's 
declination. 


Sun crossed 
meridian. 


a Serpentis 
crossed meridian. 


March 30, 1872... 
Sept. 11, 1872 ... 
Sept. 12, 1872 ... 


4* O' 81" 
4° 20^ 58-8" 
8° 58' 30" 


Oh. Im. 4-478. 
Oh. Im. 4093. 
Oh. Im. 407b. 


15h. Im. 54-76S. 
4h. 19m. 11-388. 
4h. 15m. 49 33s. 



9. State Kepler's First Law for the orbit of the Earth relative to 
the San, and explain how the eccentricity of the orbit can bo found 
by observations of the Sun's angular diameter. 

10. State Kepler's Second Law, and find the relation between th^ 
Sun's angular velocity and its apparent are% 
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ON TIME. 
Sectiox I. — 2'he Mean Sun and Uqttation qf Tims. 

157. IMsadTaiitages of Sidereal and Apparent Solar 
Time. — In Chapter I., Sections II., III., we explained two 
different ways of reckoning time. One of these, called 
Sidereal Time, was defined hy the diurnal motion of the first 
point of Aries ; the other, called Apparent Solar Time, was 
defined by the Sun's diurnal motion. "We shall now show 
that neither of these measures of time is suitable for every- 
day iise. 

If we were to adopt sidereal time, the time of apparent 
noon on any day of the year would be measured by the Sun's 
II. A. on that day, and therefore would get later and later by 
24h. during the course of the year. 

Thus (^.y.)) ^^® ^^® ^^ ^^^ would be Oh. on March 21, 
Gh. on June 21, 12h. on September 23, and 18h. on Decem- 
ber 22, and the phenomena of day and night would bear no 
constant relation to the time. 

Apparent solar time is free from these disadvantages, but 
it cannot be measured by a clock whose rate is uniform, 
because the length of the solar day is not quite inrariablc. 
In § 36 we showed that the difference between a solar and 
a sidereal day is equal to the Sun's daily increase in E.A., 
and in § 31 we showed that this increase takes place at a rate 
which IS not quite the same at different times of the year. 
Hence, the difference between a solar and a sidereal dsLj is 
not quite constant. But the length of a sidereal day is con- 
stant (§ 22). Hence the solar day is not quite constant, 
and a clock cannot be regulated so as to always mark exactly 
p}i. Om. Os. whei^ the Sun crosses the meridian. 
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158. The Mean Sim.— BefinitioiLS. — ^To obviate those 
disadvantages, another kind of time, called Mean Tinier has 
been introduced, and this is the time indicated by clocks, and 
used for all ordinary purposes. Mean Time is defined by 
means of what is called the Mean Sun. This is not really 
a Sun at all, but simply a point, which is imagined to move 
round the equator on the celestial sphere.* The hour angle 
of this moving point measures mean time, just as the hour 
angle of T measures sidereal time ; and the mean Sun has to 
satisfy the following requirements : — 

1st. It must never be very far from the Sun. 

2nd. Its R.A. must increase uniformly during the year. 

Now the inequalities in the motion in R.A., which render 
the true Sun unsuitable as a timekeeper, are due to two 
causes. 

1st. The Sun does not move uniformly in the ecliptic, its 
longitude increasing less rapidly in summer than in vrinter 

(§151). 

2nd. Since the Sun moves in the ecliptic, and not in the 
equator, its celestial longitude is in general different from its 
R.A. (§ 31 ). Hence, even if the Sun were to revolve uni- 
formly, its R.A. would not increase uniformly. 

In defining the mean Sun, or moving point which measures 
mean time, these two causes of irregularity are obviated 
separately as follows : — 

The Bynamical Mean Sun is defined to be a point which 
coincides with the true Sun at perigee, and which moves 
round the ecliptic in the same period (a year) as the true 
Sun, but at a uniform rate. 

Thus, in the dynamical mean Sun, irregularities due to 
the Sun's unequal motion in longitude are removed, but those 
due to the obliquity of the ecliptic still remain. 

The Astronomical Mean Sun is defined to be a point 
which moves round the equator in such a way that its R.A. 
is always equal to the longitude of the dynamical mean Sun. 

• The conception of the mean San as a moving point is important. 
It would be physically impossible for a hQcLy to ptioye in this mannoTt 
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Since the longitude of the dynamical mean Snn increases 
uniformly, the B.A. of the astronomical mean Sun increases 
uniformly. Hence the motion of the latter point does give 
us a uniform measure of time. 

The astronomical mean Sun is, therefore, the moving point 
chosen in defining mean time. It is usually called simply 
the Mean Sun. 

159. Mean Noon and Mean Solar Time. — Equation 
of Time- 
Mean Noon is defined as the time of transit of the mean 
Sun. 

A Mean Solar Day is the interval hetween two successive 
mean noons. Like the apparent and sidereal days, it is 
divided into 24 mean solar hours. During this interval, the 
hour angle of the mean Sun increases from 0° to 360°. 
Hence the mean solar time at any instant is measured by 
the mean Sun's hour angle, converted into time at the rate 
of Ih. per 15**, or 4m. per 1°. 

The Sun itself is frequently spoken of as the Tme Snn, 
or Apparent Snn, to distinguish it from the mean Sun. 
As explained in § 36 the hour angle of the true Sun measures 
the apparent solar time, and its time of transit is called 
apparent noon. 

The Sqnation of Time"*^ is the ncune given to the amount 
which must be added to the apparent time to obtain the mean 
time. 

Thus, the time indicated by a sun-dial (§ 167) is determined 
by the position of the shadow thrown by the true Sun, and is 
the apparent solar time ; while a clock, which should go at a 
uniform rate, is regulated to keep mean time. The equation 
of time will then be defined by the relation, 
(Time by clock ) = (Time by dial) + (Equation of time). 

At apparent noon the sun-dial will indicate 12h., or, as it 
is more conveniently reckoned. Oh. Hence, 

Sqnation of time s Mean time of apparent noon. 

* Tlias* "eqnation of timo" is not an equation at all in the 
generally accepted sense of the word, but an intervtd of time (poei- 
tiye or negatiye). 
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Tho equation of time is positive if the Sun is " after the 
dock," or the true Sun transits after the mean Sun. If the 
Sun is " hefore the clock," or the true Sun transits first, the 
equation of time is negative. The value of the equation of 
time for every day in the year is given in most almanacks, 
under the heading ** Sun heforo dock," or " after dock." 

160. The equation of time is divided into two parts. Tho 
first, which is called the equation of time due to the eocen- 
tnoity, or to the unequal motion, is measured by tho 
difference between the hour angles of the true and dynamical 
mean Suns. The second, or the equation due to the 
obliquit7i is measured by the difference of hour anglo 
between the dynamical and astronomical mean Suns. 

161. Equation of Time due to Unequal Motion. — 

We shall now trace the variations during ttie year of that 
portion of tho equation of time which is due to the Sun's 
unequal motion in the ecliptic. "We shall denote this portion 

by^i. 

Lit the true Sun be denoted by 5, and the dynamical mean 
Sun (which moves in the ecliptic) by S^ K angles are 
measured in time, then 

JS^ = (hour angle of /Sfj)— (hour anglo of iS) = Z SFS^ ; 
.-. JS, = (R.A. of ^)-(R.A. of 8,) ; 

since E. A. and hour angle are measured in opposite directions. 

When the Sun is in perigee (p) (on December 31), /Sj coin- 
cides with 8 by definition ; .•. JE7i «= 0. 

From perigee (p) to apogee {a\ the Sun, has described 180°, 
and the time taken is (§ 151, v.) half that of a complete 
revolution. Hence, 8^ will also have described 180® ; 

.*. at apogee (July 1), E^ is again 0. 

Now (§ 161, iv.) /Sis moving most rapidly at perigee, and 
most slowly at apogee. Hence, after perigee, 8 will have got 
ahead of /S^, and after apogee, 8 will have got behind iS^. 
Thus : From perigee to apogee, E^ is positive. 

From apogee to perigee, £7, is negative. 

and £J| vanishes twice a year, r»2., at perigee and apogee. 
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162. Equation of Time due to Obliquity. — Let tho 

portion of the equation of time due to the obliquity be 
denoted by E^ 

Take 8^ on the equator so that t8^= tS^. Then S^ 
will be the astronomical mean Sun. Draw FS^Ify the 
secondary to the equator through Si. Then 

-Ei = hour angle of iS,— hour angle of 8^ 

= Z SiPS^ (taken positive if 8^ is west of 5,) 

= z rP^Sfj- z rF8^= ri/'-riS,= rM-r8i, 

all angles being supposed converted into time at the rate 
of 16° to the hour. 




'Jiui^2f 



Fio. 57. 

At the vernal equinox,* when 8i is at T, 8^ will also be 
at r ; .-. ^, = 0. 

Between the vernal equinox and summer solstice, tho angle 
t8iM will be < 90®, and, therefore, < tMS^; hence, 

.-. tM< t S^; .'. E^JB negative. 

* Tho yemal and autamnal equinoxes arc, strictly, the times when 
8, and not £fi, coincides with the equinoctial points, but, as 8i is 
always near 8, the diBtinotion need not be considered here. The 
tamo remarks apply to the solstices. 
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At the snmmer solstice, /S, is at C, and 8^ at Q, where 
rQ=z rC^ 90^ Hence (Sph. Geom., 21), rQG = 90°; 
and Jfis also at Q ; .*. JS^ = 0. 

Between the summer solstice and autumnal equinox we 
shall have M^ < 8i^. But rM^ = T^i:^^: = 180*^; 
.-. rM>r8i; .\tM>t8^; .-. £7, is positive. 

At the autumnal equinox, since Tt7£i = TG^ = 180®, 
Si, 8^ wiU both coincide with £i:; .•. E^ «= 0. 




'Jiuu.21 



In a similar manner wo may show that : 

From the autumnal equinox to the winter solstice, JB", is 

2l60fttiT6. 

At the winter solstice, JEj = 0. 

From the winter solstice to the vernal equinox, -E, is 
positive. 

Collecting these results, we see that 
(i.) From equinox to solstioe E^ is negative. 
(ii.) From solstice to equinox Et is positive. 
(iii.) Ei vanishes fonr times a year, vis., at the 
equinoxes and solstioes. 
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163. Graphic Bepresentation of Equation of Time. 

— ^The values of the equation of time at different seasons may 
now be represented graphically by means of a curved line, in 
which the abscissa of any point represents the time of vear, 
and the ordinate represents the corresponding value of the 
equation of time. 

In the accompanying figure (Fig. 59) the horizontal line 
or axis from E^ to JS\ represents a year, the twelve divisions 
representing the different months as indicated. The thin curve 
represents the values of ^p the portion of the equation of 
time due to the unequal motion ; this curve is obtained by 
drawing ordinatcs perpendicular to the horizontal axis and 
proportional to E^. Where the curve is below the horizontal 
line Uy is negative. 




Fig. 59. 



The thick curved line is drawn in a similar manner, and 
represents, on the same scale, the values of E^, the equation 
of time due to the obliquity. 

In drawing the diagrams to scale, it is necessary to know 
tlie maximum values of S^y JS^. These can be calculated, 
but the calculations do not depend on elcmentaiy methods 
alone. We shall therefore have to assume the following 
facts: 

The greatest value of Ei is about 7 minutes. 



Et 



10 



Hence the greatest distances of the thin and thick curves 
from the horizontal axis should be taken to be about 7 and 10 
units of length respectively. 
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We may now draw tho diagram representing E^ the total 
equation of time. We have 

^= ^x + ^- 
Hence, at every point of the horizontal line wc must erect 
an ordinate whose length is equal to the algebraic sum of tho 
ordinates (taken with their proper sign) of the two curves 
which represent E^ and E^. The extremities of these ordi- 
nates will determine a new curve which represents E, 





This curve is drawn eeparately in the annexed diagram 
(Fig. 60). It cuts the horizontal axis in four points. At 
these points the ordinate vanishes, and E is zero. Hence 

The Bquation of Time VBnishes four times a year. 

164. Alternative Proof. — But without representing the 
values of the equation of time graphically, it can be readily 
proved that E vanishes four times a year. The proof 
depends on the fact stated in the last paragraph, that 

The greatest equation of time due to the obliquity i$ greater 
than the greatest equation due to the eccentricity. 
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From § 162 it is evident that E^ must attain its greatest 
positiye yalue some time between a solstice and the following 
eqninoz, and its greatest negative value between an equinox 
and the following solstice. These maxima occur, in ^t, in 
the months : 

February, May, August, November. 

Their values, with the proper signs, are respectively about 

+ 10m., —10m., +10m., —10m. 

Kow, ^1 is never greater than the maximum value of 7m. ; 
hence, whether E^ is positive or negative, the total equation, 
-Ei+-Ei, corresponding to either of these maxima, must have 
the same sign as J5^,. Hence, in the year beginning and ending 
with the date of the maximum value of E^ in February, E 
will have the following signs alternately : 

+ - + - + 

Thus, M changes sign, and therefore vanishes, four 
times in the year. 

165. BUsoellaneons Bemarks.—From Fig. 59 it will 
be seen that the largest fluctuations in the equation of time 
occur in the autumn and winter months ; during spring and 
summer they are much smaller. 

The days on which the equation of time vanishes are about 
April 16, June 15, September 1, and December 25. 

Between these days E increases numerically, and then 
decreases, attaining a positive or negative value at some inter- 
mediate time. These maxima are : 
+ 14m. 28s. on February 11 ; —3m. 49s. on May 14 ; 
+6m. 178. on July 26 ; —16m. 21s. on November 3. 

166. Inequality in the Lengths of Morning and 
Afternoon. — If we neglect the small changes in the Sun's 
declination during the day, the interval from sunrise to 
apparent noon is equal to the interval from apparent noon to 
sunset (§ 37). But by morning and afternoon are meant the 
intervols between sunrise and mean noon, and between mean 
noon and sunset respectively. Hence, unless mean and appa- 
rent noon coincide, t.^., unless the equation of time vanishes, 
the morning and afternoon will not be equal in length. 

ASTEON. X 
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Let r, f be the mean times of simrise and sunset, E the 
equation of time. Then 

12h. — r = interval from sunrise to mean noon. 
But apparent noon occurs later than mean noon by S\ 

.'. 12h.— r+JF= interval from sunrise to apparent noon. 

Similarly, t—JS= interval from apparent noon to sunset ; 

.-. 12h.-r+J?=t--^, 
or r + «=12h. + 2^, 

so that the num of the times of sunrise and snnset 
exoeeds 12 honrs by twice the equation of time. 

The length of the morning is 12h. — r, and that of the 
afternoon is «. Now the last relation gives 

2jE'=:«-(l2-r); 
.'. 2 (equation of time) 

= (length of afternoon)— (length of morning)* 

About the shortest day (December 22) the curve represent^ 
ing the equation of time is going upwards, hence JS it 
increasing. But the length of day is changing very slowly 
(because it is a minimum), hence, for a few days, the ha& 
length, «— ^, may be regarded as constant. Hence, $ must 
increase, and, therefore, the mean time of sunset is later 
each day. Similarly, it may be shown that sunrise is also 
later. The afternoons, therefore, begin to lengthen, while 
the mornings continue to shorten. 

Similarly, about June 21, the afternoons continue to 
lengthen after the longest day, although the mornings are 
already shortening. 

Example.— On Nov. 1, the sun-dial is 16m. 20g. before the olook. 
Given that the Snn rose at 6h. 64in., find the time of snnset. 
Time from sunrise to mean noon « 12h. — 6h. 54m. « 6h. 6m. 
„ „ apparent noon to mean noon « Oh. 16m. 20b. 

.'. „ „ sunrise to apparent noon » 4h. 49m 40i. 

•'• » i> apparent noon to sunset « 4h. 40m. 40b. 

„ „ mean noon to sunset 

:- 4h. 49m. 40s.- 16m. 20s. - 4h. 83m. SOb. 
Hence, the time of Bonset was 41L 88m., oorreot to the nearest 
minute. 
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SscnoK II. — The Sun-dial, 

167. The Stm-dial consists essentially of a rod or flat 
blade, called a gnomon or style ( OA, Fig. 61), which is fixed 
with its edge parallel to the Earth's axis, and therefore 
pointing in the direction of the celestial pole. The shadow 
from OA is thrown on the dial-plate, which is nsually either 
horizontal or on a waU facing south. The direction of the 
edge of the shadow determines the hour angle of the Son, 
and therefore the apparent time. 




The plane through OA^ the edge of the style, and through 
the edge of the shadow, evidently passes through the Sun ; 
also it passes through the celestial pole, therefore it will meet 
the celestial sphere in the Sun's hour or declination circle. 
Let OA^n, be the meridian plane, which is the plane of the 
shadow at apparent noon, and whose position is supposed 
known. Then, in order to graduate the plate for the times 
1, 2, 3... o'clock, it is only necessary to determine the posi- 
tions of the planes OJi.j OAn.y OAm.y &c., which make 
angles of 15°, 30°, 45°, &c., with the meridian plane. Since 
the Sun's hour angle increases 15° per hour, these planes will 
be the planes bounding the shadow at 1, 2, 3... o'clock 
respectively. If we join the points Or., On., Om., &c., these 
will be the corresponding lines of shadow in the plane of the 
gnomon, and will meet the circumference of the dial-plate 
(which is usually circular) at the required pointo ef 
graduation 1| 2, 3, &c. 
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168. CtoonMtrioal Method of Graduating the Dial- 
plate. — ^To find the planes OAi,, OAn.y &c., suppose a plane 
AKE drawn through A perpendicular to OAy meeting the 
plane of the dial-plate in KE and the meridian plane in ^xn. 
If, in this plane, we take the angles xii. Ai.^i.An,^ n. A in., 
&c., eachrs 16**, the points i., n., in...., &c., will evidently 
determine the directions of the shadow at 1, 2, 3,... o'clock 
respectively. 





But in practice it is much more convenient to perform the 
construction in the plane of the dial itself. Imagine the 
plane AKE of Fig. 62 turned about the line KR till it is 
brought into the plane of the dial, the point A of the plane 
being brought to £^(Fig. 62). Then, by making the angles 
xn. Ui.j I. iTn., n. Urn., &c., each = 15^, we shaU obtain the 
same series of points i., n.j ni. as before. 

If the dial-plate is horitontal^ and I is the latitude of the 
place (xn.O^), wo have evidently therefore the following 
construction :— 

On the meridian line, measure zn. = OA sec /, and 
xn. J7=xn. A = Oxn. sin I. Draw JTxn. i2 perpendicular 
to OU. Make the angles xn.£^i., i.£^n., n.^m., &c., 
each = 16^, taking i., n., m., &c., on KR. Join Oi., On., 
Om., Ac., and let the joining lines meet the circumference 
of the dial in 1, 2, 8, &c. These will be the required 
points of graduation for 1, 2, 8,... o'clock respectively. 
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SBonoH m.—Uhtti ofTime^Ths Calendar. 

169. Tropical, Sidereal, and Anomalistio Tears. — 

Hitherto we have defined a year as the period of a complete 
revolution of the Sun in the ecliptic. In order to give a 
more accurate definition, however, it is necessary to specify 
the starting point from which the revolution is measured. 
We are thus led to three different kinds of years. 

A Tropical Tear is the period hetween two successive 
vernal equinoxes, or the time taken by the Sun to perform a 
complete revolution relative to the first point of Aries. 

ThB length of the tropical year in mean solar time is very 
approximately d65d. 5h. 48m. 45*5 Is. at the present time. 
For many purposes it may be taken as 365 j^ days. 

A Sidereal Tear is the period of a complete revolution 
of the Sun, starting from and returning to the secondary to 
the ecliptic through some fixed star. Thus, after a sidereal 
year the Sun will have returned to exactly the same position 
among the constellations. 

If T were a fixed point among the stars, the sidereal and 
tropical year would be exactly of the same length. But T 
has an annual retrograde motion of 50-22" among the stars 
(§ 141). Consequently, the tropical year is rather shorter 
than the sidereal. 

An Anomalistio Tear is the period of the Sun's revo- 
lution relative to the apse line — in other words, the interval 
between successive passages through perigee. 

Owing to the progressive motion of the apse line, the positions 
of perigee and apogee move forward in the ecliptic at the rate 
of 11*25" per annum (§ 153). Hence the anomalistic year is 
rather longer than the sidereal. 

It is easy to compare the lengths of the sidereal, tropical, 
and anomaHstic years. For, relative to the stars, 

In the sidereal year the Sun describes 360^, 

In the tropii^ year it describes 360^—50-22", 

In the anomalistic year it describes 360®+ 1 1'25" ; 
.'. (Sidereal year) : (tropical year) : (anomalistic year) 
= 360° : 360^-50*22": 360®+ll-26". 

From this proportion it will be found that the sidereal year 
is about 20 m. longer than the tropical, and 4|m. shorter than 
the anomalistic. 
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170. The Civil Year. — For ordinary purposes, it is 
important that the year shall possess the f oUowin g qualifications : 

1 st. It must contain an exact (not a fractional) number of days. 

2nd. It must mark the recurrence of the seasons. 

Now the tropical year marks the recurrence of the seasons, 
but its length is not an exact number of days, being, as we 
haye seen, about 365d. 5h. 48m. 45 '5 Is. To obviate this 
disadvantage, the civil year has been introduced. Its length 
is sometimes 365, and sometimes 366 days, but its average 
length is almost exactly equal to that of the tropical year. 

Taking an ordinary civil year as 365d., four such years 
will be less than four tropical years by 23h. 15m. 2*04s., or 
nearly a day. To compensate for this dificrence, every fourth 
civil year is made to contain 366 days, instead of 365, and is 
called a leap year. For convenience, the leap years are chosen 
to he those years the number of which is divisible by 4, such as 
1892, 1896. 

The introduction of a leap year once in every four years 
is due to Julius Caesar, and the calendar constructed on this 
principle is called the Julian Calendar. 

Now three ordinary years and one leap year exceed four 
tropical years by 24h. — 23h. 15m. 2-04s., i.e., 44m. 57-96s. 
Thus, 400 years of the Julian Calendar will exceed 400 
tropical years by (44m. 57-96s.) x 100, i.e.y by 3d. 2h. 56m. 36s. 

To compensate for this difference. Pope Gregory XIII. 
arranged that three days should be omitted in every 400 years. 
This correction is called the Gregorian correction and is 
made as follows : Hvery year whose number is a multiple of 100 is 
taken to be an ordinary year o/365 days, instead of being a leap 
year of 366, unless this number oftJie century is divisible by 4; 
in that case the year is a leap year. 

ExAMPLBS.'(i.) 1892 18 divisible by 4, .*. the year 1802 is a 
leap year, (ii.) 1900 is a multiple of 100, and 19 is not divisible 
by 4, .*. 1900 is not a leap year, (iii.) 2000 : the number of the 
century is 20, and is divisible by 4, .*. 2000 is a leap year. 

The Gregorian correction still leaves a small difference 
between the tropical year and the average length of the civil 
year, amounting to only Id. 5h. 26m. in 4,000 years. 

171. A Synodic Year is a period of 12 lunar months, 
being nearly 355 days. The name is, however, rarely used. 
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Sbohoh IV. — Comparison of Mean and Sidereal Times. 

172. Belation between Units. — One of the most 
important problems in practical astronomy is to find the 
sidereal time at any given instant of mean solar time, and 
conversely, to find the mean time at any given instant of 
sidereal time. Before doing this it is necessary to compare 
the lengths of the mean and sidereal days. 

We have seen (S 169) taat a tropical year contains about 
365^ mean solar days. In this period both the true and 
mean Sun describe one complete revolution, or 360^ from 
west to east relative to T ; or, what is the same thing, T 
describes one revolution from east to west relative to the 
mean Sun. But the mean Sun performs 365^ revolutions 
from east to west relative to the meridian at any place. 
Therefore T performs one more revolution, i.e., 366J revo 
lutions, relative to the meridian. 

Now, a sidereal day and a mean solar day have been defined 
(§§ 22, 159) as the periods of revolution of the mean Sun 
and of T relative to the meridian ; 

.-. 365^^ mean solar days = 366| sidereal days. 

From this relation we have, 
One mean solar day =: f 1 4- ^^ ] sidereal days 

= (1+ -002738) sidereal days 
= 24h. 3m. 56'5s. sidereal time 
= 1 sidereal day + 4m. — 4s.nearly; 
.*. one mean solar hour = Ih. + 10s. —^s. sidereal time, 

and 6m. of mean solar time := 6m. + Is. sidereal time nearly. 

In like manner we have 

One sidereal day = f 1 — ;^7T7 ) t^o^t^ solar days 

= (1 — -002730) mean days 
s= 23h. 56m. 4- Is. mean time 
= 1 mean day— 4m. + 4s. nearly ; 

••. one sidereal hour = Ih. — 10s. +^. of mean time, 

and 6m. sidereal time = 6m. — Is. mean solar time nearly. 
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173. From the results of the last paragraph we have the 
following approximate i-ules : — 

(i.) To reduce a given interval of mean time to 
sidereal time, add 10«. for every hour, and Is. for every 
6m, in the given interval. For every minute so added^ sub- 
tract \s. 

(ii.) To reduce a given interval of sidereal time 
to mean time, subtract 10«. for every hour, and \s. for 
every 6m. in the given interval. Then add Is. for evert 
minute so subtracted. 

Example 1. — Express in sidereal time an interval of 13h. 23m. 26b. 
mean time. 

The calculation stands as follows :— 

Mean solar interval ... 

Add lOs. per hour on ISk. 

„ Is. per 6m. on 23m. 

Buhtract Is. per Im. on 2m. 18'8s. 

.'. Begnired sidereal interval 

ExAHPLB 2. — Find the mean solar interval corresponding to 
14h. 45m. 53s. of sidereal time. 
The calculation stands as follows : — 

Given sidereal interval ... 

Subtract lOs. per hour on 14h. = 2m. 208. 
„ Is. per 6m. on 46m. (nearly) = 8s. 

Add Is. per Im. on 2m. 28s. ... ..• 

.*. Beguired inteival of mean time » 14 43 28 

If accuracy to within a few seconds is not required, the 
second correction of Is. per Im. may be omitted. On the 
other hand, if the interval consists of a considerable number 
of days, or if accuracy to the decimal of a second is needed, 
the results found by the rules will no longer be correct. 
We must, instead, add 1/365 J of the given mean solar interval 
to get the sidereal interval, or subtract 1/366J of the given 
sidereal to get the mean solar interval. 

In order to still further simplify the calculations, tables 
have been constructed ; in most cases, these give the quantity 
to be added or subtracted according as we are changing from 
mean to sidereal, or from sidereal to mean time. 
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174. To find the sidereal time at a given instant 
of mean solar time on a given date at Oreenwioh. 

The Nautical Ahnanaok* gives the sidereal time of mean 
noon at Greenwich on every day of the year. 

Now the given mean time represents the number of hours, 
minutes, and seconds which have elapsed since mean noon, 
expressed in mean time. Convert this interval into sidereal 
time; we then have the sidereal interval which has elapsed 
since mean noon. Add this to the sidereal time of mean 
noon ; the result is the sidereal time required. 

Thus, let m be the mean time at the given instant, mea- 
sured from the preceding mean noon, 

$^ the sidereal time of mean noon from the Nautical Almanack, 
and let k = 1/365 j^ ; so that 1 + ^ is the ratio of a mean solar 
unit to the corresponding sidereal unit. 

Then, from mean noon to given instant, 

Interval in mean time = m ; 

.*• interval in sidereal time = m-^hn 

But, at mean noon, sidereal time = s^ 

.*. at given instant, 

required sidereal time, s^s^+ni+ktn. 

If the result be greater than 24h., we must subtract 24h., for 
times are always measured from Oh. up to 24h. 

ExAMPLB. — Find the sidereal time corresponding to 8h. 15m. 408. 
P.M. on Deo. 20, given that the sidereal time of mean noon was 
ITh. 65m. 8fl. 

From mean noon to the given instant, the interval in mean time 
is 8h. 15m. 408. 

Converting this interval to sidereal time, by the method of § 178, 
we have Mean solar interval » 8h. 16m. 408. 

Add 10s. per hour on 8h. Im. 208. 

Add Is. per dm. on 15m. 408. Ss. 

8h. 17m. 8s. 

Subtract Is. per Im. on Im. 23s. Is. 

.'. Sidereal interval since mean noon « 8h. 17m. 2s. 

Bat sidereal time of mean noon » 17h. 55m. 8s. 

.*. Sidereal time at instant required ■■ 26b. 12ra. lOs. 

Or, deducting 24h., sidereal time is » 21i. 12m. IDs. 

• Or Whitaker's AUnanaek^ which may be used if the Nautical ir 
not at hand. 
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175. To find the mean solar time oorresponding to 
a given instant of sidereal time at Oreenwich. 

Subtract the sidereal time of mean noon from the given 
sidereal time ; this gives the interval which has elapsed since 
mean noon, expressed in sidereal time. Convert this interval 
into mean time ; the result is the mean time required. 

Let V = 1/366^ ; so that 1 — i' is the ratio of a sidereal ta a 
mean solar unit. 

Let the given sidereal time = f , 

and let the sidereal time of the preceding mean noon = $^ ; 
Then, from mean noon to given instant, 

Interval in sidereal time = *— t^^ ; 

••. interval in mean time = («— «©) —^C* — *o)* 

.'. required mean time m = («— «o)""^*""*o)* 
If f be less than s^ we must add 24h. to « in order that the 
times *, B^ may be reckoned from the same transit of T • 

EXAMPLB. — Find the solar time oon'osponding to 16h. 3m. 428. 
sidereal time on May 6, 1891, sidereal time at mean noon being 
2h. 62m. I7s. 

Sidereal interval since mean noon 

= 16h. 3nL 42s. -2h. 62m. ITs. - 13h. 11m. 26b. 

.'• Mean solar interval (§ 178) 

« 13h. 11m. 25s. -2m. 10s. -28. + 28. « 18h. 9m. 16b. 

Hence, 18h. 9m. 158. is the mean timo; which, in onr nsoal 
reckoning, would be called Ih. 9m. 15s., on the morning of May 6 
(§ 36). The sidereal timo was also IGh. 3m. 42s. a sidereal day 
or 23h. 66m. 4b. previonsly, t.6., Ih. 18m. lis. a.m. on the morning 
of May 5. 

176. To find the mean time corresponding to a 
given instant of sidereal time at Greenwich (alterna- 
tive method). — The Nautical Almanack also contains the 
mean time of ** Sidereal Noon," i,e.y the mean time when T 
is on the meridian, and when the sidereal clock marks 
Oh. Om. Os. Let this be «»^, and let b be the given sidereal 
time, V the factor 1/366^ as before. Then 

From sidereal noon to given instant, sidereal interval = b ; 
.'. „ ,, ,1 II mean solar ,| = b — Vb, 

But, at sidereal noon, mean time = m^ ; 

.'. at given instant. 

The required mean time = m^-f «— A;'«« 
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177. To find the sidereal time firom the mean solar, 
or the mean time from the sidereal, in any given 
longitude, — If the longitude is not that of Greenwich, the 
ahove methods will require a slight modification, because the 
sidereal time of mean noon and mean time of sidereal noon 
are tahulated for Greenwich. 

In such cases, the safest plan is as follows: — ^Find the 
Greenwich time corresponding to the given local time (§ 96). 
Convert this Greenwich time from mean to sidereal, or sidereal 
to mean, as the case may be, and then find the corresponding 
local time again. 

Let the longitude be U^ west of Greenwich (Z being nega- 
tive if the longitude is east), 
let f^i be the mean and «i the sidereal local time, 

171, % the corresponding times at Greenwich, 
and let k^ k\ m^, i^ have the same meanings as in §§ 172-4. 

By § 96 we have, whether the times be local or sidereal, 
(Greenwich time)— (local time in long. L^ W.) = T*yZh. 
= AL m. Therefore, « - «i = ^L ==m—m^» 

(i.) If w, is given and «j is required, we have (in hours), 

By § 174, « = «o+»w + ^»» = «o+^i+^»h + TV^+A*Z; 

(ii.) If «, is given and m^ is required, we have 

By §§ 175, 176, m = («-««) -^•'(a-0 or = w. +«-*'«, 
i.e., tn = («i-«o)~^''(«i-«o)+ iV^-A*^ 

mi =r m -^L = («i-«o) -k!{8^^8j^^k'L 

ExAHPLB. — Find the solar time when the local sidereal time is 
6h. 17m. 828. on March 21, the place of obserration being Moscow 
(long. 87^ 34' 16'' E.) ; given that sidereal time of mean noon was 
2dh. 54m. 528. at Greenwich. 

Bedaced to time (§ 23), 37" 34' 16'' is 2h. 30m. 17s. 

.*. Greenwich sidereal time at instant required 

- 5h. 17m. 828.-2h. 80m. 178. - 2h. 47m. 15a 

Sidereal interval since Greenwich noon 

« 2h. 47m. 16s. + 24h -23h. 54m. 62s. - 21l. 62m. 2ds. 
•*• Greenwich mean time ^ 2h. 62m. 28s.— 20s.— 9s. » 2h. 61m. 648. 
•*• Moscow mean time - 2h. 61m. 54s. + 2h. dOm. 178. *- 6h. 22m. Ill 
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178. Equinoctial Time. — ^For the pnipose of comparing 
the times of observations made at different places on the 
Earth, another kind of time has been introduced. 

The Equinoctial Time at any instant is the interval of 
time that has elapsed since the preceding yemal equinox, 
measured in mean solar unite. 

The advantage of equinoctial time is that it is independent 
of the observer's position on the Earth, since the instant when 
the Sun passes through t is a perfectly definite instant of 
time, and is independent of the place of observation. On the 
other hand, mean time and sidereal time, being measured 
from the transits of the mean Sun and of T across the 
meridian, depend on the position of the meridian — ^that is, on 
the longitude of the observer. 

The chief disadvantage of equinoctial time is that since the 
tropical year contains 365d. 6h. 48m. 46s., and not exactly 
365 days, the vernal equinox will occur 5h. 48m. 46s. later 
in the day every year, so that at the end of each tropical year 
the equinoctial clock will have to be put back 5h. 48m. 46s. 
Sence also the same equinoctial time will represent a different 
time of day on the same date in different years. 

The disadvantages of using local time are obviated in Great 
Britain by the universal use of " Greenwich Mean Time." 

179. Practical Applications. — In § 41 we showed how 
to determine roughly the time of night at which a given star 
would transit on a given day of the year. With the intro- 
duction of mean time, in the present chapter, we are in a 
position to obtain a more accurate solution of the problem. 

For the R.A. of any star (expressed in timo) is its sidereal 
time of transit. If this be given, we only have to find the 
corresponding mean time; this will be the required time 
of transit, as indicated by an ordinary clock. 

In the calculations required in converting the time from 
one measure to the other, it is advisable not to quote the 
formuloB of §§ 174-177, but to go through the various steps 
one by one. 

If neither the sidereal time of mean noon nor the mean 
time of sidereal noon is given, we must fall back on the 
rough method of § 35. 
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EZAMPLIS. 




1. Find the tolar time at 6h. 29m. 28s. sidereal time on Jolj 1 , 1891 1 
mean time of sidereal noon being 17h. 20m. 88. 

Sidereal interval from sidereal noon to the given instant -i6h.29m. 288. 

.*. Mean solar interval «5h. 29m. 28s. —SOs. - Ss. + Is. = 6h.28m.d4ii. 
<.«., Mean solar time » 5b. 28m. 34s. + I7h. 20m. 8i. «=221l. 48m. 428. | 

or, lOh. 48m. 42s. A.M., July 2. 

It was also 5h. 29m. 288., a sidereal daj or 23h. 66m. 48. pre- 
yionslj, t.e., lOh. 52m. 88s. a.m. July 1. 

2. To find the mean time of transit of Aldeibaran at Greenwich on 
December 12, 1891. Given g, K^ g, 

B,Ji. of Aldeharan - 4 29 40; 

Sidereal time of noon, December 12, 1891 - 17 28 66. 

Since the star's R.A. is less than the sidereal time of noon, we 
must increase the former by 24h., in order that both maj be mea- 
sured from the same ** sidereal noon." H. m. s. 
Sidereal time of transit + 24h. ■> 28 29 40 

Subtract « „ noon — 17 28 66 



.*. Sidereal interval from noon to transit ■■ 11 6 44 

To convert into mean solar units, subtract 1 49 

.*. Mean Solar interval from noon to transit •■ 11 8 55 
.'. Aldeharan transits at llh. 8m. 558. mean time. 

8. To find the (local) sidereal time at New York at 9h. 25m. Sis. 
(local mean time) on the morning of September 1, 1891. 
Longitude of New York =■ 74** W. 
Sidereal time of mean noon at Greenwich, Sept. 1 « lOh. 42m. 24t. 

The g^ven local mean time is measured fi*om midnight, therefore 
we must take the time measured from noon as u. m. s. 

August 31, 1891. - 21 25 81 

Add for 74® west longitude reduced to time ~ 4 56 

.*. Greenwich mean time is, August 81, 

or, September 1, 
To oonvert this interval to sidereal units, add 

.*. Sidereal time elapsed since Greenwich noon « 
But at Greenwich noon, sidereal time (by data) » 

.*. Sidereal time at Greenwich is 
Subtract for 74** west longitude, 

A SidarMl Time at New York - 8 18 9 
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4. To find the Paris mean time of transit of Rcyulus at Nice on 
Deoember 26, 1891. h. m . 8. 

Longitude of Parifl * 2° 21' E.B.A. of Begulus » 10 2 Zi 

Nice « r 18' B. 
Sidereal time at Greenwich noon e 18 18 48 

Here local sidereal time of transit at Nice «• 10 2 34 

Subtract etut longitude of Nice, T 18', in time 29 12 

.'. Greenwich sid. time of transit at Nice 4 24h. 
Subtract Greenwich sidereal time at noon, 

.*. Sidereal interval since Greenwich noon 
To convert to mean solar units, subtract 

.*. Greenwich mean time 

Add eagt longitude of Paris, expressed in time 

.*. Faria mean time of transit ss 15 21 28 

That is, 81i. 21m. 288. in the morning on December 27. 

6. Find the B.A. of the Sun at true noon on October 8, 1891, given 
that the equation of time for that daj is —12m. 248., and that the 
sidereal time of mean noon on March 21 was 23h. 54m. 528. 

Mean solar interval from mean noon March 21 to mean noon Oct. 8 

=«201dayB. 

Mean solar interval from mean noon to apparent noon on Oct. 8 

» -12m. 24fl. 

.'. interval from mean noon on March 21 to apparent noon on Oct. 8 

= 201d.-12m. 24«. 

Now, in 365^ days the mean Sun's BJL increases 24h., and the 
incroase takes place quite uniformly. 

.*. increase in mean Sun's R.A. in 201 days H. m. 8. 

= 24h. X 201 -{-365J - 18 12 27 
Add mean Sun's B.A. on March 21 

( = sidereal time of mean noon) » 23 54 52 

.*. mean Sun's R.A. at mean noon Oct. 8 

or, subtracting 24h., 

Subtract change of B.A. in 12m. 24e. 

.*. mean Sun's R.A. at apparent noon Oct. 8 
But true Sun's Bji..— mean Sun's R.A 



/. True Sun's B.A. at apparent noon Oct 8 — 12h. 54m. 588. 
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EXAMPLES.— Y. 

1: To what angles do Sidereal Time, Solar Time, and Moan Time 
ooirespond on the celestial sphere? Are those angles measured 
direct or retrograde P 

2. Draw a diagram of the Equation of Time, on the supposition 
that perihelion coincides with the vernal equinox. 

8. On May 14 the morning is 7'8 minutes longer than the after- 
noon : find the equation of time on that day. 

4. On a sun-dial placed on a vertioal wall facing south, the 
position of the end of the shadow of a gnomon at mean noon is 
marked on ererj day of the year. Show that the curve passing 
through these points is something like an inverted figure of eight. 

6. Why are not the graduations of a level dial uniform P Show 
thai they will be so if the dial be fixed perpendicular to the index. 

6. Show that if every 6th year were to contain 866 days, every 
85th year 867 days, and every 460th year 868 days, the average 
length of the civil year would be almost exactly equal to that of the 
tropical year. How many centuries would have to elapse before the 
difference would amount to a day ? 

7. GKve explicit directions for pointing an equatorial telescope to 
a star of B.A. 22h., declination 2>T N., in latitude 60° N., longitude 
26° B., at lOh. Greenwich mean time, when the true Sun's BA. is 
14h. 47m. 178., and the equation of time is —16m. 148. 

8. If the mean time of transit of the first point of Aries be 
9h. 41m. 24'4s., find the time of the year, and the sidereal time of 
an observation on the same day at Ih. 22m. 18'6s. 

9. At Greenwich, the equation of time at apparent noon to-day is 
— 8m. 89*428., and at apparent noon to-morrow it will be —8m. 86'89s. 
Prove that the mean solar time at New York corresponding to ap- 
parent time 9 a.m. there this morning is 8h. 66m. 20*98., having given 
that the longitude of New York is 74** 1' W. 

10. Find the sidereal time at apparent noon on Sept. 80, 1878, at 
Louisville ( long. 86^ 80^ W.) having given the following fnnn the 
Nautical Almanack : — 

At mean noon. 



Sun's apparent right 

ascension. 

Sept. 8a 12h. 26m. 2816s. 

Oot.1. 12h.80m. 0*61s. 



Equation of time 

to be added to mean time. 

10m. 0*77s. 

10m.l9*98s. 
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MI8CELLAKE0IJS QUESTIONS. 

1. Explain how to determine the position of the ecliptio relativelx 
to an observer in S. latitude at a giren time on a given d&j. 

2. Indicate the position of the ecliptic relatively to an observer 
at Cape Town (lat. 33° 56' 3-5" S.) at noon on Angust 3. 

3. Explain whj a daj seems to be gained or lost by sailing round 
the world. State which way round a day seems to be lost, and give 
the reason why. 

4. If the inclination of the ecliptio to the equator were 60^, instead 
of 23° 27i', describe what would be the variations in the seasons to 
an observer in latitude 46°, illustrating your description with a 
diagram. 

5. Describe the changes of position in the point of the Sun's 
rising at different times of the year, and at different points on the 
Earth's surface. 

6. If the equator and ecliptic were coincident, what kind of curve 
would be described in space by a point on the Earth's surface, say 
at the equator, during the course of the year P 

7. Examine when that part of the equation of time due to the 
eccentricity of the Earth's orbit is positive. 

8. On September 22, 18G1, the times of transit of a LyrsB and of 
the Sun's centre over the meridian of Greenwich were observed to 
be 18h. 32m. 51'3s. and 12h. Om. 23'3s. by a sidereal clock whose 
rate was correct. Given that the B. A. of a Lyrm was ISh. 31m. 43*9s., 
find the Sun's BA.. and the error of the clock. 

9. Define mean time and sidereal time, and compare the lengths 
of the mean second and the sidereal second. 

10. If a, a' are the hour angles in degrees of the Sun at Greenwich, 
at t and if hours mean time, show that the equations of time at the 
preceding and following mean noons, expressed in fractions of an 
hour, are respectively 

a't-at ' 04 0^(24-0 -a(24-0 

15(f-«)' " 15(f-0 
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EXAMINATION PAPER.— V. 

1. Define the dynamical mean Sun and the mean Sun, stating at 
what points thej have the same EA., and when the former coin- 
cides with the true Sun. Show that the mean Sun has a uniform 
diurnal motion, and state how it measures mean time. 

2. Define the equation of time. Of what two parts is it generallj 
taken to consist? State when each of these parts vanishes, is 
positive, or negative. Oive roughly their maximum values, and 
sketch curves showing their variations graphicallj. 

3. Show that the equation of time vanishes four times a year. 

4. If, on a certain day, the sun-dial be 10 minutes before the clock, 
what is the value of the equation of time on that day ? Will the 
forenoon of that day or the afternoon be longer, and by how much P 

6. Define the terms solar day, mean solar day, sidereal day. 
What is the approximate differenco and the exact ratio of the 
second and third ? 

6. Define the terms civil year, anomalistic year, equinoctial 
time. Why was this last introduced P 

7. Show how to express mean solar time in terms of sidereal 
time, and vice versd, 

8. If the mean 6un*s BA. at mean noon at Greenwich on June 1 
be 4h. 86m. 64e., find the sidereal time corresponding to 2b. 85m. 468. 
mean time (1) at Greenwich, (2) at a place in longitude 26" E. 

9. On what day of the year will a sidereal clock indicate lOh. 20m« 
at 4 P.M. P 

'0. In what years during the present century have there been 
five Sundays in February P When will it next happen P 
▲STROV. L 
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ATMOSPHERICAL REFRACTION AND TWn.lGHT. 

180. Laws of Refraction. — It is a fundamental prin- 
ciple of Optics that a ray of light travels in a straight line, 
60 long as its course lies in the same homogeneous medium ; 
hut when a ray passes from one medium into another, or 
from one stratum of a medium 
into another stratum of dif- 
ferent density, it, in general, 
undergoes a change of Erection 
at their surface of separation. 
This change of direction is 
called Refraction.* 

Letarayof light iSO(Fig. 64) 
pass at from one medium into 
another, the two media heing 
separated hy the plane surface 
JLBy and let OT be the direc- 
tion of the ray after refraction 
in the second medium. Draw ^^^- 64. 

ZOZ' the normal or perpendicular to the plane AB at 0. 
Then the three laws of refraction may be stated as follows : — 

I. Th&dncident and refracted rays SO, OTand the normal 
ZOZ' all lie in one plane. 



« s' 

/ 
/ 

/ S 



n. The ratio 



$in ZOS 



sinZ'OT 

is a constant quantity^ heing the same for all directions of the 
raysy so long as the two media are the same.\ 

This constant ratio is called the relative index of 
refraction of the two media, and is usually denoted by the 
Greek letter /x. 

• For a fuller description, see Stewart's Lights Ohap. VI. 
t The value of the ratio yaries slightly for itkys of different colourr, 
but with this wo are not concerned in the present chapter. 
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Thus, if TO be produced backwards to 5*, 

sin Z08 = fi SIR Z'OT = /I sin, ZOIfj 

The angles ZOS and Z'OT&ve usually called the an^le of 
incidence and the anffle of refraction respectirely. 

III. Wlien light passes from a rarer h a denser medium^ the 
angle of incidence is greater than the angle of refraction. 

Since aZ08> AZ'OT,mLZOS> sinZ'OTand .-. /i>l. 

181. General Description of Atmospherical Befrac- 
tion, — If the Earth had no , 

atmosphere, the rays of light 
proceeding from a celestial 
body would travel in straight 
lines right up to the obser- 
ver's eye or telescope, and we 
should see the body in its 
actual direction. 

But when a ray 8a (Fig. 65) 
meets the uppermost layer 
AA' of the Earth's atmo- 
sphere, it is refracted or bent /' 
out of its course, and its direc- ^'®* ^^' 
tion changed to ah. On passing into a denser stratum of aii 
at BB'y it is further bent into the direction ho, and so on ; 
thus, on reaching the observer, the ray is travelling in 
a direction OT, different from its original direction, but 
(by Law I.) in the same vertical plane. 

The body is, therefore, seen in the direction 08^ 
although its real direction is a8 or 08, Also, since the 
successive horizontal layers of air AA', Sff, CQ\ ... 
are of increasing density, the effect of refraction is to 
bend the ray towards the perpendicular to the surfaces of 
separation, that is, towards the vertical. 

Hence : The apparent altitudes of the stars are 
increased by refiraction. 

In reality, the density of the atmosphere iacreajBeB gradually 
as we approach the Earth, instead of changing abruptly at 
the planes AA\ JBB*, .... Consequently, the ray, instead of 
describing the polvgonal path SaheO, describes a curved path; 
but the general effect is the same. 
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182. Law of SuocessiTe Befiraotioiui. — Let there be 
any number of different media, separated by parallel planes 
AA\ BB\ CC\ HE' (Fig. 66), and let SabcOT represent 
the path of a ray as refracted at the yarions surfaces. Then 
it is a result of experiment that the final direction 8!T 
of the ray is parallel to what it would have been if the ray 
had been refracted directly from the first into the last medium 
without traversing the interyening media. 

Thus, if a ray 80, drawn parallel to Sa, were to pass 
directly from the first medium to the last by a single refrac- 
tion at 0, its refracted direction would be the same as that 
actually taken by the ray Sa^ and would coincide with OT. 
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188. The rormula for Astronomical Befraotion.^ 

We shall now apply the aboye laws to determine the change 
in the apparent du'ection of a star produced by refraction. 

Since the height of the atmosphere is only a small fraction 
of the Earth's radius, it is sufficient for most purposes 
of approximation to regard the Earth as flat, and the surfaces 
of equal density in the atmosphere as parallel planes. With 
this assumption, the effect of refraction is exactly the same 
(§ 182) as & the rays were refracted directly into the lowest 
stratum of the atmosphere, without trayersing the interyening 
strata. 
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Let 08 (Fig. 67) be the true direction of a star or other 
celestial body. Then, before reaching the atmosphere, the 
mys from the star trayel in the direction SO, Let their 
direction after refraction be S'OT, then 08' is the 
apparent direction in which the star will be seen, and the 
angle 808' is the apparent change in direction due to 
refraction. The normd OZ points towards the zenith. 
Hence Z08 is the star's true zenith distance, and ZOS^ 
or Z'OT is its apparent zenith distance, and the first and 
third laws of refraction show that the star's apparent direction 
is displaced towards the zenith. 

Let zZOS'=z%, /,S'08 = u,md.\ iZ08:=z-^u; 
and let /a be the index of refraction. 

By the second law of refraction, 

sin (z-\-u) = /i sin s. 
sin 8 cos t< + cos 8 sin t« = /u sin B. 

Now the refraction w is in general yery small. Hence, if 

u be measured in circular measure, we know by Trigonometry 

that sin « = M, and cos w = 1 very approximately. Therefore 

we have 

sm8+« cos8 = /x sin 8; 

.•. tis (|L— 1) tan;;. 

Let ZT'be the amount of refraction in circular measure 
when the zenith distance is 45°. Putting 8 := 45°, we have 

.-. teas crtan«. 

Thus the amoimt of refraction is proportional to 
the tangent of the apparent senith distance. 

The last result does not depend on the fact that the refrac- 
tion is measured in circular measure. Hence, if u", U" be 
the numbers of seconds in u, U, we have 
ti" = U" tan 8. 

The quantity U" is called the coeficient of refaction. 
Since u is the circular measure of XT', we have 

nil 180 X 60 X 60 j^ a/^aaab • ^ x 
17"== . £/ = 206265 (u-1), 

v 

whencoi if [7" is known, /i can be found, and conversely. 
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184. Obsarratioiui on the preceding Formnla. — In 

the last formula u" represents the correction which must be 
added to the apparent or observed zenith distance in order to 
obtain the true zenith distance. By the first law, the azimuth 
of a celestial body is unaltered by refraction. 

Thus the time of transit of a star across the meridian, or 
across any other vertical circle, is unaltered by refraction. 
In using the transit circle, there will, therefore, be no cor- 
rection for observations of right ascension, but in finding the 
declination the observed meridian Z.J), will require to be 
increased by W tan «. 

A star in the zenith is unaffected by refraction, and the 
correction increases as the zenith distance increases. When 
a star is near the horizon, the formula tf" = U" tan s fails, 
since it makes u" = oo, when % = 90*^. In this case u is no 
longer a small angle, so that we are not justified in putting 
sin t< = u and cos u = 1 . But there is a more important reason 
why the formula fails at low altitudes, namely, that the rays 
of light have to traverse such a length of the Earth's atmo- 
sphere that we can no longer regard the strata of equal density 
as bounded by parallel planes. In this case, it is necessary to 
take into account the roundness of the Earth in order to obtain 
any approach to accurate results. 

Per zenith distances less than 75®, the formula is found to 
give fairly satisfactory results ; for greater zenith distances it 
makes the correction too large. 

The coefficient of refraction IP* is found to be about 67", 
when the height of the barometer is 29*6 inches and the 
temperature is 50°. But the index of refraction depends on 
the density of the air, and this again depends on the pressure 
and temperature. Hence, where accurate corrections for 
refraction are required, tiiie height of the barometer and 
thermometer must be read. Any want of uniformity in the 
strata of equal density, or any uncertainty in determining 
the temperature, will introduce a source of error ; hence it is 
desirable that the corrections shall be as small as possible. 
For this reason observations made near the zenith are always 
the most reliable. 
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•185. Caadni's Formala.— The law of refraction was also investi- 
gated b^ Dominiqne Gassini on the hypothesis that the atmosphere 
ui spherical bat homogeneous throughont ; in this waj he obtained 
the approximate formula 

ft «= (/i— 1) tans(l— nseo<«), 
where n is the ratio of the height of the homogeneous atmosphere 
to the radius of the Earth. 

Gassini's formula may be proved as follows : — Let SCfO be the 
path of a ray of light from a star 8, 
By hypothesis this ray undergoes a 
single refraction on entering the homo- 
g^eneous atmosphere at (X. Let O be 
the position of the observer, the 
centre of the Barth. Produce OCf 
to S', CO to Z, and OC/ to Z^. Let 
tt » Z 809^ (in circular measure), 
1- iZOa^, n^lZ'08\ 

Then, by § 183, if u is small, we have 
u - (/i— 1) tani/; 
but here s' is not the apparent zenith 
distance, so that we must express tan s' 
in terms of tan s. 

Draw OT perpendicular to (70 pro- 
duced, and &N perpendicular to OOZ, 

Then OTtans' - TO = OTtana j 



tan/ 



OT ' 



1 + 



qo 

OT 




00 COS* OG 



Fio. 68. 



But ON is very approximately the height of tho homogeneous 
atmosphere OH, and is therefore ^ n,OCi 



tane 



™ l+nsec**; 



tans'- 



tan z 



tan / ' ' "* " **" 1 + n sec' » 
whence, by substituting in the formula, we have 



•-(m-1): 



tcms 



1 4 n sec' s 

— Oi— l)tcms{l— n see's -l-n'seo^ff—n' sec* s, Ac.} 

Kow n is very small ; we may therefore neglect its square and higher 
povirers ; hence we obtain approximately 

t» =■ (/*— 1) ton % (1 — n sec' »), 

which is Gassini's formula. 

If the value of n be properly chosen, Oassini's formula is found 
\o ^ve very good results for all senith distances up to 80^. 
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186. To determine the Coefficient of Befraetion 
from Meridian Observations. — ^Assumiiig the ^' tangent 
law," u = i7tan «, the coefficient of refraction U may be 
found from observations of circnmpolar stars as follows. 

Let »i, «,, the apparent zenith distances of a circnmpolar 
star, be observed at upper and lower culminations respectively. 
Then the true zenith distances will be 

«i -f Z^tan Zj and 8, + Utan «,. 
Now, the observer's latitude is half the sum of the meri- 
dian altitudes at the two culminations (§ 28), hence if / be 
the latitude, we have 

/ = i {(90°-«i- Crtan 8,) + (90^-a,- C^tan «,)} , 
or 90°-/ = J(»i + «,)+iZ7'(tan»iH-tan«,) (i.). 

Now let a second circnmpolar star be observed. Let its 
apparent zenith distances at upper and lower culminations be 
%' and z\ Then we obtain in like manner 

90°-/=|(«'+O + iC^(tan«' + tan«") (ii.). 

Eliminating / from (i.) and (ii.) by subtraction, we have . 

JT^ («.+».) -(«' + »") 

(tan «, + tan «,) — (tan % + tan iT)' 
If the two stars have the same declination, we shall have 
«j = b' and s, = «", and the above formula will fail. Hence 
it is important that the two observed stars should differ con- 
siderably in declination; the best results are obtained by 
selecting one star very near the pole (tf.y., the Pole Star) and 
the other about 30*^ from the pole. 

187. Alternative Method (Bradley's). — Instead of 

using a second circnmpolar star, Bradley observed the Sun's 
apparent Z.D.'sat noon at the two solstices. Let these be Z^,Z^, 
By § 38, since the true Z.D.'s are 

ZjH- i7tan Z^ and Z,+ ZT'tan Z„ 
Zi-|-C^tanZj = Z-», Z,+ Z7'tan^, = /+*; (♦ = obliquity.) 

.-. 2/ = Z,-f^,+ C^(tanZi+tanZ,) (iii.) 

Eliminating I from (i.), (iii.)> ^^ l^ave 
C^(tan«i+tanz,+tanZi+tanZ,)= 180^— («j + «i+^i + ^,), 
i^hence IT is found. 
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188. Other Methods of finding the Befraetion.^ 

Suppose that at a station on tbo Earth's equator, cither a 
star on the eelestial equator, or the Sun at an equinox, is 
observed during the day. Its diurnal path from east to west 
passes through the zenith, and during the course of the 
day its true zenith distance will change uniformly at the 
rate of 16° per hour. Thus the true Z,D, at any time is 
known. Let the apparent Z.B. be observed with an altazi- 
muth. The difference between the observed and the calcu- 
lated Z.D. is the displacement of the body due to refraction. 

By this method we find the corrections for refraction at 
different zenith distances without making any assumptions 
regarding the law of refraction. 

Except at stations on the Earth's equator, it is not possible 
to observe the refraction at different zenith distances in such 
a simple manner. Nevertheless, methods more or less similar 
can be employed. Por this pui-pose the zenith distances of a 
known star are observed at different times. The true zenith 
distance at the time of each observation can be calculated 
from the known E.A. and declination (§ 26). Hence 
the refraction for different zenith distances of the star 
can be determined. This method is very useful for verifying 
the law of refraction after the star's declination and the 
observer's latitude have been found with tolerable accuracy. 
Moreover, it can be employed to find the corrections for 
refraction at low altitudes when the ''tangent law" ceases 
to give approximate results. 

189. Tables of Mean Befraotion.~From the results 
of such observations tables of mean refraction have been con- 
structed by Bessel,* and are now used universally. These 
are calculated for temperature 50^ and height of barometer 
29-6 inches; they give the refraction for every 5' of altitude 
up to 10**, for larger intervals at altitudes between 10® 
and 54°, and for every 1® at altitudes varying from 54° to 
90^ Other tables give the " Correction for Mean Refraction," 
which must be added to or subtracted from the mean refrac- 
tion given in the first table in allowing for differences in the 
temperature and barometric pressure. The corrections for 
temperature and pressure are applied separately. 

^ Bee any book of Mathematical Tables, 9uoh fa Chambers's. 

Digitized byCjOOQlC 



148 ASTRO^rOXT. 

190. EiFects of Befraetion on Bising and Soitinff. 

At the horizon the mean refraction is about 33'; con- 
sequently a celestial body appears to rise or set when it 
is 33' below the horizon. T^us, the effect of rrfraction is 
to accelerate the time of rising, and to retard, by an equal 
amount, the time of setting of a celestial body. In particular, 
the Sun, whose angular diameter is 32 , appears to be 
just above the horizon when it is really just below. 

The acceleration in the time of rising due to refraction can 
be investigated in exactly the same way as the acceleration 
due to dip (§ 104). If u" denotes the refraction at the hori- 
zon in seconds, d the declination, x the inclination to the 
vertical of the direction in which the body rises, the accelera- 
tion in the time of rising in seconds 

= — u" sec X sec d, 
15 

Taking the horizontal refraction as 33', or 1980", and 
putting a? = 0, rf = 0, we see that at the Earth's equator at 
an equinox, the time of sunrise is accelerated by about 
2m. 12s. owing to refraction. 

"When the Sun or Moon is near the horizon, it appears 
distorted into a somewhat oval shape. This effect is due to 
refraction. The whole disc is raised by refraction, but the 
refraction increases as the altitude diminishes ; so that the 
lower limb is raised more than the upper limb, and the 
vertical diameter appears contracted. The horizontal dia- 
meter is unaffected by refraction, since its two extremities 
are simply raised. Hence, the disc appears somewhat flat- 
tened or elliptical, instead of truly circular. 

According to the tables of mean refraction, the refraction 
on the horizon is 33', while at an altitude 30', the refraction 
is only 28' 23", and at 35' it is 27' 41". Hence, taking the 
Sun's or Moon's diameter as 32', the lower limb when on the 
horizon is raised about 5' more than the upper. The con- 
traction of the vertical diameter, therefore, amounts to 5', 
f.0., about one-sixth of the diameter itself, so that the appa- 
rent vertical and horizontal angular diameters are approxi- 
mately in the ratio of 5 to C. 
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191. ZUiuory Variatioiui in Siie of Sun and lEoon. 

The Sun and Moon generally seem to look larger when 
low down than when Mgh np in the sky. This is, however, 
merely a false impression formed by the observer, and is not 
in accordanco with* measurements of the angular diameter 
made with a micrometer. When near the horizon, tho 
eyo is apt to estimate the size and distance of the Sun and 
^foon by comparing them with the neighbouring terres- 
trial objects (trees, hills, &c.). When ttie bodies are at 
a considerable altitude no such comparison is possible, and a 
different estimate of their size is instinctively formed. 

192. Effect of Befraotioii on Dip, and Distanoa of 
the Horizon. — Since refraction increases as we approach 
the Earth, its effect is always to bend the path of a ray of 
light into a curve which is concave downwards (Fig. 69). 




Fig. 69. 



Let be any point above the Earth's surface, and let T'O 
bo the curved path of the ray of light which touches the Earth 
at T' and passes through 0. Then OT' is the distance of 
the visible horizon. Draw the straight tangent OT^ then 
OT would be the distance of the visible horizon if there 
were no refraction; hence, it is evident from the figure that 

The Distance of the horiion is increased by 
refractiona 

Draw OT"y the tangent at to the curved path OT'j then 
OT" is tho apparent direction of the horizon. Hence, from 
the figure we see that 

The Dip of the horison is diminished by refraction. 

Both dip and distance are still approximately proportional 
to the square root of the height of the observer. 
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193. Effect of Befraotion on Lunar Eolipsas and 
on Lnnar Occnltations. — In a total eclipse the Moon's 
disc is never perfectly dark, bnt appears of a dull red colour. 
This effect is due to refraction. The Earth cominj? between 
the Sun and Moon prevents the Sun's direet rays from reach- 
ing the Moon, but those rays which nearly graze the Earth's 
surface are bent round by the refraction of the Eartli's 
atmosphere, and thns reach the Moon's disc. 

Erom observing the '* occnltations " of stars when the 
unilluminated portion of the Moon passes in front of them, 
we are enabled to infer that the Moon does not possess an 
atmosphere similar to that of our Earth. Eor the directions 
of stscTB would be displaced by the refraction of such an 
atmosphere just before disappearing behind the disc, and. just 
after the occultation ; and no such effect has been observed. 

194. Twilight. — The phenomenon of twilight is also due 
to the Earth's atmosphere, and is explained as follows : — 
After the Sun has set, its rays still continue to fall on the 
atmosphere above the Earth, and of the light thus received 
a considerable portion is reflected or scattered in various 
directions. This scattered light is what we call twilight, 
and it illuminates the Earth for a considerable time after 
sunset. Moreover, some of the scattered light is transmitted 
to other particles of the atmosphere further away from the 
Sun, and these reflect the rays a second time ; the result of 
these second reflections is to further increase the duration of 
twilight. Twilight is said to end when this scattered light has 
entirely disappeared, or has, at least, become imperceptible. 
From numerous observations, twilight is found to end when 
the Sun is at a depth of about 18° below the horizon. 

If the Sun does not descend more than 18*^ below the 
horizon, there will be twilight all night. 

Let I = latitude, d = Sun's declination, then it is easily 
seen by a figure that the Sun's depth below the horizon 
at midnight = 90°- rf-/. 

This depth is less than 18°, if / > 72°-<?. 

But the greatest value of d is i, or nearly 23|° (mid- 
summer). Hence, there is twilight all the night about 
midsummer, at any place whose latitude / is not less than 
72°-"23i°, or48j°. 
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EXAMPLES.— VI. 

1. Whac would be the effoofc of refraction on terrestrial objects as 
seen by a fish under water ? 

2. For stars near the zenith show that the refraction is approxi- 
mately proportional to the zenith distance, and that the number of 
seconds in the refraction is equal to the number of degrees in the 
zenith distance. (Take coefficient of refraction - 67".) 

8. From the summit of a mountain 2400 feet above the lerel of 
the sea, it is just possible to see the summit of another, of height 
8450 feet, at a distance of 143 miles. Find approximately the radius 
of the Earth, assuming that the effect of refraction is to alter the 
distance of the visible horizon in the ratio 12 : 18. 

4. Trace the changes in the apparent declination of a star due to 
refraction in the course of a day, at a place in latitude 45^ N., the 
actual declination being 50^ K. 

6. At Greenwich (latitude 61** 28^ 81" N.) the star a Cygni was 
observed to transit &* 34' 67" south of the zenith. Find the 
star's declination, employing the results of Question 2. 

6. Prove that if the declination of a star observed off the meridian 
is unaffected by refraction, the star culminates between the pole 
and the zenith, and that the azimuth of the star from the north 
is a maximum at the instant considered. 

7. Show how the duration of twilight gives a measure of the 
height of the atmosphere. 

8. What is the lowest latitude in the arctic circle at which there 
is no twilight at midwinter, and what is the corresponding distance 
from the North Pole in miles ? 
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EXAMINATION PAPEB.-.VI. 

1. What effect has refraction on the apparent position of a star P 
Show that the greater the altitude of tho star the less it is displaced 
bj refraction, and that a star in the zenith is not displaced at all. - 

2. Prove (stating what optical laws are assumed) that, if the 
Earth and the layers of the atmosphere be supposed flat, the 
amount pf refraction depends solely on the temperature ano pressure 
at the Earth's surface. 

3. ProTO the formula for refraction, r » (^i— 1) tan «. Is this 
formula universally applicable ? Give the reason for your answer. 

4. Given that the optical coefficient of refraction of air (fi) 
» 1*0003, find the astronomical coefficient of refraction (U) in 
seconds. 

5. What is the refraction error? How may we approximately 
determine the correction for refraction from observations made 
on the transits of circumpolar stars ? 

6. Show how the constant of refraction (on the usual assumption 
that the refraction is proportional to the tangent of the zenith 
distance) might be determined by observing the two meridian alti- 
tudes of a circumpolar star whose declination is known. 

7. Assuming the tangent formulsB for refraction, find the latitude 
of a place at which the upper and lower meridian altitudes of a cir- 
cumpolar star were 80^ and 60^ ( y^ 3 -> 1*732), the coefficient of 
refraction being 67". 

8. Why is the Moon seen throughout a total eclipse ? 

9. In the Scientific American^ June 18, 1887, it was stated by the 
editor that *' The atmosphere by its refraction acts as a lens, pro- 
ducing an apparent increase in the diameter (of the Sun and Moon) 
near the horizon. When we consider that the atmosphere, as seen 
from the surface of the globe, is a section of a vast lens whose radius 
is the semi-diameter of the Earth, it is reasonable to assume a small 
increase in the size of the objects seen through it, and a still greater 
increase when seen in the obliquity of the horizon." Why is the 
above statement altogether incorrect? 

10. Find the duration of twilight at the equator at an equinox. 
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THE DETERMINATION OP POSITION ON IBE 
EARTH. 

Section I. — Instruments used tn Navigation, 

195. Among the different uses to which Astronomy has 
been put, perhaps the most important of all is its application 
to finding the geographical latitude and longitude of any 
place on tile Earth horn observations of celestial bodies. Such 
observations may be made for either of the following purposes : 

1. The determination of the exact latitude and longitude 
of an observatory. These must be known accurately before 
the coordinates of a star can be found or observations taken 
at different observatories can be compared. 

2. The construction of maps. The geographical latitude 
and longitude of a place form a system of coordinates which 
enable us to represent its exact position on a map. 

3. The determination of the exact position of a ship in 
mid-ocean. This is the most useful application of all ; on a 
long sea voyage it is necessary to calculate daily the ship's 
latitude and longitude correct to within a mile or so. 

Now, owing to the motion and rocking of a ship, all the 
astronomical instruments hitherto described are useless at 
sea. The mariner is therefore obliged to have recourse to 
others which are unaffected by the unsteadiness of the vessel. 
The two instruments best fulfilling this condition are the 
Sextant and the Gbronomcter, which we shall now describe. 
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196. The Sextant. — The use of the Sextant is to measure 
the angular distance between two objects by observing thcra 
both simultaneously. It consists of a brass framework fonn- 
ing a sector CDE graduated along the circular arc or luub 
BE'y the angle JDCE is usually about 60° or rather moix). 
To the centre C of the arc is fiked an arm BI^ capable of 
turning about C, and whicli carries the small mirror By called 
the index glass. Another small mirror A^ called the 
horizon-glass, is fixed to the arm CD^ making an angle of 
about 60° with Bl^^ Of this mirror half the back is usually 
silvered, the other half being transparent. Finally, at T is 
fixed a telescope, pointed towards A in such a manner as to 
receive ttie rays of light from the mirror B after reflec- 
tion at ^ (Figs. 70, 71). 



Fig. 70. 



On looking through the telescope T we shall see two sets 
of images, for objecte at -ff will be seen directly through the 
unsilvered part of the mirror -4, while objects at 8 will bo 
seen after two reflections at the mirrors B and A, The 
mirror is so near the object glass of the telescope as to bfl 
quite out of focus ; hence these two sets of images will noi 
appear separate, but will overlap one another. 
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Tho arm BI carries at / an index mark or pointer by which 
its position can be read off on the graduated scale DK The 
pointer should read zero when the mirrors Ay B are parallel 
(as in the position B*E, Fig. 70). When this is the case, the 
two images of any very distant object H will coincide. For 
when a ray of light is reflected in succession at two parallel 
mirrors, its final direction is parallel to its initial direction.* 
Hence if 5' (7-4 jT represents the path of a ray of light from 
the. object H^ as reflected in succession at B" and A^ the por- 
tion aTi^ parallel to WC^ and therefore coincides with the 
ray HAT^ by which the object is seen directly. 

Now let it be required to find the angular distance between 
the two objects R and 8, To do this, the mirror B is rotated 
by means of the arm BI until the image of 8 (^rmed by 
the two reflections) is seen to coincide with S. The angle 
ECly through which the mirror B has been turned from its 
original position, is then half the required angular distance 
between R^ 8, 

For draw CITy CN perpendicular to the two positions 
B'^ B of the mirror respectively. Since in reflection at a 
plane mirror the angles of incidence and reflection are equal, 

CirCR=ACN' and .-. lACR'^^ lACIT ) 

also JLNC8^ACN and .-. LAC8^^iACN. 

Hence J.AC8- lACW^ 2 { A ACN- l ACIT), 

%.$., £RCS=:2. /LlTCN 

= 2. /lEGI) 

or the angular distance between the objects is double the 
angle ECL 

On the scale jE!Z>, every half -degree is marked as 1**. The 
reading of the pointer /will therefore give double the angle 
ECIy and this is the angular distance required. 

The coincidence of the two images in the field of view of 
the sextant will not be affected by any small displacement of 
the instrument in its own plane, ^uiis pecxdiarity renders 
the sextant particularly useful on board ship, where it is 
impossible to hold the instrument perfectly steady, 

• See Stewart's T^xUBook of Light, Chap. IV. 
A8TR0K. M 
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197. Shades, Clamp and Tangent Screw, Beading 
Olass, Vernier. 

For viewing the Sun, the sextant is provided with 
skades. These consist simply of plates of gloss blackened 
for the purpose of reducing the great intensity of the Sun's 
rays. There are two scte of shades, O^ G, hinged to the 
frame CJS in such positions that one set can be inserted 
between A and (7, to deaden the rays from 8, while the other 
set can be turned behind A to deaden the rays from IT, 
They are called respectively the "index shades" and 
"horizon shades." 




Pig. 71. 

The arm or index bar £C is furnished with a clamp, by 
means of which it can be clamped at any desired part of the 
graduated limb DU. "When this has been done the arm can 
be moved slowly by means of a tangent screw £^y and in 
this way can be adjusted with great precision. 

The arc DUis usually graduated to divisions of 10',* and 
is used by means of the lens Jf, called the " reading glass." 
But the index bar also carries a scale V called a Vernier 
(§ 198) which, sliding beside the scale on the limb, enables 
us to read off observations to within 10". 

•Of course these divisions are only 5' apart, but in what follows 
we shall speak of half -minutes as minutes, 
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^08. Tlie Ydmier is a scale the distance between whose gradua- 
tions is lO'-lO'^ i.e.y 9' W, or K/' less than the distance between 
the gradoations on the limb. These gradaations are marked Qf\ 
l(y\ 2(y\ &o.f being measnred in the same direction as on the limb. 
For example, let us suppose the zero point on the vernier is between 
the marks 26° 2(y and 26° 2(y on the limb. We take the reading bj 
the limb as 26° 20^. We then look along the yemier scale untU we 
find that one of the marks on it exactly coincides toith one of the marks 
on the limb. Suppose that this is the 25th graduation from ine 
zero point of the vernier, i.e., the point marked 4' 10'^ We add 
this 4^ 10" to the 26° 2(/ read on the limb, and tho sum gives the 
correct reading, namely, 26° 24' 10". 

The principle is as follows. Let us denote by P the mark which 
coincides on the two scales. 

Then from zero of vernier scale to P is 25 divisions of vernier, 
♦.«., an arc of 25 X (lO'-lO"). 

Also from 26° 20^ of scale on limb to P is 25 divisions of limb, i,e,, 
an arc of 25 X 10'. 

/. from 26° 20' on limb to of vernier, represents an arc of 
25 X 10'-25 X (10'- 10") ; t.«., 25 x 10", or 4' 10". 

Hence the zero mark of the vernier scale is at a distance 26° 20^ 
+ 4' 10" from the zero on the limb, and the reading is 26° 24' 10".t 

109. The Errors of the Sextant need not be described in detail 
If the sextant does not read zero when the two mirrors are parallel, 
it is said to have an Index Error, and a constant correction for 
index error must be added to all readings made with the instrument. 
There are also errors due to eccentricity or want of coincidence 
between the centre about wl^'oh the index bar turns, and the 
centre of the limb, errors of graduation, &c. 

200. To determine the Index Error of the Sextant.— In all gooU 
sextants the graduated limb is continued backwards for about 6° 
behind the zero point. This portion of the limb is called the "arc 
of excess," and is used for finding the index error, as follows. The 
Sun or full Moon is observed; the two images of its disc are 
brought into contact. Let e be the index-error, r the sextant reading, 
D the angular diameter of the disc, then we have evidently D » r + e. 
Now let the index bar be moved along the arc of excess until the 
images again touch, the image which was before uppermost being 
undermost. If the reading on the arc of excess be — r', we have 
now — D ■■ — Z + e, or D = /— e. 

Hence, 2e =s r'—r, 

t The simpler forms of mercurial barometer are provided with a 
vernier by means of which the height of the mercury is read off to 
the nearest hundredth of an inch. The student will find it of great 
assistance to carefully examine the vernier in such an instrument 
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201. To take altitudes at 8ea hj the Sextant.— 

The principal use of the sextant is for finding altitudes. 
Now the altitude of a star is its distance from the nearest 
point of the celestial horizon. To find this, the sextant is so 
adjusted that the reflected image of the star appears to lie on 
the offing or "visible horizon ; when the plane of the sextant 
is slightly turned, the image of the star should just graze the 
horizon without going below it. The sextant reading then 
gives the star's angular distance from the nearest point of the 
" offing." Subtract the dip of the horizon and the correc- 
tion for refraction, both of which are given in books of 
mathematical tables. The star's true altitude is thus 
obtained. 

202. To take the Altitude of the Sun. or Moon. — 

In observing the Sun's altitude, the " index " shades must bo 
turned into position between the two mirrors, and the instru- 
ment adjusted so that the Sun's lower limb appears just to 
graze the horizon. The reading of the sextant, when 
corrected for dip and refraction, gives the altitude of the 
Sun's lower limb. Add the Sun's angular semi-diameter, 
which is given in the Nautical Almanack ; the altitude of the 
Sun's centre is then obtained. 

Both the Sun's altitude and its angular diameter may be 
obtained by observing the altitudes of the upper and lower 
limbs. The difference of the two corrected readings gives the 
Sun's angular diameter, and half the sum of the readings 
gives the altitude of the Sun's centre. 

If this method is used, allowance must be made for the 
change in the Sun's altitude between the observations. For 
this purpose, three observations must be made. First take 
the altitude of the Sun's lower limb, then of the upper limb, 
and lastly, again of the lower limb. Also note the time 
of each observation. The difference between the first and 
third readings determines the Sun's motion in altitude ; from 
this, by a simple proportion, the change in altitude between 
the first and second observations is found, and thus the alti- 
tude of the lower limb at the second observation is known. 
We can now find the Sun's angular diameter, and the altitude 
of its centre at the second observation. 
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Let ti = time of Ist observation, when a = alt. of low&r limb ; 

^, = time of 2nd observation, when h = alt. of upper limb ; 

t^ = time of 3rd observation, when a! = alt. of lower limb ; 
Then in time t^—ti, the alt. of lower limb increases tf'— a. 

.*. in time <, — t^ it increases {a — a) x ^— ;^» 

Hence if a^ denote the alt. of lower limb at second observation, 

^» — h *• — n 

This finds 0|, and we then have 

Sun's angular diameter = J— Oj. 

Alt. of Sun's centre at second observation=— -(J-f-o,). 

In taking the altitude of the Moon, the altitude of the 
ninminated limb must be observed, an^l the angular semi- 
diameter, as given in the "Nautical Almanac," must be 
added or subtracted, according as the lower or upper limb is 
illuminated. 

203. Artiflcial Horiion for Land Observations. — 

Owing to the absence of a well-defined offing on land, an 
artificial horison must be used. This is simply a shallow 
dish of mercury, protected in some manner from the disturbing 
effect of the wind. The sextant is used to observe the 
angular distance between a star and its image as refiected in 
the mercury. Half this angular distance is the star's apparent 
altitude ; correcting this for refraction, the true altitude is 
obtained (ef. § 65). 

As the limb of the sextant is generally an arc of not more 
than 70^, the instrument will not measure angular distances 
of morettian 140^, and it can, therefore, only be used with an 
artificial horizon for altitudes of under 70**. For greater 
altitudes the zenith sector must be used. 

At sea, where altitudes are measured from the offing, this 
objection does not apply. On account of the motion of the 
vessel an artificial horizon is useless ; hence, no observations 
can be taken when the offing is ill- defined, which fre- 
quently happens, especially at night. The mariner is, 
for tbis reason, chiefly dependent upon observations of the 
Sun and Moon, and such stars of the first magnitude, or 
planets, as are visible about dusk. 
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204. The Chronometer is the form of timepiece used on 
board ship, and in all observations in which clocks are un- 
available, owing to their want of portability. In principle, 
the chronometer is simply a large and very accurately con- 
structed watch ; its rate of motion being controlled, not by a 
pendulum, but by a balance-wheel, which oscillates to and 
fro under the influence of a steel hair-spring. In order that 
the chronometer may go at a uniform rate, i^e balance-wheel 
is constructed in such a manner that its time of oscillation is 
unaffected by changes of temperature. If the wheel were 
made of one continuous piece of metal, any increase of tem- 
perature would cause the whole to expand, and the couple 
exerted by the spring would not reverse its motion so readily, 
so that the time of oscillation would bo increased. To 




Fig. 72. 

obviate this, the rim of the wheel is made in several (generally 
three) disconnected arcs, each being formed of steel within 
and of brass without. When the temperature rises, the sup- 
porting arms or spokes expand, pushing the arcs outward : 
but in each arc the outer hdf of brass expands more than the 
inner half of steel, and this causes it to curl inwards, 
bringing the extremity actually nearer the centre than it was 
before. The arcs carry small screw weights, and by adjusting 
these nearer to or further from the supports, the compensa- 
tion can be arranged with great accuracy.* 

* The student who has read a little Eigid DTnaraicB will notice 
that the compensation mtiBt be so arranged that the " moment of 
inertif^ " of the balance-wheel is unaffected by the temperature. 
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Another peculiarity of the chronometer consists in the 
"detached escapement." The action of the main spring, 
while keeping up the oscillations, must not affect their 
periodic time, and to secure this condition the escapement is 
so arranged that the balance wheel is only acted on during a 
yery small portion of each oscillation. 

The chronometer is usually suspended in a framework, in 
such a manner that when the vessel rolls the instrument 
always swings into a horizontal position; the framework 
also serves to protect it from violent shaking. 

205. Error and Bate of the Chronometer. — A chrono- 
meter is constructed to keep Greenwich mean solar time. As 
in the case of the astronomical clock, the omount that a chrono- 
meter is slow when it indicates noon is called its error, and 
the amount which it loses in 24 hours is called its rate. If 
the chronometer is fast, the error is negative ; if it gains, the 
rate is negative. 

The essential qualification of a good chronometer is that 
its rate must be quite uniform. It is not necessary that the 
rate shall be %ero, provided that its amount is known, since 
a correction can easily be applied to obtain the correct 
time from the chronometer reading. During sea voyages 
extending over a large number of days, the correction for rate 
may become considerable, and there is no very satisfactory 
method of finding the chronometer error at sea; for this 
reason the instrument is rated, f.«., has its rate determined 
by comparisons with a standard clock, whenever the ship is in 
port. Moreover, many ships carry several chronometers, which 
serve to check each other; if the rateof one should vary slightly, 
this change would be detected by comparison with the others. 

Many of the best chronometers used in the Navy and 
elsewhere are tested at the Greenwich Observatory. They 
are there kept in a special room, in which they can be 
subjected to cutificial variations of temperature, with a view 
of ascertaining whether the compensation for temperature is 
perfect or not. The chronometers are compared daily with 
the standard clock. The process of rating is performed by 
two assistants who have acquired the power of counting the 
beats of the clock while reading off the errors of one chrono- 
meter after another. In this manner, about a hundred 
ohronometers can bo rated in half an hour. 
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Sbctiow n. — Finding the Latitude hy Ohservatton. 

206. The methods of finding latitude may be conyeniently 
classified as follows : — 

A. Meridian Observations. 

(1) By a single meridian altitude of the Sun or a known 

star. 

(2) By meridian altitudes of two stars, one north and one 

south of the zenith, taken with the sextant. 

(3) By two observations of a circumpolar star. 

B. Observations not made on the Meridian. 
(" JSx'tneridian Observations,^^) 

(4) By a single observed altitude, the local time being known. 

(4a) By " circum-meridian altitudes.'' 

(4b) By observing the altitude of the Pole Star. 

(5) By observations of two altitudes. 

(6) By the Prime Vertical instrument. 

We now proceed to examine the various methods in detail, 
but it must be premised that the '* ex-meridian " methods 
cannot be thoroughly explained without spherical trigo- 
nometry. 



207. Latitude by a Single Meridian Altitude.— Let 

S (Fig. 73) represent the position of the Sun or a star of 
known decunation when southing. 

Let the meridian altitude s8 be observed, and let it be =0; 
also let % be the meridian Z.D. Z8, so that s = 90^— a. Let 
(Ibe the known K. decl. QS, and /the required N. latitude QZ. 
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Then in the figure we have 

QZ=z QS-i-SZ; 

= d^BO^^a, {cf. § 24), 
which determines /. 

If the decimation be south, d must he taken negative ; if 
the body transits between the zenith and the north pole, % must 
be taken negative ; and / will be negative if the latitude is 
south. The first formula will then be applicable in all cases. 

In order that the second formula may be universally 
applicable, a must be the angular distance from the south 
point of the horizon. If the star transits north of the zenith, 
as at X, and a, denote the altitude nx, the angular distance sx 
is a = 180^— (jj. 

Therefore l^zd^-a^- 90°. 

' In the case of a circumpolar star af observed at inferior 
culmination, the declination <? = 90*^ — Px' = 180°— Q^. 
Hence, Q^ = 180°— <?, and the formula gives 

;= l80°-(?+«= 180°-rf-.«j = 90^-<?-|-tfi, 

whore S| is the north zenith distance and =— s. 

In numerical calculations the student will find it advisable, 
in every case, to draw a suitable diagram, and not to rely on 
mere formulsB. 

208. In finding the Latitude at Sea, the Sun's meri- 
dian altitude is found by means of the sextant in the following 
manner: — ^Begin to observe the altitude of either limb 
about ten minutes before apparent noon, and as the Sun's 
altitude continues to increase, continue to move the index bar 
of the sextant with the tangent screw, so that the image of 
the Sun continues to touch the visible horizon- When the 
Sun has passed the meridian, and its altitude begins to 
decrease, the adjustment of the sextant must not he reversed^ 
but should be stopped. The reading then gives the greatest 
altitude of the observed limb. 
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Owing to tho variation in the Sun's declination, the greatest 
altitude is, in general, slightly greater than the meridian 
altitude, but the difference is almost insensible. A correc- 
tion may be applied if desired. From the sextant reading 
subtract the corrections for dip and refraction, also add or 
subtract the Sun's semi-diameter according as the lower or 
upper limb is observed ; thus the Sun's meridian altitude is 
found. 

The Sun's declination is then to be found from the Nautical 
Almanack, which gives the declination at Greenwich noon, 
and its hourly rate of variation. To apply the latter correc- 
tion, the Greenwich time of the observation must be known 
roughly by the ship's chronometer. The declination at the 
time of the observed transit can then be accurately found. 
Tho latitude is now given by the formula. 

209. In finding the latitude on laud, by this method, 
the meridian altitude of a fixed star can be observed with a 
sextant furnished with an artificial horizon, the declination 
of the star being found from astronomical tables. 

If the Sun be observed, a dark glass cap may be fitted on 
to the telescope, instead of using the shades. The altitude 
of the Sun's centre might be found by adjusting the two 
images to coincide, but it is much more easy to adjust tho 
images to touchy and thus to find the altitude of the lower or 
upper limb, preferably the former. Add or subtract the Sun's 
Bcmi-diameter according to circumstances ; thus the meridian 
altitude of the centre is found. 

The meridian Z.D. of a star may also be observed by the 
zenith sector (§ 112). By selecting a star which transits 
near the zenith, the liability of error in tho correction for 
refraction may be greatly reduced. 

210. In a Fixed Observatory, the meridian altitude is 
found by the Transit Circle. The best determinations of the 
latitude are those resulting from a large series of observations 
of different stars, extending over a considerable number of 
years; frotu such observations tho latitude of the transit 
circle can be found to within a small fraction of a second, 
representing a distance of only a few yards. 
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EXAMPLI. 

On April 11, 1891, in longitude 8** 12' E. (roughly) with an 
artificial horizon, the meridian reading of the sextant for the Son's 
lower limb was observed to be KXT 69' 48". Barometer 80*7 inches, 
thermometer 72°. Find the latitado, having given the following 
data: — 

O t It 

0*s (Son's) decl. at Greenwich noon, Ap. 11 « 8 19 4 "j From 

Hourly variation of deol. — 65*1 |- Nautical 

0's semi-diameter -« 15 59 J Almanack. 



Mean refraction at altitude 54** - 

Correction for barometer = 

n for thermometer » 

The calculation is best arranged as follows : — 



li} 



From 
Tables. 



(i.) Double observed alt. of lower limb 

.*. observed alt. 

Corrected refraction at this alt. 

(which is nearly 54°) 

.'. true alt. of lower limb 

Ang. semi-diam 

Merid. alt. 0's centre ... 

Subtract from 

Merid. Z.D. of 0's centre 



107 59 48 
53 59 54 



40(-) 



53 5914 
15 59(-H ) 

5415 18 
90 



- 354447 S.. 



.0.) 



(it) Long. 8° 12' E. in time 
.*. time of observation ... . , 



M. 8. 

32 48 
i 32 48 hejore Greenwich noon. 



0*s decl. at Greenwich noon April 11 

Variation in 30m. before noon ... 

„ 2m. 488. (about) ... 

.*. 0's decl. at time of observation ... 
Add 0's merid. Z.D. from (i.) 

Beqnired north latitude 



8 19 4 N. (increasing). 
27(-) 
3(-) 



8 18 34 N. 
35 44 47 S. 

44° 8' 21". 
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211. To find the latitude by sextant obserrationa 
of the meridian altitudes of two stars whieh culmi- 
nate on opposite sides of the senith.— This is really only 
a modification of the first method. Two stars of known 
declination are selected which culminate, one sonth and the 
other north of the zenith, at very nearly the same altitude. 
The latitude is calculated independently from ohservations of 
the meridian altitudes of either star, and the mean of the two 
results is taken as the correct latitude. 

This method possesses the following advantages : — 

Ist. There is no need to correct the ohserved altitudes for 
dip of the horizon ; 

2nd. The result is unaffected hy any constant instrumental 
errors (index error, &c.) which affect hoth altitudes equally; 

drd. The correction for refraction is reduced to a minimum, 
or even entirely eliminated, if the altitudes are almost equal. 

For let ^, d^ be the north declinations of the two stars ; 

«j (south) and «, (north) their true meridian Z.D.'s ; 

Oi and 0, their observed meridian altitudes ; 

fij and ti, the corrections for refraction; 

D the dip of the horizon ; 

e the correction for constant instrumental errors. 

For true meridian altitudes of the two stars we have 
90°— «j = a^+e^D-u^y 90°-z, = tf,+tf— D-m,. 

The two observations give, therefore, for the latitude (by § 204) 
;=<?,+«, = (^ + 90<^-fli-tf+i)-hfi„ 
/=<?,-«, = rf,—90°+fl,+*—i>-u,. 
Therefore, taking the mean of the two results, 

^ = K^ + ^2+«.~«.) = i{f, + ^ + («i-^)-(w,-«*i)}, 
a result involving no corrections beyond the difference of 
refractions, «,—«,. 

Moreover, if the altitudes aj and a, are greater than 45°, 
and their difference (a^^a^) is less than a degree, then 
^ («, — «j) is < 1", and therefore the refraction correction 
may be entirely neglected. 
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212. Latituda hj Ciironupolars. — This metbod hae 
already been mentioned in § 28, but we will bere repeat 
tbe investigation for eonvenience. 

Let X, a/ (Fig. 74) represent tbe positions of a circnmpolai 
star at its upper and lower transits. Let its meridian 
altitudes nx and tu/ be observed, and let their eorreeUd 
values be Oj and a^ respectively. Since 

Px = star's N.P.D. = PJ, 
••. nP= J(«:r+wa:'), 
or I = i(ai+aj). 



In this formula no knowledge of tbe star's declination is 
required, but the observed altitudes require to be corrected 
for refraction, dip, &c. 

The circumpolar method is most useful in determining the 
latitude of a fixed observatory, because this must be done 
before the declination of any star can be determined. The 
transit circle is used to determine tbe meridian altitudes at 
the two culminations. 

By observing two or more drcumpolars the correction for 
refraction may be found, as in § 186, and the observed alti- 
tudes may then be corrected for refraction. 
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As the declinations of a large number of stars ore given 
in astronomical tables, tbe circnmpolar method is nevei 
nsed at sea. It would poss^ no advantage, and would have 
the disadvantage of requiring a correction for the change in 
the ship's place between the two culminations. 

Examples. 

1. The observed meridian altitude of fi Oeti (decl. 18*" 36' 445'' S.) 
is 86^ 43' 12", and that of a Ursx Minoria (decL 88^ 41' 63-1" N.) at its 
upper culmination is 86° 9' 67", both altitudes being measured from 
the " oflObig," and the dip being unknown. Find the latitude, g^ven 
Eefraction at alt. 36° = 1' 20" ; at alt. ST - 1' 17". 

This is an example of the method of § 211. The calculation stands 
thus : — 

/3 Geti (south). a Unse Minoris (north). 

86° 43' 12" Observed altitudes — ' " 

— 1 18 Befraotion corrections 

36 41 54 Corrected Altitudes 

90 



4 53 18 6 8. Zenith Distances 
- 18 36 44-5 S. Declinations 



86° 
- 


9' 

1 


57" 
19-6 


36 
90 


8 



87*6 



-63 

+ 88 


51 
41 


22-5 N. 
631 N. 



34 41 21*5 N. Calculated Latitudes 34 50 80 6 N. 

Thus, lat. hy star north of aenith « 84° 50' 80-6" N. 
H south „ s= 84 41 21-6 N. 



2)69 81 621 

Mean latitude «84°46' 66" N. 

Here, owing to dip, one of the calculated latitudes is 4' 34*6" too 
great, and the other is 4' 84'6" too small, but the mean of the two 
results is the correct latitude. 

2. The observed altitudes of /S Ursse Minoris at lower and upper 
culmination are 29° 58' 16" and 60** 45' 8". Find approximately the 
latitude, assuming the coefficient of refraction to be 57". 
By the " tangent formula," refraction at altitude 30^ (approz.) 

« 57" tan 60^ « 57" x v'8 - 67" x 1-732 « 1' 89". 
Refraction at alt. 60° - 57" tan 30° « 57" x v^S/S = 1' 39*-r8 = 88". 
Henoetruealt.atlowerculmination = 29°58'16"-1'39"«» 29°66'86" 
„ „ n upper „ « 60 45 8- 83''»60 44 80 

41 6 



2X90 



Beqnirsd Kortb Latitudes 46° 2^ 88" 
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LATITUDE BY EX-MEEIDIAN OBSERVATIONS. 

213. To find the latitude by a single altitude, the 
local time being known. — If the local time bo known, a 
single altitude of the Sun or a known star is sufficient to 
determine the latitude. 
For let 5 be the observed body, ^the zenith, F the pole.f 
Then in the spherical triangle FZS^ the known local time 
enables us to find the hour angle ZPS, Per, if the Sun be 
observed, its hour angle ZPS 

= 15 X Tapparent local time) 
= 15 X (mean local time— equation -of time) ; 
and if a star be observed, its hour angle ZPS 

= 15 X (local sidereal time— star's R. A.). 
Also ZS = observed body's Z.D. = 90° — (observed altitude) ; 
P5 = „ „ KP.D. = 90*^ - (known decl.). 

Hence, ZS^ PSy and the angle ZPS are known. These 
data completely fix the spherical triangle ZPS, and from 
them ZP can be found by Spherical Trigonometry, 
Hence the latitude is found, being = 90°— ZP. 

*214. By Circnm-meridian Altitudes. — Thisisapar- 
ticular case of the method last described. In attempting to 
find the latitude by meridian observations, it may happen 
that passing clouds prevent the body from being observed at 
the instant of transit. In this case the latitude can be found 
from the observed altitude when very near the meridian. 
The hour angle ZPS is then small, and the difference 
between the observed and meridian altitudes is also 
small. This difference is called the ''Reduction,'' and is 
found by approximate methods. 

The best results are obtained by taking a number of alti- 
tudes of the body before and after passing the meridian. 

*215. By a Single Altitude of the Pole Star.—The 
KP.D. of Polari8 is only about 1" 16^. Hence, if its alti- 
tude is observed at any time, the latitude may be found by 
adding to, or subtracting from, this altitude, a small correc- 
tion, never greater than about 1® 16 J'. 

fThe Btadent will have no diffioalty in illnstrating §§218-210 
nrith diagrams. For § 213, Fig 75 may be copied. 
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This correction consists of tliree parts, which are given by 
three tables in the Nautical Almanack. The first two cor- 
rections depend on the sidereal time, and on the observed 
altitude; the third is due to variations in the K.A. and 
N.P.D. of Polaris J due to precession (§ 141), etc. 

*216. Latitude by observation of Two Altitudes.— By observing 
the altitudes of two known stars, both the latitude and the lootd 
sidereal time can be found. 

The same method can be employed to determine the latitude by 
two observations of the Sun*s altitude, separated by a known interval 
of time. 

The necessary calculations are very complicated, involving 
Spherical Trigonometry, and they cannot be materially simplified 
even by the use of tables. 

A very useful geometrical construction, enabling us, from the two 
observed altitudes, to indicate the exact position of a ship on a 
globe without calculation, will be detailed in Section YI. of this 
chapter. 

217. Latitude by the Prime Vertical Instnunent. 

— The latitude of a fixed observatory may be found by means 
of an instrument similar to the OSransit Circle, but whose 
telescope turns in the plane of the prime vertical instead of 
the meridian. A star will cross the middle wire of such an 
instrument when its direction is either due east or west; 
the times of the two transits are observed. Let 8, 8' be the 
positions of a known star at its eastern and western transits, 
Zthe zenith, P the pole. The sidereal interval between the 
two transits determines the angle SPS\ and this is evidently 
twice the angle ZFS. Hence z ZFS is known. Also FS, the 
star's N.P.D., is known, and FZ8 is a right angle. Therefore, 
the spherical triangle ZF8 is completely determined, and the 
colatitude ZF can be found. 

The times of the transits are unaffected by refraction, and 
this fact constitutes the principal advantage of the method. 

The observations may be performed by an altazimuth, whose 
horizontal circle is clamped so that the telescope moves in 
the prime vertical. The instrument must be so adjusted that 
the interval of time between the first transit and culmination 
is equal to the interval between culmination and the second 
transit. The culmination must be observed with a Transit 
Circle. 
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Sbohon in. — To find the Local Time hy Ohervation. 

218. In determining the longitude of a place on the Earth, 
the first step is to find the local time hy ohservations of the 
honr angle of a known celestial body. If the time indicated 
by a chronometer or clock at the instant of observation be 
also noted, we shall find the difference between the true local 
time and the indicated time. This difference is the error of 
the clock on local time. 

In § 167 we described one instrument for observing local 
time — the Sun-dial. This cannot, however, be used except 
for very rough observations, as the boundary of the shadow 
cast by the style is not sufficiently well defined to admit of accu- 
rate measurements. Moreover the Sun-dial is not portable. 

For this reason the local time is usually found by one or 
other of the following methods : — 

Ist. By meridian observations. 

2nd. By equal altitudes. 

3rd. By a single altitude, the latitude being known. 

4tlL By observation of two altitudes. 

219. Local Time by Meridian, Observations. — In a 

fixed observatory, the local sidereal time is found by means of 
the Transit Circle, as explained in §§ 24, 54. The transit of 
a known star is observed ; the local sidereal time of transit is 
equal to the star's E. A., and is therefore known. 

Or by observing the transit of the Sun's centre, the time 
of apparent local noon may be found. The equation of time 
is the mean time of apparent noon, and is given in the 
" Nautical Almanack " ; hence the local mean time is found. 

These methods are not available at sea, as the Transit 
Circle cannot be used. It might be thought that we could 
use a sextant to ascertain the instacnt when the body's altitude 
is greatest, but, for a short interval before and after the transit, 
the altitude remains very nearly constant; it is therefore 
impossible to tell with any degree of accuracy when it is 
a maximum. 

On the other hand, a slight error in the time of observation 
does not affect the altitude perceptibly, so that the meridian 
altitude may be observed with great accuracy, as in § 208. 

ASIBOir* V 
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220. Method of Equal Altitudes.— When it is required 

to find the local time from ohservations taken with a sextant, 
the simplest method is as follows : — Ohserve the altitude of 
any celestial hody some time hefore it culminates. After the 
body has passed the meridian, observe the instant of time 
when its altitude is again the same as it was at the first 
observation. Half the sum of the times of the two observa- 
tions gives the time of transit. 




Fig. 75. 



For let 8j S' be the two observed positions of the body, Z 
the zenith, and F the pole. 

The altitudes of SX, S'X'hemg equal, the zenith distances 
are equal ; 

.-. ZS = ZS", 

Also FS = P^, 

and the spherical triangles ZFSj ZFS' have ZF in common. 
.-. aSFZ^ jlZFS\ 

Wow let tx and t^ be the times of the two ohservations, 
t the time of transit. 

Then ^— ^j is the time taken to describe the angle 8FZ\ 



t^-t 



ZFS. 



Since the two angles are equal, 

Prom the time of transit the local time can be found, as in 
the last article. 
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221. In observing the Equal Altitudes with a 
Sextant, the following method is used : — At the first ob- 
servation clamp the index bar at an altitude slightly greater 
than that of the body. Continue to observe the body as it 
rises, till its image is in contact with the horizon, and note 
the instant of time (^^ at which this happens. Keep the 
index bar clamped until the second obseivation ; commence 
observing the body again just before it has reached the same 
altitude again, and note the instant of time (^,) when its 
image is again in contact with the horizon. The two observed 
times (^1, tf) are the times of equal altitude. 

If an artificial horizon he used, we must observe the two 
instants of time {t^, ^) when the two images are in contact. 

222. Equation of Equal Altitudes— If the Sun be the 
observed body, its declination will, in general, change 
slightly between the two observations ; hence F8 will not be 
exactly equal to FS\ and the angles SPZ, ZFS' will not be 
quite equal. For this reason a small correction must be 
applied, in order to allow for the effect of the change of 
declination. This correction is called the Equation of 
Equal Altitudes, and may be found from tables which 
have been calculated for the purpose. 

At Sea allowance must also be made for the change of 
position of the ship between the two observations, and thic 
correction is also effected by means of tables. 

223. The method of Equal Altitudes possesses the 
following advantages : — 

1st. The results are unaffected by errors of graduation of 
the sextant, for the actual readings are not reqmrod. 

2nd. The semi-diameter of the observed body need not be 
known. 

3rd. The observed altitudes, being equal, are equally affected 
by refraction, and no refraction correction need therefore be 
made. 

4th. The dip of the horizon need not bo known, provided 
that it is the same at both observations. 
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224. With a Gnomon, the time of apparent noon can be 
roughly found in a very simple manner. A rod is fixed 
vertically in a horizontal plane, and on the latter are 
drawn several circles, concentric with the hase of the rod. 
Let the times be observed, before and after noon, when 
the extremity of the shadow cast by the rod just touches 
one of these circles. At these two instants the Sun's alti- 
tudes are, of course, equal, and therefore the time of apparent 
noon is the arithmetical mean between the observed times. 

Example. — The shadow of a vertical stick at Land's End (long. 
5** 40* W.) 18 observed to have the same length at 9h. 27m. a.m. and 
8h. Im. 408. P.M., Greenwich time. Find the equation of time on 
the day of observation. 

Greenwioh mean time of local apparent noon ip 

i { 9h. 27m. Os. + 3h. Im. 40s. - 12h. } - 14m. 208. 

But, by § 96, Greenwich mean time of local mean noon » 22m. 408. 

.'. Eqn. of time = local mean time of apparent noon « — 8m, 208. 

*225. The Latitude may also be found by the method of 
equal altitudes, though the calculations require Spherical 
Tiigonometry. For this pui'pose, the altitude at either 
observation must be read off on the sextant, and corrected for 
refraction, dip, &c. The zenith distance SZ is therefore 
known. The angle SFZ is also known, being half the angle 
described in the interval t^—t^, and FSy being the comple- 
ment of the declination, is also known. The spherical triangle 
ZFS is therefore completely determined, and ZP, which is 
the complement of the latitude, can be found. 

226. Local Time by a Single Altitude, the Latitude 
being known. — This is the converse of the method for 
finding the latitude described in § 213. If the altitude of a 
known body, 5, be observed in known latitude, we know 
Z8, SFj FZy which are the complements of the observed 
altitude, the declination, and the latitude respectively ; hence 
the hour angle SPZ^ and therefore also the local time, may 
be found. 

•227. Local Time by Two Altitnde8.—The method of § 216 
determines, not only the latitude, but also the hour angles of the 
bodies at the two observations, and these determine the local time. 
The method of equal altitudes is in reality only a partionlar oaso 
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SEonoH IV. — Beierminatian of the Meridian Line, 

228. Before setting up a transit circle or equatorial in a 
fixed observatory, it is necessary to know with considerable 
accuracy the direction of the meridian line, «.^., the line 
joining the north and south points of the horizon. At sea. 
the directions of the cardinal points are determined by a 
mariner's compass ; but here, too, it is of great use, on long 
voyages, to determine the variation of the compass, or 
the deviation of the magnetic needle from the meridian lina 
This deviation is different at different parts of the Earth. 

There are three ways of finding the meridian line : first, 
by two observations of a celestial body at equal alti- 
tudes ; second, by a single observation of the azimuth ; third, 
by one or more observations of the Pole Star. 

229. By Equal Altitudes. — When a body has equal 
altitudes before and after culmination, the corresponding 
azimuths are equal and oppo- 
site. 

For if S, S' denote the two 
positions of the body, the tri- 
angles ZPS, ZPS' are equal in 
all respects ; 

.-. ^ FZS =i z FZS' and 
.-. ^sZS- L sZS'. 

230. At Sea, the Sun's azi- 
muth, or compass bearing, may 
bo observed when rising and 
when setting; the meridian ^'^- '^ 

line bisects the angle between the two directions (§ 29). 

231. On Land, we may observe the directions of the 
shadow cast by a vertical rod on a horizontal plane when it 
has equal lengths ; for this purpose we mark the points at 
which the end of the shadow just touches a circle concentric 
with the base of the rod {cf. § 224). Bisecting tho angle 
between the two directions, the north and southpoints are found. 

If greater accuracy is required, an altazimuth may be used. 
The readings of the horizontal circle are taken when the 
altitudes of a star are equal; the meridian reading is the 
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arithmetical mean of the two readings. While observing the 
equal altitudes, the yertical circle must be kept clamped. 

*232. By a Single Observation. — If the direction of 
the vertical plane through a single celestial bod^ 8 be 
observed at any instant, the direction of the meridian line 
may be found by means of Spherical Trigonometry. 

For if any three parts of tiie triangle ZFS aie known, the 
triangle is completely determined, and the angle FZ8 can be 
found. 

The azimuth «ZS= 180^— PZS, and is then known; 
hence the meridian line ZS is f oimd. 

Now the sides F8^ Z8^ ZP are the complements of the 
declination, the altitude, and the latitude ; and the hour angle 
ZP8 is known, if the local time be known. Any three of 
these data are sufficient to determine the angle PZ8. 

Thus, for example, the Sun's direction, either at sunrise or 
at sunset, determines the meridian line, if either the local 
time or the latitude is known. 

233. By Observations of the Pole Star. — The direc- 
tion of the meridian may be very accurately determined by 
observations of the star Polaris. If the azimuthal readings of 
this star be observed at the two instants when it is 
furthest from the meridian, east and west, respectively, 
the reading for the meridian is half their sum. The 
observations maybe made with an altazimuth. The azimuth 
at either observation is a maximum, and it remains very 
nearly constant for a shoit interval before and after attaining 
its maximum. Hence, a slight error in the time of observa- 
tion will not perceptibly Effect the azimuth. The same 
method is applicable to any star which culminates between 
the pole and the zenith. 

The most accurate method is, however, that employed in 
finding the deviation error of the Transit Circle (§ 59). 
If the telescope always moves in the plane of the meridian, 
the interval from upper to lower culmination, and the 
interval from lower to upper culmination, will both be 
exactly twelve sidereal hours. If not, the small amount by 
which the vci-tical plane swept out by the telescope is east or 
west of the meridian, can be found by observing the amoimts 
by which the two intervals are greater and less than 12h. 
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Section Y. — Longitude ly Ohservation. 

234. In Section III. of the present chapter we showed 
how the local time can be found by observing the celestial 
bodies. When this has been done, the longitude of the place 
of observation may be found by comparing the observed local 
time with the corresponding Greenwich time. 

For in § 96 wo showed that if the longitude of a place west 
of Greenwich bo Z*^, then 

(Greenwich time) — (local time) = ^L h. = 4Z m. ; 
whence, knowing the difference of the two times, L may bo 
found. 

The methods of finding Greenwich mean time, and hence 
longitude, may be classified as follows : — 

A. Methods available at Sea, 

1) By the chronometer. 

2) By the method of lunar distances. 

3) By celestial signals. 

B. Methods suitable for Zand Observations, 

4) By repeated transmission of chronometers, 

5) By the chronograph. 

6) By terrestrial signals. 

(7) By Moon culminating stars or by the Moon's meridian 
altitude. 

235. Longitude by the Chronometer. — ^By reading 
the chronometer used on board ship, and making the necessary 
corrections for error and rate, the Greenwich mean time at 
any instant may be found. If, then, the local mean time is 
determined by observing the Sun, or one of the other 
celestial bodies, and the observations are timed by the chrono- 
meter, the difference between the local and Greenwich mean 
times will be found, and this deteimines the ship's longitude 
measured from Greenwich. 

Example 1. — At apparent noon a ohronomcter indicates 
lOh. 3dm. 25s., Greenwich mean time, and the equation of time is 
-2m. 1b. To find the longitude. 

Here the local mean time is —2m. Is. 

.'. Greenwich mean time — local moan time ... — 191i. 35m. 268. 
Mult, by 15, we have long. W. of Greenwich ... = 293° 51' 30" 
or sub. from 36(f, long. E. of Greenwich = 69* 8' 8(r 
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Example 2. — Find the longitude, from the following datar— 
Sun's computed hourangle =75*E. Timeby chronometer =28h.7m.81g. 
Equation of time = -^ 8m. 558. C orrection for error and rate, — lm.188. 

(L) Here O's hour angle in time = 5h. before noon 

.'. apparent local time , ... = 19h.0m. Ob. 

Equation of time — 8 65 



.*. mean local time ■» 19h. 3m. 558. 

(ii.) Observed time « 23h. 7m. 318. 

Correction "■ —1 18 



Greenwich time - 23 6 18 

19 8 65 



W. Long, in time =42 18 

16 



A required long = 60'* 84' 80" W, 

Example 3. — On Juno 29, from a ship in the North Atlantic 
Ocean, the Sun was observed to have equal altitudes when the 
chronometor indicated 11 h. 27m. 26s. and 6h. 48m. 328. At noon on 
Juno 25, the chronometer was 3s. too fast, and it gains 8s. a day. 
The equation of time on June 29 at 3 p.m. was + 2m. 588. To 
find the ship's longitude. 

The process stands as follows : — H. M. 8. 

Chronometor time of first observation =11 27 26 

„ „ „ second observation + 12h. ... =18 48 82 



2)30 15 58 



15 7 59 

Hence the chronometer time of local apparent noon =8 7 69 

Correction f orchronometer error June 25 = — Be. \ 
„ ,y I, rate in 4 days- 

» „ „ „ „ 3 hours = 



5 = - 38.] 
B=-32s. j- = 
B=»— Is. J 



.*. Greenwich time of local ai)parent noon 

Subtract equation of time (since mean noon occurs 
first) 

/. Greenwich time of local moun noon 

/. longitude west of Greenwich « 46* 6' 16^ 



= 


8 


7 


23 


= 




-2 


58 


- 


8 


4 


25 
16 



Digitized by 



Google 



THE DETKRMINATIOK OP POSITIOK ON THE EARTH. 179 

386. Metliod of Lunar Distances. — If from any cause 
the ship's chronometer shonld stop, or its indications should 
become unreliable, the Greenwich time may be iound by 
observations of lunar distances. In this method the Moon, 
by its rapid motion among the stars, takes the place of a 
chronometer, its position relative to the neighbouring stars 
determining the Greenwich time. The Moon moves through 
360® in 27i days ; hence it travels at the relative rate of about 
33' per hour, or rather over 1" in every 2s., and this motion 
is sufficiently rapid to render it available as a timekeeper. 

For this purpose, tables of lunar distances are given in the 
Nautical Almanack. These tables give the angular distances 
of the Moon's centre from the Sun or from such bright stars or 
planets as are in its neighbourhood, calculated for every third 
hour of Greenwich mean time, and for every day of the year. 

The angular distance of the Moon's bright limb from one 
of the given stars may be observed by means of a sextant. 
By adding or subtracting the Moon's semi-diameter, as given 
in the Nautical Almanack, and correcting as explained below, 
the angular distance of its centre may be found. During the 
intervfd of three hours between the times given in the 
Nautical Almanack, the angular distance changes at an 
approximately uniform rate, and therefore the Greenwich 
tmie of the observation may be computed by proportional parts. 

237. Clearing the Distance. — One of the great draw- 
backs of the lunar method consists in the laborious calculations 
necessary for what is called ''clearing the distance." The 
angular distance between the Moon and the star will be 
affected by refraction, and this alone requires a correction to 
be applied to the observed lunar distance ; but there is another 
correction, for what is called parallax, which is equally 
important. This latter correction depends on the fact 
that the Moon's distance from the Earth is only about 60 
times the Earth's radius, and at this comparatively small 
distance the direction of the Moon cannot be considered as 
independent of the observer's position on the Earth, as has 
been done with the fixed stars* (§ 5). 

* Indeed, if a star happens to be behind the Moon's disc, it may 
■ometimes appear on opposite sides of the Moon to two observers dX 
nearly opposite points on the Earth. 
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For this reason, the lunar distances of a star, as tabulated 
in the Nautical Almanack, are the angles which the Moon 
and star subtend at the centre of the Earth. They are, 
therefore, sometimes called the geocentric lunar distances. 
Hence it is necessary to calculate the Moon's geocentric 
position from that observed, before the Greenwich time of the 
observation can be determined. 

The correction for parallax, will be dealt with more fully 
in the next chapter. Suffice it to mention here that the 
parallax, like the refraction correction, depends only on 
the Moon's zenith distance, and therefore, the only data 
needed for clearing the distance are the altitudes of the two 
bodies at the time of observation. The calculations are then 
greatly simplified by the use of tables. 

238. Advantages and Disadvantages of the Lunar 
Method. — The method of lunar distances was introduced at 
a time when chronometei^s were very imperfectly constructed, 
and could not be relied on during a moderate voyage. At the 
present time, owing to the high degree of accuracy attained 
in the construction of chronometers, combined with the 
reduction in the length of sea voyages since the introduction 
of steam, the lunar method has been almost entirely super- 
seded by the use of chronometers. It is still used, however, 
for the occasional correction of a chronometer if the voyage 
be extremely long ; and explorers rely upon it mainly. 

The principal disadvantages of using lunar distances are : 

1st. The calculations necessary for clearing the distance 
are very tedious, and not such as could be performed readily 
by a seaman possessing little or no knowledge of mathematics. 
Moreover, the corrections are often considerable. 

2nd. A slight error in the observed lunar distance would 
introduce a considerable error in the estimated longitude. 
The best sextants are only divided to every 10", and an error 
of 10" in the observed lunar distance would introduce an error 
of 20s. in the computed Greenwich time. This would give, 
in the longitude, an error of 5', or of 5 geographical miles at 
the equator. Even this degree of accuracy would be difficult 
to attain in practice, while the rate of a well-constructed 
chronometer can be depended upon to within Is. per day. 
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BxAHPLB. — On Not. 14, the cleared angnlar distance of the 
Moon's centre from Aldeharan was found to be 32^ 44' 52''. Find 
the Greenwich time, having given the following data : — 

Angulab Distance or the Moon from Aldeharan, 



Date. 


Position of Star. 


p.m. 


9 P.M. 


Midnight. 


Nov. 14. 


East. 


33' 32^ 57' 


3r 44' 14" 


29** 55' 32" 



The oalcnlation stands as follows : — 



Ang. dist. at 6 p.m. - 83° 32' 57" 
at observation * 32 44 52 



48 6 



M » 

Decrease since 6 p.m. 



Ang. dist. at 6 p.m.* 33° 32' 57" 
„ „ at 9 P.M. = 31 44 14 



Decrease in 3 h. 



1 48 43 



/. In 8h. the Moon's angnlar distance from Aldeharan decreases 
1*48' 43", or 6523"; 

.•. the time in which it decreases 48' 6", or 2885", is 

- 81i- >* IH^ = 111- l»m- 878. 
0523 

*• Greenwich time of observation == 6h. + Ih. 19m. 37s. 

s 7h. 19m. 878. 



239. Longitude by Celestial Signals. — The eclipses of 
Jupiter's satellites begin and terminate at times which can 
be calculated beforehand; it would, therefore, appear 
possible to ascertain the Greenwich time by observing the 
instants at which a satellite disappears into, or emcr^j^cs 
from, the shadow cast by the planet. But, as the dis- 
appearance and emergence take place gradually, it is im- 
possible to employ this method with accuracy to the 
determination of longitude. The same objection applies still 
more forcibly in the case of eclipses of the Moon. 

By observing the occultations of stars behind the disc of 
the Sfoon, we have another way of determining the Greenwich 
time and finding the longitude. This is merely a particular 
case of the method of lunar distances, since at the instant of 
disappearance, the star's apparent (uncorrected) distance from 
the Moon's centre is equal to the Moon's semi-diameter. 
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METHODS OP FINDING LONGITUDE ON LAJSD. 

240. Longitude by repeated transmission of Chro- 
nometers. The chronometer method of comparing longitudes 
can be employed with far greater accuracy on land, on account 
of the possibility of taking repeated journeys to and fro 
in order to effect the compaiison of the local times. The 
rate of the chronometer is determined by observing its 
error at the first station, both before and after taking it 
to the second. 

Suppose, for example, that it is required to find the differ- 
ence of longitude between two stations, A and B, A chrono- 
meter is compared with the standard clock at -4, and its 
error is noted. It is then carried to B, and its indications are 
compared with those of a clock regulated to keep local time. 
It is then again brought back to Ay and compared a 
second time with the standard clock. The increase in the 
chronometer error during the whole interval serves to 
determine the rate of the chronometer. We can now 
correct for error and rate the time indicated by the 
chronometer at Aj and thus determine the difference 
between the local times at A and B, By converting 
this difference into angular measure at the rate of 15® 
to the hour, the required difference of longitude of the two 
stations is determined. 

It is probable that the rate of the chronometer may not be 
the same while it is being shaken about on its journey 
as while it is at rest. This difference of rate may be 
allowed for by comparing the chronometer with the local 
clock soon after arrival, and again before departing. The 
total loss while at rest is thus found, and by subtract- 
ing we have the total loss during the two journeys. The 
only assumption which it is necessary to make is that 
the rate is the same on the outward journey as on the 
return journey. 

In order to obtain a result as free from error as possible, 
a number of journeys to and fro are performed, and several 
chronometers are used on each journey. The most accurate 
result is found by taking the mean of the calculated values 
for the iiffercnce of longitude. 
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^Examples. 

At iTb. by a ohronometer, the Greonwich mean time was found 
to be 16h. 59in. 67*28. It was taken to a place A^ and indicated 41)., 
when the local mean time was 3h. 47m. 46'9s. ; and when it indicated 
llh., the Greenwich time was llh. Om. 9*78. Tafind the longitade 
of A in time and in angle. 

Here, at 17h., the chronometer error by Greenwich time was - 2*8s. 
„ „ 24 + llh. „ „ „ „ +9-7s 

.*. in 18h. the chronometer lost 12*58. ; 

.'. the loss in llh. = r^ x 12'68. — 7*648. nearly ; 

•'. the Greenwich time, when the chronometer indicated 4b., was 
- 4h.-2-88. + 7*648. - 4h. Om. 4*843., 
and the local time at the same instant was ■> 3h. 47m. 46*9s. 
.-. required longitude « 12m. 17-9s. W. = ^ 4' 28" W. 

2. As a ship starts from Liverpool, its chronometer indicates Oh., 
and is correct by Greenwich mean time. After 16 days, as it reaches 
Quebec, the chronometer indicates 7h. Om. 23s., and Quebec time is 
2h. 6m. 428. Nearly seven days afterwards, the ship departs at 
Quebec noon, the chronometer then reading 4h. 54m. 39s. ; and when 
it reaches Liverpool, after a voyage of just over fourteen days, it is 
found to be 17s. slow by Greenwich mean time. Find the longitude 
of Quebec. 

By Quebec time, the ship stayed in port 7d. — 2h. 5m. 42s. 

= 6d. 21h. 54m. ISs. 
By chronometer, the ship stayed in port 7d.4h.54m.d9s. — 7h.0m.23s. 

» 6d. 21h. 54m. 16s. 
.•, in 7 days in port, chronometer lost 
But in 37 days altogether, „ „ 

,'. in 30 days at sea, „ „ 

/. in 16 days, from Liverpool to Quebec, it lost 
But chronometer time on arrival was 
/. Greenwich time was 
And local time was 
The difference = longitude of Quebec (in time) 

•*. Longitude of Qaoboc (in angle) s 78^ 42' 







28. 






17s. 






15s. 






88. 


7h. 


Om. 


23s. 


7h. 


Om. 


31s. 


2h. 


5m. 


42s. 


= 4h. 


*4ra. 


49s. 


16" W, 
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241. Longitude by the Chronograph. — When two 
obserTutories are in telegraphic communication, the local 
time may be readily signalled from, one to the other by means 
of the electric current, and the difference between the longi- 
tudes thus determined. 

This method is employed in connection with the chrono- 
graphic method of recording transits, the chronographs being 
connected by the telegraph line, so that a transit is recorded 
nearly simultaneously at both stations. 

Let us call the two stations A and B, "When the star 
crosses the meridian at -4, the observer presses the button of 
his chronograph. Let ^„ t^ be the times of transit at -4 as 
thus recorded at A and B respectively. When the same star 
crosses the meridian at i?, the times of transit are again 
recorded at A and B, Let these recorded times be T^ and 
T^ respectively. 

The transmission of the signal from one station to the 
other is not quite instantaneous, because a small interval of 
time must always elapse before the current has attained 
sufficient strength to make the signal at the distant station. 
Let this interval be x. Then the transit at A will be recorded 
too late at B by the amount x^ and the transit at B will be 
recorded too late at A by the same amount x. 

When this coiTcction is applied, the true times of the two 
transits, as determined by the chronogi-aph record at -4, will 
be ^1 and T,— or. Hence, if L denote the difference of longi- 
tude in time measured westwards from A to Bj the chrono- 
graph record at A gives 

Lz=zTi-x-t^. 

Again, the true times of tlie two transits, as determined by 
the chronograph record at By will be t^—x and T,. Hence 
the chronograph record at B gives 

By addition, we have 

a restilt which does not involve x. 

Thus we see that, by using both chronograph records, and 
taking the mean of the separately calculated differences of 
longitude, the corrections due to the time occupied by the 
passage of the signab are entirely eliminated. 
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*242. Elimination of Personal Equation. — In the 

above investigatioii we have taken no account of the personal 
equations of the two observers. But if « is the correction for 
personal equation of the observer at A, and JS is that of the 
observer at i?, the observed times ^,, t^ must both be increased 
by ej and 2',, T^ must both be increased by U. Introducing 
these corrections, the formula gives 

To eliminate the corrections, let the two observers change 
places, and repeat the operations, and let the new recorded 
times of transit be denoted by accented letters. The cor- 
rection JS must now be applied to the times ^/, ^,', and the 
correction e must be applied to T^ and 1\'. Therefore 

By again taking the mean of the two results we get 

a result in which personal equation is eliminated. 

243. Longitude by Terrestrial Signals. — Before the 
introduction of the electric telegraph and the chronometer, 
other signals had to be used. Among such signals may 
be mentioned flashes of light and rockets visible simul- 
taneously from two stations at a considerable distance apart. 
The heliograph, in which signals are transmitted by flashes 
of reflected sunlight, forms another means of determining 
differences of longitude between two stations visible one from 
the other ; and this method is still often found very useful 
in surveying a country. A flash of lightning and the bursting 
of a meteor have also occasionally been used, but they are 
far too uncertain in their occurrence to be of much value. 
The local time of the signal is noted at each place, and the 
difference of these times gives the difference of longitudes. 

The signals must in every case be seen, not heard, as an ex- 
plosion, even if audible at two distant stations, would not be 
heard simultaneously at both, owing to the comparatively small 
velocity of sound. Where the distance between the two stations 
is great, a chain of intermediate stations must be established, 
and the local time of each station compared with that of the 
next ; this method was used in most of the earliest determina- 
tions of longitude. Now such methods are entirely superseded 
by the use of the chronometer and the electric telegraph. 



Digitized by 



Google 



186 ASTROVOKT. 

244. Longitude by Moon culminating Stars. — ^Here, 

as in the method of lunar distances, the Moon's position 
determines the Greenwich time, but instead of observing the 
Moon's angular distance from a neighbouring star, we 
observe the difference of right ascension between the 
Moon and the star by taking their times of transit with a 
transit circle. 

The method is not available at sea, because transits cannot 
be taken with a sextant. It can be used to determine, by 
means of a portable transit circle, the longitude of a tem- 
porary observatory set up in a country where there is no 
means of telegraphic communication with the outer world. 
Its great advantage over the method of lunar distances is that 
it does not involve the laborious process of "clearing the 
distance," because the times of passage across the meridian 
are unaffected by parallax and refraction. 

The necessary data for the calculations are given in the 
Nautical Almanack. The time of transit of the star deter, 
mines the local sidereal time at the place, and when the 
observatory clock is thus corrected, the time of the Moon's 
transit is its E. A. The tables in the Nautical Almanack give 
the Moon's R.A. at the time of its transit at Greenwich. 
The increase of R. A. is proportional to the time which elapsed 
between the transits at Greenwich and at the "place of 
observation, and hence the Greenwich time of the local 
transit is known. Hence, the longitude may be found. 

*245. Longitude by Meridian Altitude of the Hoon.— Another 
method of findiog tho longitude is sometimes nsed, namely to find 
the Greenwich time by obserrationB of the Moon's declination. For 
this pnrpose, the Moon's meridian altitude is obseryed with a 
transit circle and its declination deduced (§ 24). The Nautical 
Almanack contains tho Moon's declination for every 8h. of Green- 
wich time ; from this the Greenwich time of observation may be 
found by proportional parts. But the method is diflSoult to 
employ, because the observations are affected by the same 
sources of error, arising from parallax and refraction, as in the 
method of lunar distances, and there is also a correction for dip in 
observations made at sea. Moreover, the Moon's daily motion in 
declination is so small (the greatest variation being about 6** per 
day), that a slight error in the computed declination would very 
considerably affect the calculated value of the longitude. 
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Section VI. — Captain Sumner's Method. 

246. Ve shall now show that, hy taking two altitudes of 
the Sun with a sextant, and noting the Greenwich times of 
observation with a chronometer, we can construct a ship's 
position on a terrestrial globe geometrically. 

The Sub-Solar Feint. — ^We can at once find the position 
on the terrestrial globe of a place at which the Sun is in the 
zenith on a given day, at a given instant of Greenwich time. 
For, evidently, the latitude of the place is equal to the Sun's 
declination, and is, therefore, known ; while the longitude 
west of Greenwich is equal to the Greenwich apparent time, 
which may be found by subtracting the equation of time from 
the mean time. The place is called the Sub-Solar Point. 

The Circle of Position. — Assuming the Earth to be 
spherical, the Sun's Z.D. at any place is equal to the angular 
distance of the place from the sub-solar point. (For it is 
evidently the angle between the directions of the zeniths at 
the given place and at the sub-solar point.) Hence, the 
places at which the Sun has a given Z.I), all lie on a small 
circle of the terrestrial globe, whose pole is at the sub-solar 
point, and whoso angular radius is equal to the Sun's Z.D. 
This circle is the oircle of position. 

Oeometrioal Construction for the Position of the 
Ship. — If, then, two altitudes of the Sun be observed, 
and the Greenwidi times noted with a chronometer, we can 
find the sub-solar points, and thus construct the circles of 
position, and we know that the ship lies on each circle. The 
ship must, therefore, be at one of the two points in which 
the two circles cut. To decide which is the actual position, 
the Sun's azimuth must be very roughly estimated at the 
two observations. On the globe it will be easy to see at which 
of the two places the Sun had the observed azimuths. Thus 
the ship's exact position on the globe is found. It is easy to allow 
for the ship's motion between the observations. 

If two stars are observed, the two substellar points (or 
places at which the stars are in the zenith) can be con- 
structed. For the latitude of either is equal to the corres- 
ponding star's decl., and its longitude is equal to the star's 
hour angle at Greenwich = sidereal time — star's R.A. 

The ^p's place can now be found by drawing the oifcles 
of position as before. 

A8TB0N. o 
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EXAMPLES.— Vn. 

1. At noon on the longest daj a oircnmpolar star Is passing over 
the observer's meridian, and its zenith distance is the same as that 
of the Son's centre ; at midnight it just grazes the horizon. Find 
the latitude. 

2. On Jannary 2, 1881, on a ship in the North iktlantio in longi- 
tude 48^ W., it was observed that the Son's meridian altitude was 
15** 21' 45". The Sun's declination at noon at Greenwich on the 
same day was 22° 64' 83", and the hourly variation 18*78". Find 
the ship's latitude. 

8. Show how to find the latitude by observing the difference of 
the meridian zenith distances of two known stars which cross the 
meridian on opposite sides of the zenith at nearly equal distances 
from it. Explain whether the stars chosen should be near to or 
remote from the zenith. Give also the advantsiges and disadvan- 
tages of this method of finding the latitude, as compared with the 
method of oircumpolars. 

4. On a certain day the observed meridian altitude of a Cassiopeia 
(declination SS** 40' 11-1" N.) was 86^ 10' 18". The eye of the 
observer was 18 feet above the horizon, and the error for refraction 
for the altitude of the star is 5" $ determine the latitode. 

5. The deck of a ship (stationary) is 25 feet from the sea, and the 
dip of the horizon at 1 foot is 1' ; if the two meridian altitodes of a 
ciroumpolar star from the sea horizon be 60** 2^ and 29^^ 68', find the 
latitude. 

6. At the winter solstice the meridian altitude of the Sun is 16^ 
What is the latitude of the place? What will be the meridian 
height of the Sun at the equinoxes and at the summer solstice P 

7. Describe the altazimuth, and show how it can be used to find 
the time of apparent noon and the azimuth of the meridian by the 
method of equal altitudes. 

8. A vertical rod is fixed exactly in the centre of a circular foun- 
tain basin, and it is observed that on the 26th of July the extremity 
of the shadow exactly reaches the margin of the water at lOh. 7m. 
A.M., and at 2h. 25m. p.m. The equation of time on that day is 
+ 6m. What is the error, compared with local time, of the watch 
by which these observations were taken P 

9. In the railway station at Yentimiglia is a dock one face of 
which indicates Paris time, the other Roman time. It is observed 
that, when the former indicates 12h. d9m. 48., the latter indicates 
Ih. 19m. 40s. The longitude of Paris being 2*" 21' E., find the 
longitude of ^me. 
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10. In Qnestion 9, what is the oorresponding looal time at Yenti- 
miglia, the longitude being T 36' E. P 

11. A chronometer is set hj the standard olook at Greenwich at 
6 A.M. It is then taken to Shepton Mallet, and indicates noon when 
the local time is llh. 49m. 50b. The chronometer is then brought 
back to Greenwich, and indicates 9 p.m., when the correct time is 
8h'. 69m. 65s. Find the longitade of Shepton, sapposing the chrono- 
meter rate uniform. 

12. In applying the lunar method, find the error in the calculated 
longitude of the obserrer due to an error of 1' in the tables of the 
Moon's longitude. 

18. Amerigo Vespucci is said to have found his longitude in lati- 
tude 10^ N. in the following manner. At 7.80 p.m. the Moon was 
1^ S. of Mars, at midnight the Moon was 6^^ E. of Mars. The 
Nuremberg time of conjunction of the Moon and Mars was midnight. 
Hence he calculated that his longitude was S2\^ W. of Nuremberg. 
Discuss the accuracy of the method, and point out the necessary 
corrections. 

14. A chronometer whose rate is uniform is found at Greenwich 
to haye an error of 8i hours when the tune which it indicates is f i. It 
is then taken to a place A^ and when it indicates ^ it is found that 
the excess of the observed local time of the place A over t% is 8) hours. 
It is now again brought back to Greenwich, and the chronometer 
time and error are observed to be ^ and Sj hours respectively. 
Prove that the longitude of A east of Greenwich is 

15 (82^ + ^<i + 8i<2-*3^-<8^i-«i8j)/(^8-*i) degrees. 

16. The sidereal times of transit of a certain star across the 
meridian of an observatory il, as recorded at A, and by a telegraphic 
signal at B, are <i, tj respectively. The sidereal times of transit of 
the same star across the meridian of B, recorded by t-elegraphic 
signal at A^ and at B, are Ti, T, respectively. If the signals take 
the same time to travel in either direction, show that the difference 
of the longitudes of B and A in angular measure 

16. The altitudes of two known stars are observed at a given 
instant of time. Show how to find on a terrestrial globe the places 
at which the stars are vertically overhead, and give a geometrical 
construction for the place of observation. 

17. In Question 16, find the condition that there should be two, 
one, or no possible positions of a ship at which the altitudes of the 
known stars have certain given values. 

18. If longitude is found by lunar distances, and latitude by 
meridian altitudes, find the latitude in which an error of 1' in the 
sextant reading will introduce the same error in both observation! 
if estimated not in angle, but in miles on the £)arth's surface. 
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EXAMINATION PAPER^— VU. 

1. Give a desoription of the Seztant, and ezplaio how to use il 
for taking altitndes (f ) at eea, (2) on land. 

2. How does a Chronometer differ from an ordinary watoh? 
What are its wrw and roto t 

8. Prove that a single meridian altitade of a star, whose declina- 
tion is known, will determine the latitude. Why is a zenith sector 
sometimes preferred to a transit circle for this purpose P 

4. Show how the latitude is determinable by two meridian obser- 
vations of a circumpolar star. Why is this method not generally 
applicable on board ship ? 

6. Show how to find the latitnde of a placo (1) by observing the 
Sun's altitude at a given time ; (2) by the Prime Vertical Instru- 
ment. 

6. Describe the method of equal altitudes for finding the time of 
transit of a celestial body. If the times be observed by the ship*s 
chronometer, show how to find the longitude. 

7. What methods are available for the determination of Greenwich 
time at sea P Describe the method of taking lunar distances. 

8. How is the difference of longitude determined by electric 
telegraph P Explain how the personal equation and the time of 
transmission of the signal are eliminated. 

9. Contrast the method of Moon-culminating Stars with that of 
Lunar Distances in respect of the instruments employed, and of tho 
intricacy of the calculations involved. What other celestial signals 
hare been proposed, and what is their disadvantage P 

10. Knowing the Greenwich time, show how to construct graphi- 
cally on a globe the position of the ship without any calculation 
whatever. 
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OHAPTBE VIII. 

THE MOOK 
Section I. — Parallax — The Moon^s Distance and Dmensione. 

247. Beflnitioiui. — ^By the Farallaz of a celestial body 
is meant the angle between the straight lines joining it to 
two different places of observation. 

In § 5 we stated that the fixed stars are seen in the same 
direction from all parts on the Earth ; hence such stars have 
no appreciable parallax. The Moon, Sun, and planets, on 
the other hand, are at a (comparatively) much smaller dis- 
tance from the Earth, and their pandlax is a measurable 
quantity. The distance of the Moon from the Earth's centre 
is about 60 times the radius of the Earth. The effects of 
parallax in connection with the method of Lunar Distances 
have already been mentioned (§ 237). 

To avoid the necessity of specifying the place of observa- 
tion, the direction of the Moon or any other celestial body is 
always referred to the centre of the Earth. The direction 
of a line joining the body to the Earth's centre is called the 
body's geocentrio direction. The angle between the geo- 
centric direction and the direction of the body relative to 
any given observatory is called the body's Oeooentrio 
Parallax, or more shortly, its Farallaz. Thus the 
geocentrio parallax is the angle subtended at the body by 
the radius of the Earth through the point of observation. 

The Horisontal Parallax is the geocentric parallax of 
a body when on the horizon of the place of observation. 
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248. General Effects of Geocentric Parallax.— 

ABsuming the Eartli to be spherical, let C (Fig. 77) 
he the Earth's centre, the place of ohseryation, and M the 
centre of the Moon or other observed body. Then the angle 
OMO is the geocentric parallax of M» 

Produce CO to Z\ then OZi% the direction of the zenith 
at 0, and ZOM is therefore the zenith distance of i/* aa seen 
from (corrected of course for refraction). Now 

lZOM= lZCM^ i OMC'y 

therefore the apparent zenith distance of M is increased by 
the amount of the geocentric parallax. Conversely to find 
i,ZCI£ we must subtract the parallax OMO iioTd the 
observed zenith distance ZOM, 

The azimuth is unaltered by parallax, because Olf, CM 
lie in the same plane through 6z, 




Fig. 77. 

249. To find the Correction for Geocentric Parallax. 

In Fig. 77, let 

a= CO ^ Earth's Kadius, 

d = CM = Moon's (or other body's) geocentric distance, 

2 = ZOM^=> observed zenith distance of Jf, 

p = CMC = parallax of if. 
By Trigonometry, since the sides of A OMC are propor- 
tional to the sines of the opposite angles, 

. sin CMO _. CO 
•• ^COM CM' 
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that is 52f=4. 

sins a 

Therefore Binjp ss £L sin #. 

a 

Let P be the horizontal parallax of if. Then, when 
8 = 90®, p = Pi and therefore the last formula gives 

ginP=Jlsin90"=s^. 
a a 

Hence, by substitution, 

minp = sin P . sin«. 

This formula is exact. But the angles p and P are in 
every case very small, and therefore their sines are very 
approximately e^ual to their circular measures. Hence we 
have the approximate formula 

jpssp.sin^, 

or, The parallax of a celestial body varies as the 
sine of its apparent zenith distance. 

The last formula holds good no matter what be the unit of 
angular measurement. Thus if p'\ P" denote the numbers 
of seconds in j?, P respectively, we have, by reducing to 
seconds, j?" = P^ sin s. 

EX&MPLSS. 

1. Sappoamg the Son's horizontal parallax to be 88'', to find the 
correction for parallax when the Son's altitude is (j(f. 

Here « - QO'-eCf - 8(f, P* - S'S*', and therefore 

p" - P'BinSCf - 8-8*' X J - 4•4^ 

2. To find the corrections for the Moon's parallax for altitndes of 
d(f and 46^, the Moon's horizontal parallax being 57'. 

In the two cases we have respectively « « 60° and s '^ 45°, and 
the corresponding corrections are 

jT - 57' sin 60" - 57'x ^3 = 28fd(fx^S 

- 1710^ X 1-7820 = 2961-7*- 40* 21-r, 
and lA - 57' sin 45° - 57' x jy2 - 28' 80" x ^2 

- niO'x 1-4142 = 2418-3^= 40' 18*8". 
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250. delation between the Ros^il6ntal Parallax 
and Distance of a Celestial Body. — ^In the last paragraph 

we showed that sm P = -^. 

a 

This formula may be proved independently by drawing 
MA to touch the Earth at -4. if is on the horizon at A ; 
the Z CMA is therefore the horizontal parallax P, and we 
have immediately 

sin P = sin CMA = CAICM=, a/d. 
Since P is small, we have approximately 

Circular measure of P = a/cf. 
and therefore in seconds 

_p„ _ 180x60x60 a_ ^ 206265 ±, 
'^ d d 

which shows that, The horisontal parallax of a body 
varies inversely as its distance from the Earth. 




Fig. 78. 

If we know the Earth's radius a and the distance <?, the 
last formula enables us to calculate the horizontal parallax 
P". Conversely, if we know the horizontal parallax of a body 
we can calculate its distance. 

Example 1. — Given that the Hoon's distance is 60 times iYie 
Earth's radios, to find the Moon's horizontal parallax. 

Weha.e 5 = 1, 

cironlar measure of P = g^ approximately. 

"Now the unit of oircnlar measure = 57*2957^ ; 

P (in angular measure) = ST^ x 67*2957* — 57*2967' 

= 67' 17-7", 
and this is the required horizontal parallax. 
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SxAMPLK 2.— Given that the Sun's parallax* is 8*8'^ to find 
the Son's distance, the Earth's radios being 8,960 miles. 

8*8 X V 

The oiroolar mesksore of 8'8" is — -— — , 

180 X 60 X 60 

and, by the formola, we hare, for the Son's distance in miles^ 
<j „ g ^ 8960x180x60x60 

ciro. meas. of P 8*8 x » 

Taking «■ »8f , and calcolating the resolt correct to the first three 
significant fig^ores, we find the Son's distance d 

B 92,800,000 miles approximately. 

It woold be oseless to carry the calcolations beyond the third 

figore, for, of course, the yaloes of the Earth's radios and Sun's 

parallax are only approximate; moreovor, we ehoold have to oso 

the more accorate Tulue of w, viz., 8*141592 

251 . Comparison between Parallax and Sefiraction. 

— ^It will be noticed that while parallax and refraction both 
produce displacements of the apparent position of a body along 
a vertical circle, the displacement due to parallax is directed 
awat/ from the zenith, and is always proportional to the sine 
of the zenith distance, while that due to refraction is directed 
towards the zenith, and is proportional to the tangent of the 
zenith distance, provided the altitude is not small. Also the 
correction for parallax is inversely proportional to the distance 
of the body, and is imperceptible, except in the case of mem- 
bers of our solar system ; while the correction for refraction 
is independent of the body's distance, and depends only on 
the condition of the atmosphere. 

The Moon's horizontal parallax is about 57^, while the 
horizontal refraction is only 33'. Hence, by the combined 
effects of parallax and refraction, the Moon's apparent 
altitude is diminished, or its Z.D. increased. The time of 
rising is, therefore, on the whole retarded, and the time of 
setting accelerated. The effect of parallax on the times of 
rising and setting may be investigated by the methods of 
§§ 104, 190. 

For all other bodies, including the nearest planets, the 
correction for refraction far outweighs that due to parallax. 

* When astronomers speak of the parallam of the Son, Moon, or 
a planet, withoot forther specifying the observation, the horizontal 
paraUa^ is always to be onderstood. 
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252. To find the Moon's Parallaz by Meridian 
Observations. — The Moon's parallax may be conveniently 
determined as follows. Let A and B be two observatories 
situated on tbe same meridian, one north, the other south of 
the equator. Let M denote the Moon's centre, and let x be 
a star having no appreciable parallax, whose R.A. is approxi- 
mately equal to that of the Moon, their declinations being 
also nearly equal. 

Let the Moon's meridian zenith distances ZAM&xA Z^BM 
be observed with the transit circles at A and -B, and let xAM 
and xBMj the differences of the meridian Z.D.'s of the Moon 
and star at the two stations, be also observed. 

Let %, = iZAM, %^^IZ'BM, 

0^-=^ I xAM, fl, = Z xBM. 

B = Moon's required horizontal parallax. 
By § 249, we have, approximately, 

Z AMC = Psin«p Z BMO = Psinss,. 




Fig. 79. 

.-. Z AMB = P (sin «, + sin «,) (i.). 

Moreover, if MX be drawn parallel to Ax or Bx^ 

Z XMA = Z MAx = ai ; 

lXMB = LMBx = fl,; 

Z AMB = fli— Oj (ii.)' 

From (i.) and (ii.), 

B (sin »i + sin z,) = Oi-ei, ; 

sin;?i+8inis,' 
whence the Moon's parallax, P, may be found. 
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253. If the two observatories ore not on the same meridian, 
allowance must be made for the change in the Moon's 
declination between the two obserrations. Let the stations 
be denoted by -4, £, and let B' be the place on the meridian 
of A, which has the same latitude as B. Then, if the Moon's 
meridian Z.D, be observed at j5, we can, by adding or sub- 
tracting the change of declination during the interval, find 
what would be the meridian Z.D. if observed from JB^, 
Moreover, the star's meridian Z.D. is the same both at B and 
at JB'. Hence it is easy to calculate what would be the angles 
at B' corresponding to the observed angles at B, From the 
former, and the observed angles at A, we find the parallax 
P, as before. 

To ensure the greatest accuracy, it is advisable that the 
difference of longitude of the two stations should be so small 
that the correction for the Moon's motion in declination 
is trifling. It is necessary, however, that ^i— a, should 
be large; for this reason the stations should be chosen 
one as far north and the other as far south of the equator as 
possible. The observatories at Greenwich and the Cape of 
Good Hope have been found most suitable. 

The principal advantage of the above method is that the 
probable errors arising from any uncertainty in the corrections 
for refraction are diminished as far as possible. 

For, since the Moon and observed star have nearly the 
same declination, the corrections for refraction to be applied 
to «!, flfj, their small differences of Z.D., are very small indeed. 
The errors are not of so much moment in the denominator 
sin 8| + sin s,, as the latter is not itself a small quantity. 

From such observations, the mean horizontal parallax of 
the Moon has been found to be 67' 2'707". 

This value corresponds to a mean distance of 60-27 times 
the equatorial radius of the Earth, or 238,840 miles. The 
distance and parallax of the Moon are not, however, quite 
constant ; their greatest and least values are in the ratio of 
(roughly) 19 : 17. For rough calculations, the Moon's 
distance may be taken as 60 times the Earth's radius. 

Neither this method nor the next ( § 254) gives accurate 
results for the Sun, for the brilliancy of the rays renders all 
stars in its neighbourhood invisible 
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254. To find the Parallax of a Planet from Obseira- 
tions made at a Single Obsemratory. — The parallax of 
Mars, when nearest the Earth, has also been determined by 
the following method, depending on the Earth's rotation. 

Since the apparent altitude of a body is always diminished 
by parallax, it can easily be seen by a figure, that, shortly after 
a planet has risen, its H.A. and longitude appear greater 
than their geocentric values (the planet being displaced east- 
wards), while shortly before setting they appear less 
than their geocentric values (the displacement being west- 
wards). The planet's position, relative to certain fixed stars, 
is observed soon after rising and before setting by means of 
an equatorial furnished with a micrometer or heliometer. 

The observed change of position is due partly to parallax 
and partly to the planet's motion relative to the Earth's 
centre during the interval between the observations, which 
produces displacements far greater than those due to 
parallax. But by repeating the observations on successive 
days, the planet's rate of motion can be accurately 
determined, and the displacements due to parallax can thus 
be separated from those due to relative motion. Befraction 
need not be allowed for ; because it affects those stars with 
which the planet is compared, as well as the planet itself. 

This method can be used for the Moon, but the Moon's 
motion is so rapid that the calculations are more complicated. 

*255. Effect of the Earth's Ellipticity.— The offect of paraJlax 
is made rather more oomplicated bj the spheroidal form of the 
Earth. For, by § 249, the magnitude of the horizontal parallax at 
any place depends on its distance from the Earth's centre, and since 
this distance is not the samo for all places on the Earth, the horizontal 
parallax is not everywhere the same. Again, the direction in which 
the body is displaced is away from the line (prodnced) joining the 
centre of the Earth with the observer ( § 248). But this line does not 
pass exactly through the zenith (§ 117). Hence the displacement 
is not in general along a vertical, so that the azimuth as well aa 
altitude is very slightly altered by parallax. 

256. The Equatorial Horisontal Farallaz is the geo- 
centric parallax of a body seen on the horizon of a place at the 
Earth's equator. It is generally adopted as the measure of 
the parallax of a celestial body. Its sine is equal to 

(Earth's equatorial radius)/(body'8 geocentric distance). 
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257. Belation between Parallax and Angular 
Diameter. — In Fig. 80 it will be seen that the angle CMA^ 
which measures the parallax of M, also measures the Earth's 
angular semi-diameter as it would appear from If, Thus, 
ihe Moon^s parallax is the angular semi-diameUr of the Earth 
as it would appear if observed from the Moon, 




Fig. 80. 



258. To Find the Moon's Diameter. — ^Let a, c be the 
radii of the Earth and Moon respectively, measured in miles, 
d the distance between their centres, P the Moon's horizontal 
parallax, m the Moon's angular semi-diameter as it would 
appear if seen from the Earth's centre. Then, from Fig. 80, 

8inP=4, sin »i = sin TCif= ^= 4; 

d CM d 

,\ tf : a = sin w : sin P = m : P approximately ; 

i.e, (rad. of Moon) : (rad. of Earth) 

= ( C's ang. semi-diam.) : ( C's hor. parx.). 

Hence, knowing the Moon's horizontal parallax and its 

angular diameter, the Moon's radius can be found. 

The Moon's mean angular diameter 2m is observed to be 

about 31' 5". From this the Moon's actual diameter is readily 

found to be about 2160 miles, or y\- of the Earth's diameter. 

The snrfaces of spheres are proportional to the squareSi and the 
Tolnmes to the onbes of their radii. Hence the Moon's superficial 
area is abont -rfri ^^ 7b» ^^^ ^^ Tolume aboat Tiir) ^^ 3V ^^ that 
of the Earth. 

EzAMPLB. — To find the Moon's diameter in miles, given 
< 's angular diameter = 31' 7", 
C 's equatorial horizontal parallax "■ 57' 2", 

Earth's equatorial radius « 3963 miles. 

.-. C *B diameter 2c - o x ^= 3963 x ?ll|l - 8968 x ^ - 216^ 
Thus the Moon's diameter is 2162 miles. 
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Sscnoir n. — Synodic and Sidereal Ifonth^Ifoon^s Phanee^- 
Mountains on the Moon, 

259. Definitions. — In § 40 we defined the lunatum as 
the period between consecutive new Moons, and showed that 
it was rather longer than the period of the Moon's revolution 
relative to the stars. "We shall now require the following 
additional definitions, most of which apply also to the planets. 

The elongation of the Moon or planet is the difference 
between its celestial longitude and that of the Sun. If the 
body were to move in the ecliptic its elongation would be its 
angular distance from the Sun. 

The Moon or planet is said to be in eo^jnnotion when it 
has the same longitude as the Sun, so that its elongation is 
zero. The Moon is in conjunction at new Moon (| 40). The 
body is in opposition when its elongation is 180 . In both 
positions it is said to be in sysygy. The body is said to be 
in qnadratnre when its elongation is either 90^ or 270°. 

The period between consecutive conjunctions-is called the 
83modic period of the Moon or planet. The Moon's 
synodic period is, therefore, the same as a lunation; it is 
also called a Synodic Month. In this period the Moon's 
elongation increases by 360°, the motion being direct. 

The period of revolution relative to the stars is called the 
sidereal period ; that of the Moon, the Sidereal Month. 

The average length of the Calendar Month in common 
use is slightly in excess of the synodic month {cf. § 171). 

260. Relation between the Sidereal and Ssrnodic 
Months. 

Let the number of days in a year be F, in a sidereal month 
M^ and in a synodic month 8. 

In if days the Moon's longitude increases 360^ ; 

.•. in 1 day the Moon*s longitude increases 360^/ M 

Similarly in 1 day the Sun's longitude increases 360°/ F, 
and the Moon's elongation increases S60yS. 

Now, from the definition, 

(Moon's elongation) = (Moon's long.)— (Sun's long.), 
and their daily rates of increase must be connected by the 
same relation ; 
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, 360 _ 860 860 
•• T" M Y ' 

' ' aider, month s3mod. month year' 

BxAMPLB. — Find (roughly) the length of the sidereal month, giren 
that the sjnodio month (8) » 29id., and the jear (F) - 865id. 

Here we have tt ■« — rr + ttzt* 

M 29i 366i 

To simplify the oalonlations, we put the relation into the form 

29i + 365i * 394} ' \ 394J/ 

- 29 5-29-5 x^ « 29-5-2-20 « 27-8. 
Hence the sidereal month is very nearly 27^ days. 

261. To determine the Moon's Synodic Period.— 

An eclipse of the Son can only happen at conjunction, and 
an eclipse of the Moon at opposition, and the middle of the 
eclipse determines the exact instant of conjunction or oppo- 
sition, as the case may he. Hence, hy observing the exact 
interral of time between the middle of two eclipses, and 
counting the number of lunations between them, the length 
of a single lunation, or synodic period, can be found with 
great accuracy expressed in mean solar units of time. 

The records of ancient eclipses enable us to find a still closer 
approximation to the mean length of the lunation. From 
modem observations, the length of a lunation has been found 
with sufficient accuracy to enable us to tell the exact number 
of lunations between tibese ancient eclipses and a recent lunar 
eclipse (this number being, of course, a tohole number). By 
dividing the known interval in days by this number, the 
mean length of the synodic period during the interval can be 
accurately found. At the present tima the length of a 
lunation is 29-5306887 days, or 29d. 12h. 44ra. 2-78. nearly. 

From this the length of the Moon's sidereal period is ctd- 
culated, as in § 260, and found to be 27d. 7h. 43m. llos, 
nearly- 
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262. Phases of the Moon. — ^Tho acccompanying dia- 
grams will show how the phases of the Moon are accounted 
for on the hypothesis that the Moon is an opaque body 
illuminated by the Sun. In the upper figure the central 
globe represents the Earth, the others represent the Moon in 
different parts of its orbit, while the Sun is supposed to be at 
a great distance away to the right of the figure.* The half 
of the Moon that is turned towards the Sun is illumi- 
nated, the other half being dark. The Moon's appearance 
depends on the relative proportions of the illuminated and 
darkened portions that are turned towards the Earth. 
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Fig. 81. 

The lower figures, a, 3, e, d^ «, /, ^, A, represent the appear- 
ances of the Moon relative to the ecliptic, as seen from the 
Earth when in the positions represented by the corresponding 
letters in the upper figure. 

* The San's distance is about 890 times the Moon's. If the 
former be represented by an inch, the latter will be represented by 
abont 11 yards. 
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At Ay a the Moon is in conjnnction, and only the dark 
part is towards the Earth. This is called New Moon. 

At B, h A portion of the hright part is visible as a crescent 
at the western side of the disc. The Moon's appearance is' 
known as homed. The points or extremities of the horns 
are called the cusps. 

At Cy e the Moon's elongation is 90^, and the western half 
of the disc, or visible portion, is illuminated, the eastern half 
being dark. The Moon is then said to be dichotomized. 
This is called the First Quarter. The Moon's age is about 
7| days. 

At J)y d more than half the disc is illuminated. The 
Moon's appearance is then described as gibbons. 

At Ej e the Moon is in opposition. The whole of the disc 
is illuminated. This is called Full Moon. The Moon's age 
is about 15 days. 

At ^, / a portion of the disc at the western side is dark. 
The Moon is again gibbous, but the bright part is turned in 
the opposite direction to that which it has at i), d. 

At Oy g the Moon's elongation is 270°. The eastern half 
of the disc is illuminated, and the western half is dark. The 
Moon is again dichotomized. This is called the Last 
Quarter. The Moon's age is about 22 days. 

At Sy h only a small crescent in the eastern portion is still 
illuminated. The Moon is now again homed, but the horns 
are in the opposite direction to those in B^ h. 

Finally, tiie Moon comes round to conjunction again at A, 
and the whole of the part towards the Earth is dark. 

¥rom new to full Moon, the visible illuminated portion 
increases , and the Moon is said to be waxing. From full to 
new, the illuminated portion decreases, and the Moon is said 
to be waning. 

It will be noticed from a comparison of the figures that 
the illuminated portion of the visible disc is always that 
nearest the Sun. Moreover, its area is greater the greater 
the Moon's elongation.* 

♦ The phases of the Moon may be readily illustrated experi- 
mentally, by taking on opaque ball, or an orange, and holding it in 
different directions relative to the light from the Son or a gag- 
bomer. 

ASTBO^r, P 
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263. Belation between Phase and Elongation.— Let 

M (Fig. 82) be the centre of the Moon, MS the direction of 
the Sun, E^MEihoi of the Earth. Draw the great circles 
AMB perpendicular to ME^ and CMD perpendicular to MS \ 
the former is the boundary of the part of the Moon turned 
towards the Earth, and the latter is the boundary of the 
illuminated portion. Hence the visible bright portion is the 
lune AMC. The angle of the lune, / AMC, is equal to 
/ E'MS (Sph. Gcom. 16). The area of a spherical lune is 
proportional to its angle. Hence, 

area of visible illuminated part __ lAMC __ lE'MS 
area of hemisphere 180^ "" 180° 

_ 180°-zJ5'i/)S 
180° 




^IG. 82. PiQ. 83. 

But this does^ not give the ** apparent area " of the bright 
part. For, as in § 145, the apparent area of a body is the 
area of the disc formed by projecting the body on the celestial 
sphere. If iV denote the projection of the point C on the 
plane AMB (so that CN is perpendicular to BA)y the arc 
^(7 will be seen in perspective as a line of length AN^ and 
the bright part will be seen as emplane lune (Fig. 83), whose 
boundary POP' optically foims the half of an ellipse whose 
major axis is PP', and minor axis 2i/'jV. 
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It may be shown tliat 

area of half-ellipse POP* : area of semicircle PAP^ 

^MNiITA 
and .-. area APCP' : area APBP' = Alf : AB 

= l-cos^JfC : 2 = l-coaU'MS : 2. 
Hence the apparent area of the bright part is proportional to 
l-coaSME', 




Fio. 84. 

The angle SMU' differs from the Moon's elongation 
SUM by the small angle i:SM (Fig. 84) ; i.e., the angle 
which the Moon's distance subtends at the Sun. This angle 
is very small, being always less than 10'. Hence the 
area of the phase is very approximately proportional to 
1— cos(Moon's elongation). 

264. Determination of the Son's Distance by Aris- 
tarchus. — ^From observing the Moon's elongation when 
dichotomized, Aristarchus (b.o. 270 eire.) made a computation 
of the Sun's distance in the following manner. When the 
Moon is dichotomized, / SMI!= 90°, the Moon's elongation 
/. 8EM= 90°- z E8M, and cos Si:M:=i EMjES. Hence, 
by observing the angle 8EM, the ratio of the Sun's distance 
to the Moon's was computed. 

But this method is incapable of giving reliable results, owing 
to the impossibility of fin£ng the exact instant when the Moon 
is dichotomized. The Moon's surface is rough, and covered 
with mountains, and the tops of these catch the light before 
the lower parts, while throwing a shadow on the portions 
behind them. Hence the boundary of the bright part is 
always jagged, and is never a straight line, as it would be at 
the quarters, if the surface of the Moon were perfectly smooth. 
In fact, Aristarchus estimated the Sun's distance as only 
about 19 times that of the Moon, whereas they are really in 
the proportion of nearly 400 to 1. 
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265. Ea]*tli4S{]ii]i6 on the Moon. — Pliaiafl of the 
Earth. — ^When the Moon is nearly new, the imilluminated 
portion of its surface is distinctly visible as a disc of a dull- 
red colour. This appearance is due to the light reflected 
from the Earth as ** Earth-shine," which illuminates the 
Moon in just the same way that the moonshine illuminates 
the Earth at full Moon. From § 258, the Earth's superficial 
area is greater than the Moon's in the proportion of about 
40 : 3. Consequently the Earth-shine on the Moon is more 
than 13 times as bright as the moonshine on the Earth. 

The Earthy as seen from the Moon, would appear to pass 
through phases similar to those of 'the Moon, as seen h'om 
the Earth. The Earth's and Moon's phases are eyidently 
iupplementary. Thus, when the Moon is new the Earth 
would appear full, and vice-versd ; when the Moon is in the 
first quarter, the Earth would appear in the last quarter. 

Owing, however, to twilight, the boundary of the Earth's 
illuminated portion would not be so well defiaied as in the 
case of the Moon ; there would be a gradual shading off from 
light to darkness, extending over a belt of breadth 18° on 
beyond the bright part. The entire absence of twilight on 
the Moon is one of the strongest evidences against the exist- 
ence of a lunar atmosphere similar to that of our Earth. 

266. Appearance of Moon relative to the Horison. — 

"We are now in a position to represent, in a diagram, the 
Moon's position and appearance relative to the horizon at a 
given time of day and year when the Moon's age is given. 

The ecliptic having been found, as explained in § 41, 
the age of the Moon determines the Moon's elongation, 
as in § 40. Measuring this angle along the ecliptic, we fijid 
the Moon's position roughly ; for the Moon is never very far 
from the ecliptic {cf. § 40). The elongation also determines 
the phase, and enables us to indicate the appearance of 
the disc. The bright side or limb is always turned towards 
the Sun. The cusps, therefore, point in the reverse direction, 
and the line joining them is perpendicular to the ecliptic. 

"We can also trace the changes in the direction of the 
Moon's horns relative to the horizon, between its time of 
rising and setting. 
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Take, for example, the case when the Moon is a few (say 
three) days old. The Moon is then a little east of the Sun •, 
therefore the bright limb is at the western side of the disc, 
and the horns point eastward. Hence, at rising, the horns 
are pointed doAvnwards, and at setting they are pointed 
apwards (Fig. 85). 

^ J c r 

Fio. 85. Fio. 86. 

When the Moon is waning, the reverse will bo the case 
(Fig 86). 

267 Heights of Lunar Mountains. — ^We stated in 
§ 264 that the Moon's surface is covered with mountains, and 
that in consequence the bounding lino between the illumi- 
nated and dark portions of the disc is always jagged and 
irro;?ulari while the mountains themselves throw their 
shadows on the portions of the surface behind them. These 
circumstances have led to the two following different ways 
of measuring the height of the lunar mountains 

First Method. — If a tower is standing in the middle 
of a perfectly level plain, it is evident from trigone- 
mctry that the length of the shadow, multiplied by the 
tangent of the Sun's altitude, gives the height of the tower. 
The same will be true in the case of the shadow cast by a 
mountain, provided we measure the length of the shadow 
from a point vertically underneath the summit. Now, in 
the case of the Moon it is possible, from knowing the Moon's 
age, to calculate exactly what would be the altitude of the 
Sun as it would be seen from any point of the lunar surface. 
The apparent length of the shadows of the mountains can be 
measured, in angular measure, by moans of a micrometer; 
from this their actual length can be calculated, allowance 
being, of course, made for the fact that we are not looking 
vertically down on the shadows, and hence they appear fore- 
shortened. In this way. the height of the mountams can be 
found. 
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The principal disadvantage of tliis method is, that if the 
surface of the Moon surrounding the mountain should be less 
flat than it has been estimated, there will be a corresponding 
error in the height of the mountain. In particular, it would 
be impossible to apply the method to find the heights of 
mountains closely crowded together. 

268. Second Method. — In treating of the Earth in 
§ 104, we showed that one effect of the dip of the horizon is 
to accelerate the times of rising, and to retard the times of 
setting of the Sun and stars. We also showed how to calcu- 
late the amount of the acceleration if the dip be known. 
Conversely, if the acceleration in the time of rising be known, 
the dip of the horizon con be calculated, and from this the 
height of the observer above the general level of the Earth 
may be found. 

Now precisely the same method maybe applied to measure 
the heights of lunar mountains. When the Moon is waxing 
the Sun is gradually rising over those parts of the Moon's 
surface which are turned towards the Earth. The tops of 
the mountains catch the rays before the lower parts, and, 
therefore, stand out bright against the dark background of 
the unilluminated parts below. Similarly, when the Moon 
is waning, the summits of the mountains remain as bright 
specks after the lower portions are plunged in shadow. By 
noticing the exact instant at which the Sun's rays begin or 
cease to illuminate the summit, this acceleration or retarda- 
tion, due to dip, may be calculated, and the height of the 
mountain determined. 

If the Moon's surface around the mountain is fairly level, 
the distance of the mountain from the illuminated portion at 
the instant of disappearance determines the distance of the 
visible horizon as seen from the mountain. This distance can 
be calculated from measurements made with a micrometer 
(proper allowance being made for foreshortening if the moun- 
tain is not in the centre of the disc). 

Hence the height (A) of the mountain may be calculated 
by the formula of § 101 (i.), viz., h = d*/2af where d is the 
estimated distance of the horizon, and a the Moon^t radius. 
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SEcnoir m. — Ths Moon's Orbit and Botatxon. 

269. The Moon's Orbit about the Earth can be inyes- 
tigated by a method precisely similar to that employed in the 
case of the Sun (see ^ 145). The Moon's E.A. and decl. 
may be observed daily by the Transit Circle. The observed 
ded. must be corrected for refraction and parallax (neither of 
which affect the E. A., since the observations are made on the 
meridian). We thus find the positions of the Moon on the 
celestial sphere relative to the Earth's centre for every day 
at the instant of its transit across the meridian of the obser- 
vatory. 

Instead of observing the Moon's parallax daily, the Moon's 
distances from the Earth's centre on different days, may be 
compared by measuring the Moon's angular diameters, with 
the heliometer. Here, however, another correction for 
parallax is required. For the observed angular diameters 
are inversely proportional to the corresponding distances of 
the Moon from the observer^ and not from the centre of the 
Earth. 

This correction is by no moans inconsiderable. Thus, for 
example, if the Moon be vertically overhead, its distances from 
the observer and from the Earth's centre will differ by the 
Earth's radius, i.e., by about -^ of the latter distance, and 
its angular diameter will, therefore, be increased in the pro- 
portion of about 60 to 69. 

Having thus determined the direction and distance of the 
Moon's centre, relative to the Earth's centre, for every day in 
the month, the Moon's orbit may be traced out in just the same 
way as the Sun's orbit was traced out in § 146. It is thus 
found that the motion obeys approximately the following 
laws : — 

(i.) The Moon^B orbit lies in a plane through the Earth's 
centre^ inclined to the plane of the ecliptic at an angle of about 
5° 8'. 

(ii.) The orbit is an ellipse, having the Earth's centre in 
one focus, the eccentricity of the ellipse being about -— • 

(iii.) The radius vector joining the Earth's a)id Moon's 
centres traces out equal areas in equal intervals of time. 
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The period of revolution is, of course, the sidereal lunar 
month, as defined in Section II., namely, about 27^ days. 

The laws which govern the Moon's motion are thus iden- 
tical with Kepler's laws for the Earth's orbital motion round 
the Sun (§ 155). 

270. The Eocentrioity of the Moon's Orbit is found 
by comparing the Moon's greatest and least distances, which 
are inversely proportional to its least and greatest (geocentric) 
angular diameters respectively. The latter are in the ratio 
of about 17 to 19, and it is inferred that the eccentricity is 
about (19-17)/(19 + 17), or j\ {cf, § 149). 

The terms perigee, apogee, apse line are used in 
the same sense as in § 147. Perthes and apogee are the 
points in the orbit at which the Moon is nearest to and 
furthest from the Earth respectively. Both are called the 
apses or apsides^ the line joining them being called the apse 
line, apsidal line or line of apsides, according to choice. It is 
the major axis of the orbit. 

As in § 151, it follows that the Moon's angular motion in 
its orbit is swiftest at perigee, and slowest at apogee. 

271. Nodes. — The points in which the Moon's orbit, or its 
projection on the celestial sphere, cuts the ecliptic are called 
the Moon's Nodes {of. § 40). The line joining them is 
called the Nodal Line. It is the line of intersection of the 
planes of the Moon's orbit and ecliptic. That node through 
which the Moon passes in crossing from south to north of the 
ecliptic is distinguished as the ascending node, the other is 
distinguished as the descending node. 

272. Fertnzbations. — As the result of observations extend- 
ing over a large number of lunar months, it is found that the 
Moon does not describe exactly the same ellipse over and 
over again, and that, therefore, the laws stated in § 269 are 
only approximate. The actual motion can, however, be 
represented by supposing the Moon to revolve in an ellipse, 
the positions and dimensions of which are very slowly vary- 
ing. This mode of representing the motion may be illustrated 
by imagining a bead to revolve on a smooth elliptic wire 
which is very slowly moved about and deformed. 



Digitized by 



Google 



TIIB HOOH. 211 

The complete inyestigatioii of these small changes or 
pertnrbatioiLSy as they are called, belongs to the domain of 
GraTitationid Astronomy. It will be necessary here to 
enumerate the chief perturbations, on account of the important 
part they play in determining the circumstances of ecHpsos. 

273. Betrograde Motion of the Moon's Nodes. — ^Tho 
Moon's nodes are not fixed, but hayo a retrograde motion 
along the ecliptic of about 19° in a year. This phenomenon 
closely resembles the retrograde motion of T (Precession, 
§ 141), but is far more rapid. Its effect is to carry the line 
of nodes, with the plane of the Moon's orbit, slowly round 
the ecliptic, performing a complete revolution in 6793*391 
days, or rather over 18*6 years. 

One result of this nodal motion is that the angle of inclination 
of the Moon's orbit to the equator is sabjoct to periodic 
variations. When the Moon's ascending node coincides with the 
first point of Libra, the angle between the Moon's orbit and the 
equator will be the difference of the angles they make with the 
ecliptic, %.e. about 23° 28' - 6*' 8' or 18° 20'. When, on the contrary, 
the ascending node coincides with the first point of Arien, the angle 
between the orbit and the equator will be the sum of the angles they 
make with the ecliptic, i.e., 23° 28' + 5° 8' or 28° d&. The period of 
fluctuation is the time of revolution of the Moon's nodes relative to 
the first point of Aries, and is a few days (nearly five) gpreater than 
their sidereal period of revolution, on account of precession. 

274. Progressive Motion of Apse Line. — The line of 
apsides is not fixed, but has a direct motion in the plane 
of the Moon's orbit, performing a complete revolution in 
3232*575 days, or about nine years. A similar progressive 
motion of the apse line of the Earth's orbit about the Sun 
Tvas mentioned in § 153. The latter motion is, however, 
much less rapid, its period being about 108,000 years. 

275. Other Perturbations. — The inclination of the 
Moon's orbit to the ecliptic is not quite constant. It is 
subject to small periodic variations, its greatest and least 
values being b"" 20' and 4° 57'. 

In addition there are variations in the eccentricity of the 
orbit, in the rates of motion of the nodes, and in the length 
of the sidereal period. All of these render the accurate 
investigation of the Moon's orbit one of the most complicated 
problems of Astronomy. 
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276. The Moon's Botation.— It is a remarkable fact 
that the Moon always turns the same side of its surface to th« 
Earth. Whether we examine the markings on its surface 
with the naked eye, or resolve them into mountains and 
streaks with a telescope, they always appear very nearly the 
same, although their illumination, of course, varies with the 
phase. 

From this it is evident that the Moon rotates upon its axis 
in the same ** sidereal " period as it takes to describe its 
orbit about the Earth, t.^., once in a sidereal month. It 
might, at a first glance, appear as if the Moon had no rota- 
tion, but such is not the case. To explain this, let us consider 
the phenomena which would be presented to an observer if 
situated on the Moon in the centre of the portion turned 
towards the Earth. 

The Earth would always appear directly overhead, i.e., in 
the observer's zenith. But as the Moon describes its orbit 
about the Earth, the direction of the line joining the Earth 
and Moon revolves through 360°, relative to the fixed stars, 
in a sidereal month. Hence the direction of the observer's 
zenith on the Moon must also revolve through 360° in a 
sidereal month, and therefore the Moon must rotate on its 
axis in this period. 

The Moon would be said to describe its orbit without 
rotation, if the same points on its surface were to remain 
always directed towards the same fixed star*, "Were this the 
case, different parts of the surface would become turned to- 
wards the Earth as the Earth's direction changed, and thi» is 
not what actually occurs. 

It thus appears that, to an observer on the Moon, the 
directions of the stars relative to the horizon would appear 
to revolve through 360° once in a sidereal lunar month. 
Thus, the sidereal month is the period corresponding to the 
sidereal day of an observer on the Earth. In a similar way, 
the Sun's direction would appear to revolve through 360° in 
a synodic month. This, therefore, is the period corresponding 
to the solar day on the Earth, as is otherwise evident from 
the fact that the Moon's phases determine the alternations of 
light and darkness on the Moon's surface, and that they 
repeat themselves once in every synodic month. 
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277. Libratioiui of the Moon, — Libration in Lati- 
tnde. — If the axis about which the Moon rotates were per- 
pendicular to the plane of the Moon's orbit, we should not be 
able to see any of the surface beyond the two poles («.^., ex- 
tremities of the axis of rotation). In reality, however, the 
Moon's axis, instead of being exactly perpendicular to its 
orbit, is indined at an angle of about 6^° to the perpendicular, 
just as the Earth's axis of rotation makes an angle of about 
23® 28' with a perpendicular to the ecliptic. The conse- 
quence is that during the Moon's roTolution the Moon's north 
and south poles arc alternately turned a little towards and a 
little away from the Earth ; thus, in one part of the orbit we 
see the Moon's surface to an angiilar distance of 6° 44' beyond 
its north pole, in the opposite part we see 6° 44' beyond the 
south pole. This phenomenon is called the Moon's libration in 
latitnde. It makes the Moon's poles appear to nod, oscillat- 
ing to and fro once in every revolution relative to the nodes. 

Libration in latitude may be conveniently illustrated by 
the corresponding phenomenon in the case of the Earth's 
motion round the Sun, as represented in Fig. 56 (§ 154). At 
the summer solstice the whole of the Arctic circle is illumi- 
nated by the Sun's rays, and therefore an observer on the 
Sun (if such could exist) would see the Earth's surface for a 
distance of 23® 28' beyond the north pole. Similarly, at the 
winter solstice an observer on the Sun would see the whole 
of tho Antarctic circle, and a portion of the Earth's surface 
extending 23° 28' beyond the south pole. 

278. Libration in Longitude. — Owing to the elliptical 
form of tho orbit, the Moon's angular velocity about the 
Earth is not quite uniform, being least at apogee and greatest 
at perigee. But the Moon rotates about its polar axis with 
perfectly uniform angular velocity equal to the average 
angular velocity of the orbital motion (so that the periods 
of rotation and of orbital motion are equal). 

Thus, at apogee the angular velocity of rotation is slightly 
greater than that of the orbital motion, and is, therefore, 
greater than that required to keep the same part of the 
Moon's surface always turned towcurds the Earth. In con- 
sequence, the Moon will appear to graduallv turn round, so 
as to show a little more of the eastern side oi its surface* 
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At perigee^ the angular velocitj of rotation is Ubb than 
that of the orbital motion, and is, therefore, not quite suffi- 
cient to keep the same part of the Moon's surface always 
turned towards the Earth. In consequence we shall begin to 
see a little further round the western side of the Moon's disc. 

This phenomenon is called libration in longitude. Its 
maximum amount is 7^ 45' ; thus, during each revolution of 
the Moon relative to the apse line, we alternately see 7° 45' 
of arc further round the eastern and western sides of the disc 
than we should otherwise. 

279. Dinmal Libration. — The phenomenon known as 
diurnal libration is really only an effect of parallax. If 
the Moon were vertically overhead, and if we were to travel 
eastwards, we should, of course, begin to see a little further 
round the eastern side of the Moon's surface. If wo were to 
travel westwards we should begin to see a little further round 
the western side. Now, the rotation of the Earth carries the 
observer round from west to east. Hence, when the Moon is 
rising wo see a little further round its western side, and 
when setting we see a little further round its eastern side, 
than we should from a point vertically underneath the Moon. 

Similarly an observer in the northern hemisphere would 
always see rather more of the Moon's northern portion, and 
an observer in the southern hemisphere would sec rather more 
of the southern portion than an observer at the equator. 

The greatest amount of the diurnal libration is equal to the 
Moon's horizontal parallax, and is therefore about 57'. We 
see 57' round the Moon's western comer when rising, and 57' 
round the eastern comer when setting. 

An observer at any given instant sees not quite half 
(49-998 per cent.) the Moon's surface. The visible portion is 
bounded by a cone through the observer's eye enveloping the 
Moon, and is less than a hemisphere by a belt of breadth equal 
to the Moon's angular semi-diameter, t.^., about 16'. 

280. General Effects of Libration. — In consequence 
of the three librations, about 59 per cent, of the Moon's sur- 
face is visible from the Earth at some time or other, instead of 
rather under 50 (49*998) per cent., as would be the case if 
there were no libration. At the same time only about 41 per 
cent, of the surface is always visible from the Earth. The 
remainder is sometimes visible, sometimes invisible. 
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To an obaorver on the surf aoe of the Moon the result of libra- 
tion in latitade and longitude would be that the Earth, instead 
of remaining skationary in the sty, would appear to perform small 
oscillations about its mean position. It would reallj appear to de- 
scribe a series of ellipses. The motion of the different parts of the 
£arth across its disc in the course of the Earth's diumid revolution 
would be the only phenomenon resulting from the cause which pro- 
duces diurnal libration. 

281. Metonic Cycle. — A problem of great historic interest in the 
study of the lunar motions is the finding of a method of ready pre- 
diction of the Moon's phases. From the earliest times there have 
been religious festivals regulated (as Eastor still is) by the Moon's 
phases; but the direct calculation, from first principles, of the phase 
for a given day would be long and tedious. 

This difficulty was overcome by the discovery of the so-called 
Metonic Cycle by Meton and Euctemon, b.c. 433. They found that 
after a cycle of nineteen years the new and full Moons recurred on the 
same days of the year. To show this it is necessary to provo that 
nineteen years is nearly an exact multiple of the synodic month. 
Now, 1 tropical year - 365*2422 days; .*. 19 years - 6939 60 days, 
and 1 synodic month » 29*5306 days; .'. 235 months » 6939*69days; 
.'. 19 years differs from 235 lunations by '09 days, i.e., 2h. 10m. nearly. 

If we define the Golden Knmberof a year as the remainder when 
(1 + the number of the year a.i>.) is divided by 19, and the Epact as 
the Moon's age on the Ist of January, we see that two years which 
have the same Golden Number have corresponding lunar phases on 
the same days, and in particular have the same e^iact. 

Hence, the Golden Number of the year 1 B.c. (which might be 
more consistently called a.d.) is evidently 1 ; and it happens that 
that year had new Moon on January 1, and, therefore, its epact is 
sero. But twelve lunar months contain 354*37 days, and fall short 
of the average year (365*26 days) by 10*88 days, which is nearly 
^ lunations. Hence, the epact is greater by -^ of a lunation each 
year ; and since whole months are not counted in estimating the 
Moon's age, it is (in months) the fractional part of 

44{Golden Number- 1}; 

or, in days, the remainder when 11 {Golden No.~l} is divided by SO. 

Thus the Golden Number of 1892 is the remainder when 1893 is 
divided by 19, i.e., 12. Hence, the epact is the remainder when 
11 {12- 1} is divided by 80, i.e., 1 ; hence, the Moon is one day old 
on January 1, 1892, and new on December 31, 1891. 

In the epact, fractions of a day are never reckoned. Owing to 
the extra day in leap year, the rule is sometimes a day wrong; but 
it is near enough for fixing the ecclesiastical calendar. 
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282. Sanrest Moon. — The full Moon which occun 
nearest the autumnal equinox is called the Karvest Moon. 
Owing to the Moon's direct motion in its orbit the time of 
moonrise always occurs later and later every day, but in the 
case of the harvest Moon the daily retardation is less than 
in the case of any other full Moon, as we shall now show. 
To simplify our rough explanations wo suppose the Moon to 
be moving in the ecliptic. 

The Moon's E.A. determines the time at which the Moon 
crosses the meridian {cf, § 24). In consequence of the 
orbital motion the R.A. increases continuously, just as in the 
case of the Sun (§ 30), only the increase is more rapid (360® 
per month instead of per year). Therefore the Moon transits 
later and later every night. 

When the Moon is in the first point of Aries it is passing 
from south to north of the equator, and its declination is 
increasing most rapidly. Now, the arguments of §§ 123-125 
are applicable to the Moon as well as the Sun, and they show 
that, as the declination increases, there is, in north latitudes, 
a corresponding increase in the length of time that the 
Moon is above the horizon. The effect of this increase is to 
lengthen the interval from the Moon's rising to its transit ; 
this lengthening tends to counterbalance, more or less, the 
retardation in the time of transit, thus reducing the retarda- 
tion in the time of moonrise to a minimum. 

Similarly it may be shown that whenever the Moon passes 
the first point of Libra, the daily retardation of moonrise will 
be a maximum^ while that of the time of setting will be a 
minimum. These phenomena, therefore, recur once each 
lunar month. 

Now, at harvest time the Sun is near £^ ; hence, when the 
Moon is near T it is full ; and the minimum retardation of the 
Moon's rising, therefore, takes place at full Moon. And since 
the Moon is then opposite the Sun, it rises at sunset. Both 
these causes make the phenomenon more conspicuous in itself 
than at other times, and as the continuance of light is useful 
to the farmers when gathering in their harvest, the name 
Harvest Moon has been applied. 

At the following full Moon the phenomena are similar but 
less marked. But as it is now the hunting season, the Moon 
is called the ** Hunter's Moon." 
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EXAMPLES.— VIII. 

1. If Gf a' be the trae and apparent altitudes of a bodj affected 
by parallax, prove the equation a^ a' + P cos a'. 

2. If the Sun's parallax be 8*80", find the Sun's distance. 

8. If in our latitude, on March 21, the Moon is in its first quarter, 
about what time may it be looked for on the meridian, and how 
long does it remain above the horizon P 

4. Show that from a study of the Moon's phases we can infer the 
Sun to be much more distant than the Moon. Prove that if the 
synodic period wore 30 days, and tho Sun only twice as distant as 
tho Moon, tho Moon would be dichotomized after only 6 days 
instead of 7i. 

6. Taking the usual values of the Sun's and the Moon's distances, 
calculate, roughly, the mean value of the angle J^iSif when the Moon 
is dichotomized. 

6. Under what conditions is tho line of cusps perpendicular to 
the horizon P Consider specially the appearance to an observer on 
the Arctic circle. 

7. There was an eclipse of the Moon on Jan. 28, 1888, central at 
11.10 in the evening. What is the Moon's age on May 21 of that 
yearP 

8. Find approximately the position and appearance of the Moon, 
relatively to the horizon, in latitude 50^ N., in the middle of Novem- 
ber at 10 P.M., when it is ten days old 

9. At a place in the temperate zone can the Sun or the Moon be 
longer above the horizon P 

10. What would be the effect on the Harvest Moon (i.) if the 
polar axis of the Earth were perpendicular to the ecliptic, or (ii.) if 
the Hooo W9ro to move in the ecliptic P 
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EXAMINATION PAPER.— VIII. 

1. What is parallaXf and under what oondifcions is the paraUax of 
a heavenlj body greatest P Show bj some simplo illustrations that 
as the distance of an object increases, its parallax lessens. 

2. Prove the formula sin p » sin P sin «, where P is the Moon's 
horizontal parallax, and p its parallax when its zenith distance 
is M, 

8. How is the distance of the Moon determined by observations 
niade in the- plane of the meridian ? Why cannot the Sun*s parallax 
be accurately determined in this way P 

4. Show that we can calculate the Moon*8 sidereal period given 
its synodic period and the length of the year. Find it, given that 
those are 29^ and 865^ days respectively. 

6. Describe the phcLses of the Moon, and find an expression for 
the phase when the Moon is at a g^ven elongation. Show how an 
observation of the Moon, when at its first quarter, would help us to 
find the ratio of the distances of the Moon and the Sun. 

6. Describe some methods for determining the heights of lunar 
mountains. 

7. Describe the phenomena of the Moon's motion. Givon that 
the Moon moves in a plane inclined at 6** to the ecliptic, find the 
lowest north latitude of a place where the full Moon can never rise 
at the summer solstice. 

8. Explain (and illustrate by figures) how it is that we see more 
than half the Moon's surface, and define the terms node, phwe, 
lihration, 

9. Describe the general appearance presented by the solar system 
to an observer situated at the centre of the Moon's hemisphere 
turned towards the Earth. When would the Earth be partially 
eclipsed to such an observer P 

10. Explain the phenomenon called the Harvest Moon, and show 
that from a similar cause the daily retardation in the sidereal time 
of sunrise is least at the vei*nal equinox. 
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ECLIPSES. 

Section I. — General Description of EclipseM, 

283. Eclipses are of two kinds, lunar and solar. If at 
full Moon the centres of the Sun, Earth, and Moon are very 
nearly in a straight line, the Earth, acting as a screen, will 
stop the Sun's rays from reaching the Moon, and the Moon 
will, therefore, be either wholly or partially darkened. This 
phenomenon is called a Lunar Eclipse. 

On the other hand, if the three centres are nearly in a 
straight line when the Moon is new, the Moon, by coming 
between the Earth and the Sun, will cut off the whole or a 
portion of the Sun's rays from certain parts of the Earth's 
surface. In such parts the Earth will be darkened, and the 
Sun will appear either wholly or partially hidden. This 
phenomenon is a Solar Eclipse. 

If the Moon were to move exactly in the ecliptic we 
should have an eclipse of the Moon at every opposition, and 
an eclipse of the Sun at every conjunction, for at either 
epoch the centres of the Earth, Sun, and Moon would be in 
an exact straight line. In consequence, however, of the 
Moon's orbit being inclined to the ecliptic at an angle of 
about 6 J% the Moon at ** Byzygy " (conjunction or opposition) 
is generally so far on the north or south side of the ecliptic 
that no eclipse takes place. An eclipse only occurs when 
the Moon at syzygy is very near the ecliptic, and, 
therefore, not far from the line of nodes (§271). 

ASTROS. a 
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284. Different Blinds of Lnxiar Eclipee. — Eclipses of 
the Moon are of two kinds, total and partial. Let Sy E be 
the centres of the Sun and Earth respectively. Draw the 
common tangents -45 F and A'B' Fto the two globes, meet- 
ing on SE produced in F, and draw also the other pair of 
tangents AFK\ ^'^JT cutting at U, between iS andjE^. If 
the figure be supposed to revolve about SE^ the tangents 
will generate cones, enveloping the Sun and Earth, and 
having their vertices at ^and V, The space -ffFlfi', inside 
the inner cone, is called the umbra ; the space between the 
inner and outer cone is called the penumbra.* The 
character of the lunar eclipse will vary according to the 
following conditions : — 




Fig. 87. 

(i.) If at opposition, the Moon falls entirely within the 
umbra or inner cone B VB, as at Jf,, no portion of the Moon's 
surface then receives any direct rays from the Sun, and the 
Moon is therefore plunged in darkness (except for the light 
which reaches it after refraction by the Earth's atmosphere, 
as explained in § 193). The eclipse is then said to be total. 

(ii.) If the Moon falls partly within and partly without 
the umbra BVB\ as at i^, the portion within the umbra 
receives no light from the Sun, and is, therefore, obscured, 
while the remaining portion receives light from part of the 
Sun's surface about -4, and is, therefore, partially illuminated. 
The eclipse is then said to be partiaL 

•For further desoription of the formation of the ambra and 
penumbra, see Wallace Stewart* b Text-Book of Lights § 5. 
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(iii.) If the Moon falls entirely within the "pennmbra," 
or outer cone, as at J/^, it receives the Son's rays from A, 
but not from A\ There is no true eclipse, but only a 
diminution of brightness (sometimes called a ^^ penumbral 
ecltpae"). 

A lunar eclipse is visible simultaneously from all places on 
that hemisphere of the Earth over which the Moon is above 
the horizon at the time of its occurrence. 

Near the boundary of the hemisphere there are two strips 
in the form of lunes, comprising those places respectively at 
which the Moon sets and rises during the eclipse ; at such 
places only its beginning or end is seen. 

285. Phenomena of a Total Eclipse of the Moon. — 

As the Moon gradually moves towards opposition, the first 
appearance noticeable is the slight darkening of the Moon's 
surface as it enters the penumbra. This darkening increases 
very gradually as the Moon approaches the umbra, or true 
shadow. At ''First Contact" a portion of the Moon 
enters the umbra, and the eclipse is then seen as a partial 
eclipse, the dark portion being bounded by the circular arc 
formed by the boundary of the umbra. As the Moon 
advances, the dark portion increases till the whole of the 
Moon is within the umbra, and the eclipse is total. "When 
the Moon begins to emerge at the other side of the umbra, 
the eclipse again becomes partial, and continues so until 
''Last Contact/' when the Moon has entirely emerged 
from the umbra, after which the Moon gradually gets brighter 
and brighter till it finally leaves the penumbra. 

In the case of a partial eclipse, the umbra merely appears 
to pass over a portion of the Moon's disc, which portion is 
greatest at the middle of the eclipse. 

286. Effects of Befiraction on Lunar Eclipses. — In 
§ 193 it was stated that, owing to atmospheric refraction, the 
Moon's disc appears of a dull-red colour during the totality 
of the eclipse. A still more curious phenomenon is noticed 
when an eclipse occurs at sunset or sunrise. The refraction 
at the horizon increases the apparent altitudes of the Sun and 
Moon in the heavens, so that both appear above the horizon 
when they are just below. Hence a total eclipse of the 
Moon is sometimes seen when the Sun is shining. 
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287. Different Kinds of Solar Eclipse. — An eclipse of 
the Sun maybe either total, annnlar, or partial. To 
explain the difference between the first two kinds of eclipse, 
let us suppose that the observer is situated exactly in the 
line of centres of the Sun and new Moon, so that both bodies 
appear in the same direction. Then, if the Moon's angular 
diameter is greater than the Sun's, the whole of the Sun will 
be concealed by the Moon ; the eclipse is then said to be 
total. If, on the other hand, the Sun has the greater 
angular diameter, the Moon will conceal only the central 
portion of the Sun's disc, leaving a bright ring visible all 
round; under such circumstances, the eclipse is said to bo 
annular. Lastly, if the observer is not exactly in the line 
of centres, the Moon may cover up a segment at one side of 
the Sun's disc ; the eclipse is then partiaL 

Now, the Moon's angular diameter varies, according to the 
distance of the Moon, from 28' 48" at apogee to 33' 22" at 
perigee, the corresponding limits for the Sun's diameter being 
31' 32" at apogee, and 32' 36" at perigee. Hence, both total 
and annular eclipses of the Sun are possible. Thus, when 
the Sun is in apogee and the Moon in perigee an eclipse must 
be either total or paitial ; when the Sun is in perigee and 
the Moon in apogee, an eclipse must be annular or paitial. 




Fig. 88. 

288. Cironmstances of a Solar Eclipse. — Fig. 88 
shows the different circumstances under which a solar eclipse 
is seen from different parts of the Earth. Draw the common 
tangents CDQ, C'l^Q, Clil/, CUD to the Sun and Moon, 
forming the enveloping cones BQjy and /%; these consti- 
tute respectively the boundaries of the umbra and penumbra 
of the Moon's shadow. Pirst let the umbra BQjy meet the 
Earth's surface {E^ before coming to a point at Q. the curve 
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of intersection being de. Also let the penumbra fRg meet 
the Earth's surface in the curve j^. Then from any place on 
the Earth within the space de the Sun appears totally eclipsed. 
At a place elsewhere within the penumbra^, the Sun appears 
partijdly eclipsed, a portion only being obscured by the Moon. 

Next let the umbra BQD come to a point Q before 
reaching the Earth E^ Then, if the cone of the umbra be 
produced to meet the Earth in iV, an observer anywhere 
within the space d'ef sees the eclipse as an annular eclipse. 
At any place elsewhere within the penumbra /y, the eclipse 
appears partial, as before. At parts of the Earth which fall 
without the penumbra there is no eclipse. Hence a solar 
eclipse is only visible over a part of the Earth's surface, 
and its circumstances are different at different places. 

As the Sun and Moon move forward in their relative orbits, 
and the Earth revolves on its axis, the two cones of the 
Moon's shadow travel over the Earth, and the eclipse becomes 
visible from different places in succession. The inner cone 
traces out on the Earth a very narrow belt, over which 
the eclipse is seen as a total or annular eclipse, according 
to circumstances. The outer cone, or penumbra, sweeps out 
a far broader belt, including that part of the Earth's surface 
where the eclipse is visible as a partial eclipse. 

A total or annular eclipse of the Sun, like a total eclipse 
of the Moon, always begins and ends as a partial eclipse, the 
totality or annular condition only lasting for a short period 
about the middle of the eclipse. The maximum duration 
of totality at the Equator is just under eight minutes. 

In the case of an annular eclipse, there are two internal, 
as well as two external, contacts, and the eclipse remains 
annular during the interval between the internal contacts. 
This may sometimes be rather more than twelve minutes. 

Owing to the limited area of the belt over which a solar 
eclipse is visible, the chance that any eclipse may be visible 
at any given place is far smaller than in the case of a lunar 
eclipse. The chance of an eclipse being total at any place is 
very small indeed. The lust eclipse visible as a total eclipse 
in England occurred in 1724 ; the next will take place on 
June 29th, 1927. One or more partial eclipses are visible at 
Greenwich in nearly every year. 
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SEcnoK n. — Determination of the Frequency o/Eolipgee. 
289. To Find the Limits of the Moon's geocentrio 
position consistent with a Solar or Lnnar Eclipse. 

In Fig. 89, let the plane of the paper represent any plane 
through the Sun's and Moon's centres ; and let AB V and 
-4'-ff'F represent the common tangents bounding the cone of 
the Earth's true shadow. Let A TIB be the other common 
tangent, which goes (nearly) through B^ ; and let the line &E^ 
joining the centres of the Sun and Earth, meet the common 
tangents in Fand U. Let T, ^, ^' be those points on AB Fand 
AJV whoso distance from E is equal to that of the Moon. 




Fio. 89. 



Then, if Jf^, Jf, denote the positions of the Moon's centre, 
when touching the cone B V externally and internally at T^ 
it is evident that a lunar eclipse occurs whenever the full 
Moon is nearer the line of centres than Jf,. Hence, if m 
denote the Moon's angular semi-diameter TEM^, the Moon's 
angular distance from ^Fmust be less than VEM^j or VET-^ m. 

Similarly, the lunar eclipse is total when the Moon is not 
fui-ther from the line- of centres than Jfj ; for this the Moon's 
(geocentric) angular distance from the line of centres must 
be not greater than VEM^, or VET-m. 

Let w„ w, be the centres of the Moon at internal and 
external contact with AB near t. There is evidently a solar 
eclipse visible at some point of the Earth's surface (such as 
B) as a partial eclipse, if the Moon's angular distance frt^m 
the Sun is less than SEm^^ or SEi+m. 

Supposing the Moon's distance to be such that its angular 
radius is less than that of the Sun, there is an annnlar 
eclipse whenever the Moon lies wholly within the cone A VA', 
as at m^. This requires the Moon's geocentric angular dis- 
tance from the Sun to bo less than SEm^, or SEt^m, 
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If, however, the Moon is so near that its angular radius 
b greater than that of the Sun, the angle it subtends is 
greater than ABA\ and therefore there is a total 
eclipse at B whenever the edge of the Moon reaches the 
internal tangent A*B, Taking m^ to represent the corre- 
sponding position of the Moon when touching the other 
tangent AB* at H (for the sake of clearness in the figure), 
we see that, in order that there may be a total eclipse 
somewhere on the Earth's surface, the geocentric angular 
distance between the Moon's and Sun's centres must be less 
than 8Em^ or SEH + m. 

Now, as the cone A VA' tapers to a point at F, the breadth 
of its cross section is greater near m,, m,, m^ than near 3fj, 3f„ 
and when the Moon is in syzygy, its angular distance from EV 
or US = its latitude. Hence the limits of latitude are greater 
for a solar than for a lunar eclipse, and therefore the proba- 
bility of the occurrence of a solar eclipse is greater than the 
probability of a lunar eclipse. This explains why, on the 
whole, solar eclipses are more frequent than lunar. 

♦290. We shall now calculate the angles VUM^, VEM^, 
8Em^ , 8Em^^ SEm^, Let p, P denote the horizontal parallaxes 
of the Moon and Sun respectively; i», « their respective 
angular semi-diameters (Fig. 89). We have «= Z SEA^ 

p = l, BTE = z BiE= z FifE, jP= Z BAE:=z z B'AE, 
and m = Z TEM^ = z TEM^ = z tEm^ = z tEm^ = z t'Em^. 
For the lunar eclipses we have, from the triangle TEA, 
Z ETB^ Z EAB = 180°- Z TEA = z VET-\- z SEA ; 
.-. ^rET= lETB^ lEAB- ^SEA^p-\-T'-B\ 
.'. z VE3f, = z rET+ z TEM^ = p+r-^s+m ; 
and z VEM^ = Z VET- z TEM^ ^p-hrs-^m ; 
For the solar eclipses we have, from the triangle tEA, 
Z EtB" z EAB = z tEA = z SEt- z SEA 
.-. zSEt= zEiB-zEAB+ zSEA=p-F+8. 
.'. z.SEtn^=:p^r+8+m9 
find z /S-Cw, = J)— P+«— m. 

Lastly, from the triangle t^EA we have 

Z EtB"" Z EAB' = Z AE^ = Z AES-^- Z iSfJ^^. 

;. z iSJ'^ = z j5r^- z ^'^^- z ^^s = p-F-M. 

.'. zSEm^^p'-rs+m. 
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[As an ezamplo, the student may show that the greatest 
latitudes the Moon can have, in order that it may be partially 
or wholly within the penumbra at opposition are /? + # + P+m 
and i? + # + -P— ni respectively. ] 

*291. Oreatest Latitudes of the Moon at Sysygy. — 

Since S and F are in the ecliptic, it follows that when 
the Moon is in conjunction or opposition, the plane of the 
paper in Fig. 89 is perpendicular to the ecliptic. Therefore 
the angles VEM^y VEM^ measure the Moon's latitude at con- 
junction, and SEm^y 8Em^^ SEm^ measure its latitude at 
opposition in the positions represented. The above expres- 
sions are, therefore, the greatest possible latitudes at syzygy 
consistent with eclipses of the kinds named. 
Now, taking the mean values we have, roughly, 
«=:16'; w=15'; p = 57' ; P = 0'8". 
Substituting these values, and collecting the results, we have, 
roughly, the following limits for the Moon's geocentric lati- 
tude, or angular distance from the line of centres : — 

(1) For a lunar eclipsCy VEM^ =p-|-P— #+i» = 66'; 

(2) For a total lunar eclipse, FEM^^p+Ps^m = 26'; 

(3) For a solar eclipse, SEm^ =/?— P+#H-m = 88'; 

(4) For an annnlar eclipse, SEm^ =p—F+8^m== 68'. 
Lastly, taking the Sun at apogee, and the Moon at perigee, 

wo have, jw = 17' and « =16' nearly, whence we have, in the 
most favourable case, 

(4a) For a total solar eclipse, SEm^ znp^P— # -f m = 68'. 

292. Ecliptic Limits. — From the last results it appears 
that a limar eclipse cannot occur unless at the time of oppo- 
sition the Moon's latitude is less than about 56', and that a 
solar eclipse cannot occur unless at conjunction the Moon's 
latitude is less than about 88'. Now the Moon's latitude 
depends on its position in its orbit relatively to the line of 
nodes ; hence there will be corresponding limits to the Moon's 
distance from the node consistent with the occurrence of 
eclipses. These limits are called the Ecliptic Limits. 

♦The ecliptic limits may be computed as follows : — Let the 
geocentric direction of the Moon's centre be represented on 
the celestial sphere by if. Let iV represent the node, ifJS'a 
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secondary to the ecliptic. [The ecliptic limit, etrictly speak- 
ing, means the limit of iVl^measrured along the ecliptic, and 
not that of JVJf.] 

Now the limit of latitude MR has been calculated in the 
last paragraph for the different cases. Let this be denoted by 
/. Also let / be the inclination of the Moon's orbit to the 
ecliptic. Then in the spherical triangle NMM, right-angled 
at -&", we have SM=i /, and z SNM^' I; both of these are 
known, hence ^B can be calculated. 




Fio. 00. 

For rough purposes it will be sufficient either to treat the 
small triangle MNM&b a plane triangle (Sph. Geom. 24), or 
to regard MR as approximately the arc of a small circle, 
whose pole is If, The first method gives 
l=NRtanI; 
.-. Nir=z I cot /. 
Or, adopting the second method, we have (Sph. Geom. 17) 
/ = ifZr= z MNR X sin JVjET = / Bin iVZr ; 
.-. siniVjEr=///, 
whence the ecliptic limit NMis found. 

EXAlfPLXS. 

1. To find the Lonar Ecliptic Limit. For a lunar eclipse we have, 
by § 291, t - 56'. AIbo, 1-5^ roughly. 

Hence sin 2f H - r^= ^ ^ 187, 

5 X 60 800 ' 

* sin ll** (from table of natural Bines) 
and the lunar ecliptic limit is about 11^ 

2. To find the Solar Ecliptic Limit. For a solar eclipse we have 
I «» 88'. Hence, taking I = S"* as before, we have 

sin NE - --%^ « ;^ - -293, roughly, 
6x60 800 > 6 /» 

=» sin 17*, roughly. 

ai)d the solar ecliptic limit ia aboi^t 17*, 
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293. Mi^or aad Minor Eoliptio Uiiiits. — Owing to 
the variations in the distances of the Sun and Moon their 
parallaxes and angular semi-diameters are not quite constant. 
Hence the exact Umits of the Moon's latitude /, as calculated 
by the method of § 291, are subject to small variations. 

This alone would render the ecliptic limits variable. But 
there is another cause of variation in the ecliptic limits, 
arising from the fact that Z the inclination of the Moon's 
orbit, is also variable, its greatest and least values being about 
6° 20' and 4° 67'. 

The greatest and least values of the limits for each kind of 
eclipse are called the Major and Minor Eoliptio Limits. 

For an eclipse of the Moon the major and minor ecliptic 
limits have been calculated to be about 12° 6' and 9° 30' re- 
spectively at the present time. For an eclipse of the Sun the 
limits are 18° 31' and 16° 21' respectively. 

Thus a lunar eclipse may take place if the Moon, when 
full, is within 12° 6' of a node; and a lunar eclipse most 
take place if the full Moon is within 9° 30' of a node. 

Similarly, a solar eclipse may take place if the Moon, when 
new, is within 18° 31', and a solar eclipse mnst take place if 
the new Moon is within 15° 21' of a node. 

The mean values of the lunar and solar ecliptic limits are 
now 10° 47' and 16° 56'. But the eccentricity of the Earth's 
orbit is very slowly decreasing ; consequently the major limits 
are smaller emd the minor limits larger than they were, say, 
a thousand years ago. 

294. Synodio Bevolntion of the Moon's ITodes. — An 

eclipse is thus only possible at a time when the Sun is within 
a certain angular distance of the Moon's nodes. Hence the 
period of revolution of the Moon's nodes, relative to the Sun, 
marks the recurrence of the intervals of time during which 
eclipses are possible. This period is called the period of a 
gynodie revolntion of the nodes. 

In § 273 it was stated that the Moon's nodes have a retro- 
grade motion of about 19° per annum, more exactly 19° 21'. 
In one year (365d.) the Sun, therefore, separates from a node 
bv 360°+ 19° 21' or 37935°, hence it separates 360° in 
(360 X 365i)/379-35 days, or about 346-62d. This, then, 
is the period of a synodic revolution of the node. 
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In a synodic lunar i|iontli (29^ days), tho Snn M/parates 
from the line of nodes by an angle 

379J° X 29J^365i, or 30° 36', 
a result which will be required in the next paragraph. 

295. To find the Greatest and Least number oi 
Eclipses possible in a Tear. — Let the circle in Fig. 9i 
represent the ecliptic, and let iV, n be the Moon's nodes. 
Take the arcs iVZ, NL\ nl^ nl' each equal to the lunar eclip-^ 
tic limit, and NS, NS\ n«, fw' each equal to the solar ecliptic 
lunit. Then the least yalue of SS^ or ««' is twice the minor 
solar ecliptic limit, and is 30° 42', and this is greater than 
30° 36', the distance traversed by the Sun relative to the 
nodes between two new Moons. Hence, at least one new 
Moon must occur while the Sun is travel- 
ling over the arc SS', and two may occur. 
Therefore there must he one, and there may 
he two eclipses of the Sun, while the Sun 
is in the neighhourhood of a node. 

Again, the greatest value of LL\ IV is 
double the major lunar ecliptic limit, and 
is, therefore, 24° 10'. TMs is consider- 
ably less than the space passed over by 
the Sim relative to the nodes between Fio 91. 

two full Moons. Hence, there cannot 
be more than one full Moon while the Sim is in the arc LL\ 
and there may be none. Therefore there cannot he more than 
one eclipse of the Moon while the Sun is in the neighhourhood of 
a node, and there may he none at all. 

296. The case most favonrable to the occurrence of 
eclipses is that in which the Moon is new just after the Sun 
has come within the solar ecliptic limits, i.e,, near 8. There 
will then be an eclipse of the Sun, 

When the Moon is full (about 14| days later) the Sun will 
be near N, at a point within the lunar ecliptic limits ; there 
will therefore be an eclipse of the Moon, 

At the following new Moon the Sun will not have reached 
/S'; and there will bo a second eclipse of the Sun, 

In six lunations from the first eclipse the Sun will have 
travelled through just over 180°, and will be within the space 
ss\ near s ; there will therefore be a third eclipse of the Sun, 
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At the next full Moon the Sun will be near n, and there 
will be a iecond eclipse of the Moon. 

The Sun may just fall within the space bs near <* at the 
next new Moon ; there will then be e^ fourth eclipse of the Sun. 

In twelve lunations from the first eclipse, the Sun will 
have described about 368°, and will, therefore, be about 8° 
beyond its first position, and well within the limits 88 ; there 
will, therefore, be 9k fifth eclipse of the Sim, 

About 14f days later, at full Moon, the Sun will be well 
within the lunar ecliptic limits LL\ and there will be a third 
eclipse of the Moon. 

All these eclipses occur in 12^ lunations, t.^., 369 days, or 
a year and four days. We cannot, therefore, have aU the 
eight eclipses in one year, but 

There may he ob many as seven eclipses in a year^ namely^ 
either five solar and two lunar ^ or four solar and three lunar. 

297. The most unfavourable case is that in which the 
Moon is full just before the Sun reaches the ecliptic limits at L, 

At new Moon the Sun will be near JV, and there will be 
one solar eclipse. 

At the next full Moon the Sun will have passed Z', so that 
there will be no lunar eclipse. After 
six lunations the Sun will not have 
arrived at /. 

At the next new Moon the Sun will 
be within the ecliptic limits, and there 
will be a second solar eclipse. 

At the next full Moon the Sun will be 
again just beyond l\ and at 12 lunations ^ _ ^ _ 

from first full Moon, the Sun may again ^^^ gg 

not have quite reached L, 

At 12 J lunations there will be a third solar eclipse. 

The interval between the first and third eclipses will be 12 
lunations, or about 354 days. If, therefore, the first eclipse 
occurs after the lltli day of the year, i.^., January 11, the 
third will not occur till the follovring year. Therefore, 

The least possible number of eclipses in a year is two. These 
must both be solar eclipses. 
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298. The Saros of the Chaldeans. — The period of a 
synodic revolution of the nodes is (§ 294) approximately 
346-62 days. Hence, 

19 synodic revolutions of the node take 6586-78 days. 
Also 223 lunar months = 6585-32 days. 

It follows that after 6585 J days, or 18 years 11 days, the 
Moon's nodes will have performed 19 revolutions relative to 
the Sun, and the Moon will have performed 223 revolutions 
almost exactly. Hence the Sun and Moon will occupy almost 
exactly the same position relative to the nodes at the end of 
this period as at the beginning, and eclipses will therefore 
recur after this interval. 

The period was discovered by observation by the Chaldean 
astronomers, who called it the Saros. By a knowledge of it 
they were usually able to predict eclipses. Indeed, in the 
records of eclipses handed down to us in the form of cuneiform 
inscriptions, they invariably stated whether the circumstances 
accorded with prediction by the Saros or not. 

A ** synodic revolution of the Moon's apsides," or the 
period in which the Sun performs a complete revolution 
relative to the Moon's apse line, occupies 411-74 days. 
Hence sixteen such revolutions occupy 6587-87 days, or 
about two days longer than the Saros. Therefore the Moon's 
line of apsides dso returns to very nearly the same 
position relative to the Sun and Moon. Hence, the 
solar eclipses, as they recur, will be nearly of the same 
kind (total or annular) in each Saros. The whole number 
of eclipses in a Saros is about 70. The average of all 
eclipses from B.C. 1207 to a.b. 2162 shows that there are 
20 solar eclipses to 13 lunar. 

The present values of the mean solar and lunar ecliptic limits, 
16*^56', and 10"^ 47', are in the ratio of 31 : 18 very nearly. 
This ratio gives, on the whole, a higher average proportion 
of solar eclipses to lunar than that given above. It must, 
however, be remembered that all the angles used in calcu- 
lating the limits are subject to gradual changes. Con- 
sequently the numbers of eclipses in that period are subject to 
very gradual variation ; after a large number of Saroses have 
recurred, the order of eclipses in each will have changed* 



Digitized by 



Google 



232 



ASTRONOMT. 



•Section III. — Ocetdtaiions — Places at which a Solar JSclipae 
is visible, 

299. Occnltations. — When the Moon's disc passes in front 
of a star or planet, the Moon is said to occult it. 

An occultation evidently takes place whenever the ap- 
parent angular distance of the Moon's centre from the star 
becomes less than the Moon's angular semi-diameter. As the 
apparent position of the Moon is affected by pai'allax, the cir- 
cumstances of an occultation are different at different 
places on the Earth's surface. 
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Fio. 98. 

Let m denote Moon's angular semi-diameter, p its horizontal 
parallax. In the figure, let JS and if be the centres of the 
Earth and Moon, and let «(7, sC represent the parallel rays 
coming from a star, and grazing the Moon's disc. These 
rays cut the Earth's surface along a curve OCX, and it 
is evident that only to observers at points within this curve 
is the star hidden by the Moon's disc. Let JEC^ Us, EM, 
EC cut the Earth's surface in c, x, w, o' ; the rays EC, EC 
cut the Earth's surface in a small circle cd, whose angular 
radius mEc = I£EC = m. Let i be the geocentric angular 
distance ftfi'if between the Moon's centre and the star. 
Then the angle ECO = angle subtended by the Earth's 

radius EO at C ; 

= parallax of C when viewed from ; 

= i?sin COZ(§249); 

= ^ sin OEx (by parallels). 
But ECO^CEs', 

= angle subtended by «p ; 

p 
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Hence We have the following construction for the curve 
separating those points on the Earth's surface at which the 
occultation is visible at a given instant from those at which 
the star is not occulted. Taking the sublunar point m as 
pole, describe a circle c(f on the terrestrial globe, with the 
Moon's angular semi-diameter (m) as radius. Through the sub- 
stellar point X draw any great circle, cutting this small circle 
in any point e. Measure along it an arc eOsvLch that sin rO 

is always the same multiple ( - j oi mo. The locus of the 

points 0, thus determined, is the curve required. 

Half of the circle o(/ consists of points under the advancing 
limb of the Moon; hence, over the portion of the curve 0^ 
corresponding to this half -circle, the occultation is just 
beginning. At points on the other haK of cc the Moon's 
limb is receding ; hence over the other portion of 00* the 
star is reappearing from behind the Moon's disc. 

Since the greatest and least values of ex in any position 
Qxe d-^m and i— m, it is evident that the greatest value of d 
for which an occultation can take place is when 

300. OcoiQtation of a Planet.— If « be a planet, the 
lines JEj, Os can no longer be regarded as rigorously parallel ; 
but the angle between them, EsO^ 

= angle subtended at « by the Earth's radius EO 
= parallactic correction at (§ 248) 
= i> sin Z08 (§ 249) = P sin OEx very nearly. 
As before, ECO = i? sin OEx. But ECO = EbO-\- CEs; 

.•• p sin OEx = P sin OEx + ex; sin OEx = ^ . 

P'-F 

With this exception, the construction is the same as for a 
star. 

If the planet be so large that we must take account of its 
angular diameter, the method of the next paragraph must be 
used. 
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301. Eclipse of the Snn'. — There is a total eclipse of the 
Sun, provided the Moon's disc completely covers the Sun's ; 
this occurs if the Moon's angular semi-diameter (m) is larger 
than the Sun's («), and the ^parent angular distance 
hetween the Sun's and Moon's centres (as seen from any 
point at which the eclipse is visihle) is less than m— «. 
Hence, if the Moon's angular semi-diameter were reduced 
to w— «, the Sun's centre would then he occulted. Hence 
the points 0, whose locus encloses the places from which 
the eclipse is visible, can be found as follows : — 

"With centre m the sublunar point, and angular radius 
m— «, describe a circle. Through the subsolar point x draw 
any arc of a great circle xc^ cutting the circle in e, and 
take 0, on xc produced, such that 

sinxO = 



p-F 

For an annular eclipse m < «, and the apparent angular 
distance between the centres ir s—m; hence the same con- 
struction is followed, save that «— w is the angular radius of 
the small circle first described. For a partial solar eclipse, 
the angular radius is «+m. 

• When a planet has a sensible disc, the beginning of its 
occultation may be compared to a partial eclipse of the Sun ; 
and the planet is entirely occulted when the conditions are 
satisfied corresponding to those for a total eclipse. 

EzAMPLB. — Supposing the centres of the EartH, Moon, and Sxin to 
be in a straight line and the Moon's and Sun's Bemi-diameters to be 
exactly 17' and 16', to find the angular radii of the circles on the 
Earth over which the eclipse is total and partial respectively, taking 
the relative horizontal parallax as 67'. 

At those points at which the eclipse is total, the apparent angular 
distance between the centres, as displaced by parallax, must be not 
greater than 17' - 16', or 1'. Henco, since the centres are in a line 
with the Earth's centre, the parallactic displacement must be not 
greater than 1'. Hence, if » be the Sun's zenith distance at the 
boundary, then 67' sin » =- 1' ; .'. sin » = ■jV> or approximately cir- 
cular measure of « = -gV* But a radian contains about 67^ ; .'. -gV of 
a radian » 1° approx. Hence the eclipse is total over a circle of 
angular radius 1'' about the sub-solar point. 

Similarly, the eclipse is partial if 57' sin «< 16' + IT', or 88', op 
sin « < ff , or *68. From a table of natural sines, we find that 
BiQ-i '58 B 86|^ roughly ; therefore the angular radius is 85i^ 
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£XAMPLB8 ON EOLIP8B8 OimBRALLT. 

1. To find (rongklj) the maximnin duration of an eolipee of the 
Moon, and the maximnm duration of totality. 

From § 291 we see that a lunar eclipse will continue as long as the 
Moon's angular distance from the line of centres of the Earth and 
Sun is less than 58', and the eclipse will continue total while the 
angular distance is less than 26^ Hence, the maximum duration of 
the eclipse is the time taken by the Moon to describe 2 x 58^, or 116', 
and the maximum duration of totality is the time taken to describe 
2 X 26', or 52'. 

Now the Moon describes 860^ (relatiye to the direction of the Sun) 
in the synodic month, 29| days. Therefore, the times taken to 
describe 116' and 52' respectively are 

??iiLll5 and ??ij<52d 
860x60 860x60 ^^ 

i.0. 81i.48m. and Ih. 42m., 

and these are the maximum durations of the eclipse and of totality. 
The eclipse of Nov. 15, 1891, lasted 8h. 28m., and was total for Ih. 23m. 

2. To calculate roughly the velocity with which the Moon's 
shadow travels over the Earth. (Sun's distance — 93,000,000 miles.) 

The radius of the Moon's orbit being about 240,000 miles, its cir* 
oumf erence is about 1,608,000 miles. Relative to the line of centres, 
the Moon describes the circumference in a synodic month, {.«., about 
29J, days. Hence its relative velocity is about 1,508,000 + 29|, or 
51,000 miles per day, t.c., 2,100 miles per hour. If q denote the 
point where the middle of the shadow reaches the Earth (Fig. 88), 
and if the Earth's surface at q is perpendicular to 8q, we have 
velocity of q : TeL of 3f =» fig : 8M 
- 98,000,000 : 98,000,000-240,000 - 10026 nearly. 
Hence the velocity of the shadow at g « vel. of M very nearly 

« 2,100 miles an hour. 

To find the velocity of the shadow relative to places on the Earth, 
we must subtract the velocity of the Earth's diurnal motion. This, 
at the Earth's equator, is about 1,040 miles an hour. Hence, if the 
Earth's surface and the shadow are moving in the same direction, 
the relative velocity is about 1,060 miles an hour. 

8. To find the maximum duration of totality of the eclipse of 
the example on page 284, neglecting the obliquity of the ecliptic. 

The angiHar radius of the shadow being 1**, or about 69| miles, its 
diameter is 189 miles. The obliquity of the ecliptic being neglected, 
the eclipse is central at a point on the equator, and the shadow and 
the Earth are therefore moving in the same direction with relative 
velocity 1,060 miles an hour (by Question 2). The greatest duration 
of totality is the time taken by the shadow to travel over a distance 
equal to its diameter, t.e., 139 miles, and is therefore 189 x 60/1060 
minutes, i.e., 7*9 minutes (roughly). 

A9XB0ir. B 
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EXAMPLES.— IX. 

1. If a total lunar eclipse oconr at the smnmer solstice, and at 
the middle of the eclipse the Moon is seen in the zenith, find the 
latitude of the place of observation. 

2. If there is a total eclipse of the Moon on March 21, will the 
year he favourable for observing the phenomenon of the Harvest 
MoonP 

8. Having given the dimensions and distances of the Sun and Moon, 
show how to find the diameter of the umbra where it meets the 
Earth's surface. 

4. Calculate (roughly) the totality of a solar eclipse, viewed from 
the Equator at the Equinox, supposing 
Moon*8 diameter 2,160 miles, Sun*s diameter 400 times Moon's ; 
Distance of Moon from Earth 222,000 miles; 
Distance of Sun from Earth 92,000,000 miles. 

6. If fif is the semi-diameter of the Sun, and p, P the horizontal 
parallaxes of the Sun and the Moon at the time of a lunar eclipse, show 
that to an observer on the Earth the angular radius of the Earth's 
shadow at the distance of the Moon is P+p— iS, and that of the 
penumbra P+p + 8. Determine, also, the length of the shadow. 

6. If the distance of the Moon from the centre of the Earth Is 
taken to be 60 times the Earth's radius, the angular diameter of the 
Sun to be half a degree, and the synodic period of the Sun and 
Moon to be 80 days, show that the greatest time which can be 
occupied by the centre of the Moon in passing through the umbra 
of the Earth's shadow is about three hours, and explain how this 
method might be employed to find the Sun's parallax. 

7. If the distance of the Moon were diminished to 80 times the 
Earth's radius, what would be the time occupied in passing through 
the shadow P 

8. Determine what length of the axis of the Earth's shadow is 
absolutely dark, having given that the horizontal refraction is about 
85'; and account for the copper colour often seen on the Moon 
when eclipsed. 

9. What kind of eclipse is most suitable for the determination of 
longitude, and why ? 

10. What would be the greatest possible inclination of the plane 
of the Moon's orbit to the ecliptic, that there might be a partial 
eclipse at each conjunction P 

(The greatest distance of the Moon ^^ 60 x Earth's radius.) 
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EXAMINATION PAPEII.—IX. 

1. Wbat is the cause of eclipses of the San, and of the Moon P 
Why is a solsir eclipse visible over so small a portion, and a Innar 
eclipse over so large a portion of the Earth P 

2. Accoant for the phenomenon called a Lnnar Eclipse. Show 
that it begins and ends at the same instant at all places from which 
it is visible. 

8. Explain briefly the manner in which a solar eclipse passes over 
the Earth. 

4. Explain clearly how an annnlar eclipse of the Sun is prodnced. 
Why are there no annular eclipses of the Moon P Explain why 
solar eclipses are sometimes total and sometimes annnlar. 

6. Explain why, thongh there are, on the whole, more eclipses of 
the Son than of the Moon, many more of the latter than of the 
former are visible at Greenwich. 

6. Define unibra and penumhrcL Calculate the lengths of the 
cones of shadow (umbra) cast by the Earth and Moon, and find the 
breadth of the Earth's umbra at the distance of the Moon. 

7. Define and roughly calculate the solar and lunar ecliptic limits. 
What is the greatest number of lunar eclipses which can occur in a 
year P What is the least number of solar eclipses which can occur 
in the same interval P 

8. What Is the Soros f State its length, and why it has to be 
an exact multiple of the synodic period of the Moon and nearly 
a multiple of that of the node. 

9. Do occultations of a star by the Moon occur at the same 
instant at all observatories P 

10. Show how to find at what point (if any) of the Earth's 
surface a solnr eclipse will be central. 
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THE PLANETS. 
Section I. — General Outline of the Solar System, 

302. The name planet, or " wanderer," was applied by 
the Greeks to designate all those celestial bodies, except 
comets and meteors, which changed their position relative to 
the stars, independently of the diurnal motion ; these included 
the Sun and Moon. At present, however, only those bodies 
are called planets which move in orbits about the Sun. The 
Sun itself is considered to be a star, while the Earth is 
classed among the planets, and the Moon, which follows the 
Earth in its annud path, and has an orbital motion about 
the Earth, is described, along with similar bodies which 
revolve about other planets, as a satellite or secondary. 

303. The Snn, Q, is distinguished by its immense size and 
mass. It forms tiie centre of the solar system, for, in spite 
of the great distances of some of the furthest planets, the 
centre of mass of the whole system always lies very near the 
Sun. The Sun resembles the other fixed stars in being self- 
luminous. 

Its diameter is 110 times that of the Earth, or nearly 
twice as great as the diameter of the Moon's orbit about the 
Earth. 

From observing the apparent motion of the spots or cavities 
which are usually seen on the Sun's disc, it is inferred that 
the Sun rotates on its axis in the sidereal period of about 
26 days. 
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304. Bode's Law. — ^The distances of the planets from the 
Sun have heen ohserred to be approximately connected by a 
remarkable law known as Bode^s Law, Tliis law is purely 
empirical, that is, it is merely a result of observation, and it 
has not as yet been proved to be a consequence of any known 
physical principle. Moreover, it is only roughly true, giving, 
as it does, a residt far too great for the furthest planet 
Neptune. 

The law is given by the following rule : Write down the 
series of numbers 

0, 3, 6, 12, 24, 48, 96, 192, 384, 
each number (after the second) being double the previous one. 
Now add 4 to every term ; thus we obtain 

4, 7, 10, 16, 28, 52, 100, 196, 388. 
These numbers represent fairly closely the relative distances 
of the various planets from the Sun, the distance of the Earth 
(the third in the series) being taken as 10. 

The planets all revolve round the Sun in the same direction 
as the Eaith. Their motion is, therefore, direct, 

305. ICercnry, $ , is the planet nearest the Sun, its dis- 
tance on the above scale being represented by 4. It is 
characterized by its small size, the great eccentricitv of its 
elliptical orbit, amounting to about \j and the great inclina- 
tion of the orbit to the ecliptic, namely, about 7^. The 
sidereal period of revolution round the Sun is about 88 of our 
days. 

Thus, Mercury's greatest and least distances from the Sun 
are in the ratio of 1 ^-^ : l -| {cf, § 149), 

or 3:2. 

Professor SchiaparcUi, of Milan, has found that Mercury 
rotates on its axis once in a sidereal period of revolution; 
consequently it always turns nearly the same face to the 
Sun, like the Moon does to the Earth (§ 276). 

Owing, however, to the great eccentricity of the orbit, the 
"libration in longitude " is much greater than that of the 
Moon, amounting to 47^. Consequently, rather over one 
quarter of the whole surface is turned alternately towards 
and away from the Sun, three-eighths is always illuminated, 
and three-eighths is always dark. 
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306. Veniui, $ , is the next planet, its mean distance 
from the Sun being represented by about 7 (really 7*2). Its 
orbit is very nearly circular, and is inclined to the ecliptic at 
an angle of about 3° 23'. 

Yenus revolves about the Sun in a period of 224 days. 

307. The Earth, 0, comesnext, its mean distance being re- 
presented by 10, and its orbit very nearly circular (eccentricity 
= ^). Its period of revolution in the ecliptic is 365J days, 
and i1^ period of rotation is a sidereal day, or 23h. 56m. mean 
time. It is the nearest planet to the Sun having a sateUite 
(the Moon, ([ ), which revolves about it in 27^ days. 

308. Mars, (^, is at a mean distance represented roughly 
by 16, or more accurately by 15*2. Its orbit is inclined at 
less than 2^ to the ecliptic, and is an ellipse of eccentricity 
about t\. It revolves about the Sun in a sidereal period of 
about 686 days, and rotates on its axis in about 24h. 37m. 

Mars has two very small satellites^ which revolve about it 
in the periods 7^ and 30^ hours, roughly. The appearance 
which would be presented by the inner satellite, if observed 
from Mars, is rather interesting. As it revolves much faster 
than Mars, it would be seen to rise in the west and set in the 
east twice during the night. The outer satellite would appear 
to revolve slowly in the opposite direction — ^from east to west. 
The inner satellite is eclipsed often at opposition, and would 
appear to transit the Sun's disc often at conjunction. 

309. The Asteroids. — The next conspicuous planet, 
Jupiter, is at a distance represented by 52 ; but, according 
to Bode's law, there should be a planet at the distance 28. It 
was for a long time thought that no planet existed at this 
distance, but the gap was filled, at the beginning of the cen- 
tury, by the discovery of a number of small planets, to which 
the name of Asteroids, or Kinor Planets, was given. 
Since that time a few new asteroids have been discovered 
almost every year, the total number foimd up to October 15, 
1891, being 321. It is probable that this nimiber will be 
very largely increased by stellar photography. 

The larg-est asteroid, Vesta, is just visible to the naked 
eye when in opposition ; and the length of its diameter is 
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between *1 and '2 of that of the Moon. Among the others 
Jnno, Ceresy Pallas, and Astraa are the most con- 
spicuous telescopic objects. Many of the smaller asteroids 
are less than ten miles in diameter, and are probably simply 
masses of rock flying round and round the Sun. 

The periodic times of revolution of the asteroids vary con- 
sidenibly, but their average is about 1,600 days. The orbits 
are in many cases very oval, the eccentricity of one {Poly- 
ftymnia) being over ^, and they are often inclined at consider- 
able angles to the ecliptic, the inclination in the case of Pallas 
amounting to nearly 35°, while that of Juno is 13°. 

The planets outside the asteroid belt are distinguished £rom 
those hitherto described by their far greater dimensions and 
masses, and by their smaller densities. In this respect they 
resemble the Sun. They are also supposed to be at high 
temperatures, though not hot enough to emit light. 

310. Jupiter, 7/, is at a mean distance almost exactly re- 
presented by 52. It revolves round the Sun in a period of 
twelve years, in an orbit nearly circular and inclined at only 
1J° to the ecliptic. 

The diameter of Jupiter is about eleven times that of the 
Earth, and through a telescope the disc is seen to be encircled 
with a series of belts or strealcB parallel to its equator. On 
account of their variability, these are supposed to be due to 
helU of clouds in the atmosphere of the planet. 

Jupiter is now known to have five satellites. The four 
outer ones are interesting as being the first celestial bodies 
discovered with the telescope by its inventor Galileo (a.d. 
1610). A fairly powerful opera glass will just show them. 
The outermost of all revolves in an eULpse of considerable 
eccentricity inclined to the ecliptic plane at about 8°, its 
period being about lOd. 17h. The three next revolve in 
orbits nearly circular, and in the ecliptic, in periods of 7d. 4h., 
3d. 13ih., and Id. 18|h. The fifth or innermost satellite 
has only just been discovered (1892) by Mr. Barnard with 
the great Lick telescope ; it revolves in a period of nearly 
12h., at a mean distance of 70,000 miles from the surface, or 
1 13,000 miles from the centre of Jupiter. Jupiter's satellites 
are frequently eclipsed bjr passing into the shadow cast by Jupi- 
ter, or occulted when Jupiter comes between them and the Earth. 
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31 1 . Saturn, T^ , is at a mean distance from the Sun of 95|, 
taking the Earth's distance as 10. This is rather less than 
the distance given by Bode*s Law. The periodic time of revo- 
lution is 29^ years. The orbit is nearly circular, and inclined 
to the ecliptic at an angle of 2|^. 

SaturrCa rings are among the most wonderful objects 
revealed by the telescope. They appear to be three flat 
annular discs of extreme thinness, lying in a plane inclined 
to the ecliptic at an angle of about 28^, and extending to a 
distance rather greater than the radius of the planet ; the 
middle ring is by far the brightest, while the inner ring is 
very faint. When the Earth is in the plane of the rings they 
are seen edgewise, and, owing to their very small thickness, 
they then become invisible except in the best telescopes. 

It is probable that the rings consist of a large number of 
small satellites or meteors. It is certain that they do not 
consist of a continuous mass of solid or liquid matter. The 
surface of the planet itself is encircled with belts similar to 
those on Jupiter. 

In addition to the rings, Saturn has at least eight satelliteMy 
all situated outside the rings. The seven nearest move in 
planes nearly coinciding with that of the rings, while the 
orbit of the eighth is inclined to it at an angle of 10°. The 
sixth satellite is by far the largest, having a probable dia- 
meter not far short of that of the planet Mars. The seventh 
has been observed, like our moon, always to turn the same 
side towards the planet. The distances of the satellites from 
Saturn range from 3 to 60 times the planet's semi-diameter, 
and tlie corresponding periods range from 22 J h. to 79 d. 

812. Uranus, ^, at mean distance 192, revolves in an 
approximately circular orbit, nearly coinciding with the 
ecliptic, in a period of 84 years. It was discovered in 1781 
by Sir William Herschel, who named it the Georgium Sidus 
in honour of the king. 

Uranus is attended by four satellites at least, and these 
possess the remarkable peculiarity of revolving in a plane 
nearly perpendicular to the ecliptic and in a retrograde 
direction. In fact, the plane of their orbits makes an angle 
of 82° with the ecliptic. Their periods are 2Jd., 4d., 8Jd., 
and 13|d. roughly. 
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818. ITepiiine, ^. — ^The position of this planet was pre- 
dicted in 1846 almost simultaneously by Adams and Levenier, 
from the observed effects of its attraction on the orbital 
motion of Uranus. It was first actually seen by Galle, of 
Berlin, in September, 1846, very close to the position which 
had been computed beforehand. It has a mean distance 
300 (being considerably less than that which it would have 
according to Bode's Law), and it revolves in its orbit in about 
164 years. 

Neptune has one satellite moving in a retrograde direction 
in a plane inclined to the ecliptic at about 35°. 

The discovery of Neptune will bo treated more fully in the 
chapter on Perturbations. 

814. Talmlar View of the Solar System. — For con- 
venient reference, the mean distances of the planets, measured 
in terms of the Earth's mean distance as the unit, and their 
periodic times, are given below, together with the inclina- 
tions and eccentricities of the orbits, and the numbers of 
their satellites. 



Nam© of 
Planet. 


Meftn Dist 
of Planet. 
Mean Dist 
of Borth. 


Periodic Time. 


Inclination 
of Orbit. 


Eccen- 
tricity 

of 
Orbit 


No. of 
8at«l- 
litot. 






days = 


= years 








Mercury, 5 


0-38 


88 


024 


7 d 


-206 


— 


Venus, ? 


072 


224 


062 


3 23 


•007 


— 


Earth, 


100 


365 


100 





-017 


1 


Mar8, <J 


1-52 


687 


1-88 


1 51 


-093 


2 


Ceres, © 


277 


1,681 


4-60 


10 37 


•076 


— 


Jupiter, n 


5-20 


4,332 


11-86 


1 19 


•048 


5 


Saturn, k 


9S54 


10,769 


29-40 


2 30 


•056 


s&s 

rings 


Uranus, y 


1918 


30,687 


84*02 


46 


•046 


4 


Neptune, tJT 


30-05 


60,181 


164-78 


1 47 


•009 


1 
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Section II. — Synodic and Sidereal Periods — Description oj 
Motion in Elongation of Planets as seen from the Earth — 
Phases. 

315. Inferior and Superior Planets. — ^Definiitions. 

— In describing the motions of the planets relative to the 
Earth, it is convenient to divide the planets into two classes, 
inferior and superior planets. 

An inferior planet is one which is nearer to the Sun than 
the Earth ; Mercury and Venus are the two inferior planets. 

A superior planet is one which is further from the Sun 
than the Earth : all the planets except Mercury and Yenus 
are superior. 

The angle of elongation is the difference between the 
geocentric (§156) longitude of the planet and that of the 
Sun. It has the same meaning as in the case of the Moon 
(§259). 

We shall now describe the changes in elongation of the 
inferior and superior planets, as seen from the Earth. It 
appears from the preceding section that 

(i.) The planets all revolve round the Sun in the same 
direction ; 

(ii.) The planets which are nearer the Sun travel at a 
greater speed than those which are more remote. 

The second fact can be easily verified from comparing the 
distances and periods of the planets given in the previous 
section. Even if we take into account the fact that the more 
distant ones have further to travel, we shall stiU find that 
they take longer to travel over the same distance. 

In order to further simplify the descriptions we shall 
assume that the planets all revolve uniformly in circles, about 
the Sun as centre, in the plane of the ecliptic. These 
assumptions are only roughly true, on account of the small 
eccentricities of the orbits and their small inclinations to 
the ecliptic ; hence our results will only agree roughly with 
observation. 

816. Changes in Elongation of an Inferior Planet. 
— ^Let ^be the Earth, Fan inferior planet moving in the orbit 
A UBU' about S the Sun. Since /SF revolves more rapidly 
about 8 than SE, the motion of V relative to E, as it would 
appear from 5, is direct. 
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S r separates from iSj^ at a rate which is the difference 
of the rates at which E^ V revolve in their orhits. The 
changes in the positions of the planet relative to the Sun 
are therefore the same as if ^ were at rest and V re- 
volved with an angular velocity equal to the excess of the 
angular velocity of the planet over that of the Earth. 




Let the line E8 meet the orbit of V in A and B, When 
F is at -4 or j5 it has the same longitude as jS, and if the 
planet actually moved in the ecliptic it would be in front of 
the Sun at -4, behind the Sun at B, In reality, owing 
to the inclination of the orbits, this but rarely happens. 

At A^ the planet is said to be in inferior ooi^nnction 
with the Sun ; it has the same longitude and is nearer the 
Earth. At B the planet is said to be in superior coi^ano- 
tion with the Sun ; it has the same longitude but is further 
away. If we consider the appearances which would be pre- 
sented on the Sun, the planet is in ** heliocentric conjunction " 
with the Earth at A and in " heliocentric opposition " at B. 

After inferior conjunction at A^ the pianet is seen on the 
westward side of the Sun, as at F",. The elongation SEV 
gradually increases till the planet reaches a point Csuch 
that EU\a a tangent to the orbit. The planet is then at its 
greatest elongation, the angle SEUh^mg a maximum. 

Subsequently, as at F^, the elongation diminishes, and the 
planet approaches the Sun, until superior conjunction occurs, 
as at B, The planet then separates from the Sun, reappear- 
ing on the opposite (eastern) side, as at F",, attains its maxi- 
mum elongation at IT, and finally comes round again to 
inferior conjunction at A, 
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The time between two consecntiTe conjunctions of the 
same kind (superior or inferior) is called the synodic period 
of the planet (<?/. §259), and is the period in which 
iSr separates from iSlfe through 360°. 

817. To find (roughly) the Batio of the Distance 
from the Snn of an Inferior Planet to that of the 
Earth, it is only necessary to observe the planet's greatest 
elongation. For \i U^ E (Fig. 95) represent the planet and 
Earth at the instant of greatest elongation, the angle EUS is 
a right angle, and therefore 




that is, 

DUtence of planet ^ ^^^ of greatest eloBgatioH. 
Distance of Earth 

This method is, however, much modified by the fact that 
the real orbits are not circles, but ellipses. 

Example 1. — Given that the greatest elongation of Venns is 45**, 
find its distance from the Snn, that of the Earth being 93,000,000 
miles. 

Here distance of Venus := 93,000,000 sin 45® « 98,000,000 x ^/\ 
= 93,000,000 X -70711 = 65,760,000 miles. 

Example 2. — Taking the Earth's distance as nnity, to find the 
distance of Mercniy, having given that Mercury's g^reatest elonga- 
tion is 22^^ 

The distance of Mercury - Ixsin 22^° = -/{^(l-cos 46®)} 
« 4^/(2- v'2)» 
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818. Changes in Elongation of a Superior Planet. — 

Let us now compare the apparent motion of the superior planet 
J" with that of Sun. Since it revolves about the Sun in the 
same direction as the Earth does, but more slowly, the line 
iS/will move, relative to SE^ in the opposite or retrograde 
direction. Hence, in considering the changes in the position 
of the planet relative to the Sun, we may regard SU as a 
fixed Ime, and J must then revolve about S in the circle 
AltBT with, a retrograde motion, ».^., in the same direction 
as the hands of a watch.* 

At A the planet is in opposition with the Sun, and its 
elongation is 180^. At ^ it is in coi^jnnction, and its 
elongation is 0^. If, however, we were to refer the directions 
of the Earth and planet to the Sun, the planet would be in 
heliocentric conjunction with the Earth at Ay and in helio- 
centric opposition at i?. 

The planet is nearest the Earth at A, and since its orbital 
velocity is constant, its relative angular velocity is then 
greatest, and the elongation SUJ is decreasing at its most 
rapid rate. As the planet moves round from opposition A to 




conjunction B, the elongation SJEJ decreases continuously 
from 180^ to 0". 

At B the elongation is 90^, and the planet is said to be in 
qnadratnre. 

* Ab a simple illastration, both the hoar and minato Lands of a 
watch revolve in the same directions, bat the minate hand goes 
faster and leaves the hoar hand behind. Henoe the hour hand 
separates from the minute hand in the opposite direction to that in 
which both are moving. 
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At conj'unction, By the elongation is 0®; and we may also 
consider it to be 860°. As the planet reyolyes from BtoJL^ 
the elongation (measured ronnd in the direction BRA) de- 
creases from 360® to 180°. 

At Tthe elongation is 270°, and the planet is again said 
to be in quadrature. 

At A the elongation is again 180°, the planet being once 
more in opposition. After this the elongation decreases from 
180° to 0° as before, as the planet's relative position changes 
from A through Rio B, 

The cycle of changes recurs in the synodic period^ «.«., 
the period between two successive conjunctions or oppositions. 
"We see that the elongation decreases continually from 360° 
to 0° as the planet revolves from conjunction round to con- 
junction, and there is no greatest elongation. 




Pio. 97. 

819. To oompare (roughly) the Dintanoe of a 
Superior Planet with that of the Earth. — Here there 
is no greatest elongation, and therefore we must resort to 
another method. 

Let the planet's elongation SUJ (Fig. 97) be observed at 
any instant, the interval of time which has elapsed since the 
planet was in opposition being also observed. Let this 
interval be <, and let S denote the length of the planet's 
synodic period. Then, in time 8 the angle JSE increases 
from 0° to 360° ; therefore, if we assume the change to take 
place uniformlv, the angle JSE at time t after conjunction 
i8 = 860°xr/i§ 
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Hence, JSFis known. Also JES has been observed, and 
SJJS (= 180°— /BS- JSfi?) is therefore also known. 

Therefore we have, by plane trigonometry, 

Pigtance of Planet _ 8J_ mn 8EJ 
Diartance of Earth 8jS sin 8JE 

which determines the ratio of the distances required. 

This method is also applicable to the inferior planets. It 
is, however, not exact, owing to the fact that the planetary 
motions are not really uniform (see § 327). 

*820. It is not necessary to observe the instant of conjnnction or 
opposition. If S is known, two observations of the elongation and 
the elapsed time are euffioient to determine the ratio of the distances. 
The requisite formnlsd are more complicated, bnt they only involve 
plane trigonometry. We, therefore, leave their investigation as an 
exercise to the more advanced student. 

ExAMPLK. — To calculate the distance of Saturn in terms of that 
of the Earth, haviuf^ eiven that 94 days after opposition the elonga- 
tion of Saturn was 84i 17^ and that the synodic period is 376 days. 
Given also tan 6® 48' « •!. 

Let the Sun, Earth, and Saturn be denoted by 8, E, J. In 876 
days Z J8E increases from (f to 860°. 

/. in 94 days after opposition Z JSE - 90° j 

also, by hypothesis, Z JE8 = 84" 17'. 

. Distance of Saturn 8 J 



Distance of Earth 8E 



= tan 8EJ - tan 84^ iT* 



- oot6»43'-^-10. 

Therefore the distance of Saturn, as calculated from the given 
data is 10 times that of the Earth. 



821. The synodio period of an inferior planet may 

be found very readily by determining the time between two 
transits of the planet across the Sun's disc and counting the 
number of revolutions in the interval. 

For a snperior plandt this is not possible, and we 
must, instead, find the interval between two epochs at which 
the planet has the same elongation* 



Digitized by 



Google 



250 ASIBONOHT. 

322. Balations between the Synodic and Sidereal 
Periods. — The relation between the synodic and sidereal 
periods is almost exactly the same aa in the case of theMoon^ 
the only difPerence being that the planets revolve about the 
Sun and not about the Earth. 

The sidereal period of a planet is the time of the planet's 
revolution in its orbit about the Sun relative to the stars. 
The synodic period is the interval between two conjunc- 
tions with the Earth relative to the Sun. It is the time in 
which the planet makes one whole revolution as compared 
with the line joining the Earth to the Sun. 

Let 8 be the planet's synodic period, 

P its sidereal period, 

Fthe length of a year, that is, the Earth's sidereal period, 
all the periods being supposed measured in days. 

Then, in one day, 
the angle described by the planet about the Sun = 360°/P, 
the angle described by the Earth ^ = 3607F, 

and the angle through which their heliocentric 

directions have separated = S60°/S. 

If the planet be inferior, it revolves more rapidly 
than the Earth, and 360°/^ represents the angle gained by 
the planet in one day. 

360^_3602_ 360^ , 
'''8 F Y * 

^" T "= p "T- ^^•'- 

If the planet be snperior, it revolves more slowly 
than the Earth, and 360°/^^ is the angle gained by the JEarth 
bi one day. 

360° _ 360° 360° 

From these relations, the sidereal period can be found it 
the synodic period is known, and Vi^e versti* 
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823. Fluures of th« Flanefcs. — As the planets deriyo 
their light from the Sun, they must, like the Moon, pass 
through different phases depending on the proportion of their 
illuminated surface which is turned towards the Earth. 

PluuBies of an Inferior Planet. — An inferior planet V 
will evidently ho new at inferior conjunction -4, dichotomized 
like the Moon at its third quarter at greatest elongation TJ^ 
full at superior conjunction By dichotomised like the Moon at 
first quarter when it again comes to greatest elongation at 
XT, Thus, like the Moon, it will undergo all the possible 
different phases in the course of a synodic revolution. 

There is, however, one important difference. As the 
planet revolves from ^ to j5 its distance from the Earth 
increases, and its angular diameter therefore decreases. Thus 
the planet appears largest when new and smallest when full, 
and the variations in the planet's brightness due to the differ- 
ences of phase are, to a great extent, counterbalanced by the 
changes in the planet's distance. For this reason, Venus 
alters very little in its brightness (as seen by the naked eye) 
during the course of its synodical revolution. 





FiQ. 08. 

The phase is determined by the angle S VE^ and this is 
the angle of elongation of the Earth as it woidd appear from 
the planet. The illuminated portion of the visible surface 
of the planet at F is proportional to 180**— iSFLBi and the 
proportion of the apparent area of the disc which is illumi- 
nated varies as l+cosiSrJF or %iijQ^\BVE. (Cy. §263). 

The phases of Yenus are easily seen through a telescope. 

ASTRON. 8 
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824. Phases of a Superior Planet.— For a superior 
planet J the angle SJJB never exceeds a certain value. It is 
greatest when 8EJ = 90®, being then the greatest elongation 
of the Earth as it would appear from the planet. Hence tho 
planet is always nearly fuU, being only slightly gibbous, and 
the phase is most marked at quadrature. 




The gibbosity of Mars, though small, is readily visible at 
quadrature, about one-eighth of the planet's disc being 
obscured. The other superior planets are, however, at a 
distance from the Sun so much greater than that of the Earth 
that they always appear very approximately full. 

326. The " Phases " of Saturn's Rings are dae to on entirely 
different oanse. The plane of the ringR, like the plane of the Earth's 
equator, is fixed in direction, and inclined to the ecliptic at an angle 
of about 28°. Hence, during the course of the planet's sidereal 
revolution, the Sun passes alternately to the north and south sides 
of the rings (just as in the phenomena of the seasons on our Earth, 
the Sun is alternately N. and S. of the equator). The Earth, which, 
relatively to 8atum, is a small distance from the Sun, also passes 
alternately to the north and south sides of the rings, and we see the 
rirgs first on one side and then on the other. At the instant of 
transition the rings are seen edgewise, and are almost invisible. 

Unless Saturn is in opposition at thils instant, the Sun and Earth 
do not cross the plane of the rings simultaneously, and between 
their passages there is a short interval during which the Sun and 
Earth are on opposite sides of the plane ; and the unillwninat^d 
side of the rings is turned towards the Earth. The last "dis- 
appearances'* of the rings occurred in Sept., 1891 — May, 1892, but 
they occur twice in each sidereal period, or once about every 16 years. 

Other interesting appearances are presented by the shadows 
thrown by the planet on the rings and by the rings oi» *he planet. 
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Sboiioh ni. — Kepler* 9 Laws of Planetary Motion." 

326. Kepler's Three Laws. — We have already seui 
that the orbits of most of the planets are nearly circnlar, their 
distances from the Sun being nearly constant and their 
motions being nearly uniform. A far closer approximation 
to the truth is the hypothesis held for a long time by Tycho 
Brahe and other astronomers, namely, that each planet re- 
Tolved in a circle whose centre was at a small distance from 
the Sun, and described equal angles in equal interyols of 
time about a point found by drawing a straight line from the 
Sun's centre to the centre of the circle and producing it for 
an equal distance beyond the latter point. 

The true -laws which govern the motion of the planets were 
discovered by the Danish astronomer Kepler, in connection 
with his great work on the planet Mars {Be Motibus SteUae 
Ifartis). After nine years' incessant labour the first and second 
of the following laws were discovered, and shortly afterwards 
the third. 

Z. Every planet moves in an ellipse, with the Sun 
in one of the foci. 

ZZ. The straight line drawn from the centre of 
the Sun to the centre of the planet (the planet's 
''radins vector''^ sw^ps oat equal areas in eqnal 
times. 

ZZZ. The squares of the periodic times of the 
several planets are proportional to the cubes of their 
mean distances from the Snn. 

These laws are known as Kepler's Three Zaws. We 
have already proved that the first two laws hold in the 
case of the Eaiih. The third law is also found to hold good 
for the Earth as well as the other planets, and this fact alon^ 
aOordfl strong evidence that the £arth is aflanet 
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By the mean distance of a planet is meant the arith- 
metic mean between the planet's greatest and least dis- 
tances from the Sun. li p, a (Fig. 100) be the planet's 
positions at perihelion and aphelion (t.^., when nearest and 
furthest from the Sun respectively), the planet's mean 
distance = ^ {Sp -\- Sa) == ^ pa = ^ (mojoT axis of ellipse 
described) (§ 147). 

The periodic times are, of course, the sidm'eal pdriods. 
Hence the third law is a relation between the sidereal periods 
and the major axes of the orbits. 




Pig. 100. 

327. Verification of Kepler's First and Second 

Laws. — "We will now roughly sketch the principle of the 
methods by which Kepler determined the orbit of Mars, and 
thus proved his First and Second Laws. A verification of 
the laws in the case of the Earth has already been given, and 
wo have shown (§ 145) how to determine exactly the position 
of the Earth at any given time ; we may regard this, there- 
fore, as known. We may also suppose the length of the 
sidereal period of Mars to be known, for the average length of 
the synodic period may be found, as in § 261 , and tiie sidereal 
period may be deduced by the formuloB of § 322. 

Let tiie direction of the planet be observed when it is at 
any point If in its orbit, the Earth's position being -K When 
the planet has returned again to J/" after a sidereal revolution, 
the Earth will not have returned to the same place in its 
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orbit, but will be in a difPeront position, say J^. Let now 
the planet's new direction FM be observed.* 

From knowing the Earth's motion, we know 8E, 8F and 
the angle FSF. From the observations of the two directions 
of if we know the angles SFIffmd 8FM. These data are 
sufficient to enable us to solve the quadrilateral SEMF.\ 




Fia. 101. 
We can thus determine 8M and the angle E8M^ whence 
the distance and direction of if from the Sun are found. 
Similarly, any other position of Mars in its orbit can be found 
by two observations of the planet's sidereal period separated 
by the interval of the planet's sidereal revolution. Id 
this way, by a series of observations of Mars, extending ovei 
two sidereal periods, the planet's direction and distance 
relative to the Sun can be determined daily, and the whole 
orbit can thus be plotted out. 

This method was that actually adopted by Kepler, except that he 
had not previously determined the Earth's motion, and believed that 
it could be accurately represented by Tycho Brahe's hypothesis. 
This approximation was close enough, for the Earth's orbit is very 
nearly a circle, and that of Mars, which ho was deducing, is very 
much more eccentric. 

* For simplicity we suppose Mars to move in the ecliptic plane. 
The methods require some modification when the inclination of the 
orbits is taken into account, but the general principle is the some. 

t For join EF. In LSEV we know Si?, SFand lESF. Hence 

wo find EF, iSEFy l8FE. Hence I FEM {^^ SEM-8EF) and 

lEFM {'^ SFM-BFE) are known. With these and EF solve 

^ ^IJEF and find EM^ HF. Lastly, in L8EM we know SE, EM, and 

I SEM, and thus we find 8M and Z E8M, 



Digitized by 



Google 



256 ASTHOirovT. 

^28. Verification of Kepler's Third Law. — ^Kepler's 
Third Law can be yerified much more easily, especially if we 
make the approximate assumption that the planets roTolve 
nniformly in circles abont the Sun as centre. The sidereal 
periods of the different planets can be found by observing the 
average length of the synodic period (the actual lengfii of 
any synodic period is not quite constant, owing to the planet 
not revolving with exactly uniform velocity) and applying 
the equations of § 822. The distance of the planet may be 
compared with that of the Earth, either by observing the 
greatest elongation (§ 317) in the case of an inferior planet, 
or by the method of § 819. It is then easy to venfy the 
relation between the mean distances and periodic times of 
the several planets. 

In the table of § 314, the student will haye little 
difficulty in verifying (especially if a table of logarithms 
be employed) that the square of the ratio of the periodic 
time of the planet to the year (or periodio time of the 
Earth) is in every case equal to the cube of the ratio of 
the planet's mean distance to that of the Earth.* The data 
being only approximate, however, the law can only be veri- 
fied as approximately true, although it is in reality accurate. 

Owing to the importance of Kepler's Third Law, we append 
the following examples as illustrations. 

Examples. 

1. Given that the mean distance of Mars is 1'52 times that of the 
Earth, to find the sidereal period of Mars. 

Let T be the sidereal period of Mars in days. Then, by Kepler's 
Third Law, 



/. T = 365} X -v/(8-5118) « 365} x 1-874 - 684-6. 

Uence, from the given data, the period of Mars is 1*874 of o year, 
or 684-5 days. 

Uad we taken the more accurate value of the relative distanco, 
viz., 1-5237, we should have found for the period the correct value, 
namely, 687 days. 

* In other words, 2 log (period in years) « 8 log (distance in terms 
of Earth's distance). 
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2. The tynodic period of Japiter being 399 days, to find its distance 
from the Sun, haying giren that the Earth's mean distance is 9*d 
million miles. 

Let T be the sidereal period of Japiter. Then, by § 322, 

2^^ J[ 1^ ^ 33} 

T * 366 J 899 "* 365^ x 399' 

...T-||K865idayB = Myear. 

« 11*82, or nearly 12 years. 

Let a be the distance of Japiter in millions of miles. Then, by 
Kepler's Third Law, 

(s)'-(Tr— 

.-. a - 92xy(144) =- 92x524 - 482; 

that is, Jnpiter's distance is 482 millions of miles. 

By taking T » 11*82 and the Earth's distance as 92*04, we should 
have found the more accurate yalue 477*6 for Jupiter's distance in 
millions of miles. 

329. Satellites. — The motions of the satellites about any 
planet are found to obey the same laws as those which Kepler 
investigated for the orbits of the planets. For example, the 
Moon's orbit about the Earth is an ellipse, and (except so far 
as affected by perturbations) satisfies both of Kepler's First 
and Second Laws. When a number of satellites are revolv- 
ing round a common primary {i.e., planet) as is the case with 
Jupiter, the squares of their periodic times are found, in 
every case, to be proportional to the cubes of their mean 
distances from the planet.* 

Example. — To compare (roughly) the mean distances of its two 
satellites from Mars. The periodic times arc SO^h. and 7ih. respec- 
tiyely, and these are in the ratio (nearly) of 4 to 1. 

Hence the mean distances are as 4^ : 1, or ^16 : 1. 

Now, 2>/lG - ?/128 - 6 very nearly (since 5» = 125). Hence 
the mean distances are very nearly in the ratio of 5 to 2. 

• Of course the relation does not hold between the periodic times 
and mean distances of satellites revolving round different planets, 
nor between those of a satellite and those of a planet. 
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Section IV. — Motions Relative to Stars — Stationary Points. 

330. Direct and Betrograde Motion. — Wc have 
described (§§ 316-318) the motion of a planet relative to the 
Sun. In considering its motion relative to the stars we must 
take account of the Earth's motion. 





Fig. 102. 

An inferior planet moves more swiftly than the Earth. 
Hence at inferior conjunction the line -4-E'(rig. 102) joining 
them is moving in the direction of the hands of a watch. The 
planet th cref ore appears to move retrograde. At greatest elonga- 
tion ( Uy U') the planet's own motion is in the Ime joining it to 
the Earth, and hence produces no change in its direction ; 
hut the Earth's direct motion causes the line ETI or EXT to 
turn about Uor IP with a rotation contrary to that of the 
hands of a watch; and therefore the apparent motion is 
direct. Over the whole portion UBU' oi tiie relative orbit 
both the Earth's motion and the planet's combine to make the 
planet's apparent motion direct. There must, therefore, be 
two positions, Jf between -4 and £?' and iV between U^ and 
-4, at which the motion is checked and reversed. At these 
two positions the planet is said to be stationary. 

A snperior planet moves slower than the Earth ; hence at 
opposition the line EA (Fig. 103) joining them is turning in 
the direction of the hands of a watch. The planet therefore 
appears to move retrograde. At quadrature (.ft, T) the Earth is 
moving along MET; hence its motion produces no change in 
the planet's direction. Hence the planet's direct motion about 
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the Sun makes its apparent motion also direct In all parts 
of the arc IIBT the orbital yelocities of Earth and planet 
conspire to produce direct motion. Hence the planet is 
statilonary at JT, between A and £, and at iv between 
TttudA. 

In both cases the longitude increases from M io N and 
decreases from Nio M\ hence it is a maximum at N and a 
minimum at JT. After a complete synodic revolution the 
planet's elongation is the same as at the beginning, and the 
Sun's longitude has been increased ; therefore the planet's 
longitude has also inoreased. Hence the dirsct preponderates 
oyer the retrograde motion. 





Fio. 106. 



Fig. 104. 



331. AltematiTe explanation. — Wo may also proceed 
as follows. Let JE, J represent two planets at heliocentric 
conjunction. Let jE*,, ^, ^t; •••} •^v ^v «^» •••} ^ ^^^ 
successive positions after a series of equal intervals. To find 
the apparent motion of iT* among the stars, as seen from £, 
take any point £, and let JEl, E2, JES, ... (Fig. 105) be 
parallel respectively to JE^J^, E^T^^ JS^^^ .... Then the 
points 1, 2, 3, ... represent t/'s direction as seen from ^at a 
•cries of eqnal intervals, starting from opposition. 
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Again, if <71, J2, «73 be taken parallel to /,j^„ «^i?„ . . . 
(Fig. 108), the points 1, 2 now represent J^s direction aa 
seen from J, 

We obserye from Figs. 107, 108 that the relative motion is 
retrograde from 1 to 2, and becomes direct near 8. At the 
instant at which this takes place, either planet must be 
stationary, relative to the other. Since J^E^ is nearly a tan- 
gent to J^s orbit, E is near its greatest elongation, and / 
is near quadrature at the positions 4; hence, E appears 
stationary from J between inferior conjunction and greatest 
elongation ; and J appears stationary between opposition and 
quadrature. 




Fio. 107. 



Fio. 103. 



We notice that .71, J2^ , . . are paiallcl ioE\, E2, but 
measured in opposite directions, showing that the motion of 
E relative to c/ is the same (direct, stationary, or retrograde) 
as that of /relative to E, 
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882. Sffeets of Motion in Latitude. -^Hitherto wc 
have supposed the planet to move in the ecliptic. When, 
however, the small inclination of the orhit to the ecliptic is 
taken into account, it is evident that the planet's latitude is 
suhject to periodic fluctuations* 

The points of intersection of the planet's orhit with the 
ecliptic are (as in the case of the Moon) called the Nodes. 
Whenever the planet is at a node its latitude is zero ; and 
this happens twice in every sidereal period of revolution. 

A planet is stationary when its longitude is a maximum or 
minimum, but unless its latitude should happen to be a 
maximum at the same time, the planet docs not remain 
actually at rest. When the diange from direct to retrograde 
motion, and vice vered, is combined with the variations in lati- 
tude, the effect is to make the planet describe a zigzag curve, 
sometimes containing one or two loops, called "loops of 
retrogression." This is readily verified by observation. 



Pio. 109. 

Fig. 109 is an example of the path of Tonus in the neigh- 
bourhood of its stationaiy points, the numbers rcpi-cscnting 
its positions at a series of intervals of ten days. Here, 
the planet is stationary close to the node N^ between 4 
«nd 5, ond it describes a loop in the neighbourhood of the 
stationary point near 9, where its motion changes from re- 
trograde to direct. 

The student will find it an instructive exercise to trace out 
the path of any planet in the neighbourhood of its retrograde 
motion, using the values of its dccl. and E.A., at intervals of 
a few days, as tabulated in the Nautical or Whitahei^$ 
Almanack. 
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333. To find the oondition that two planets may he 
stationary as seen from one another, assuming the 
orhits circular and in one plane. — Let P,Q be the 

positioiis of the planets at any instant ; P', Q their positions 
after a very short interval of time. 

Then, if PQ and P'Q arc parallel, the direction of either 
planet) as seen from the other, is the same at the beginning 
and end of the interval ; that is, P is stationary as seen from 
0, and Q is stationary as seen from P. 

Let «, V represent the orbital velocities of the planets P, Q ; 
«, h the radii SP, SQ respectively. 




Fig. 110. 

Draw P'lly (JN perpendicular to PQ, Then, in the 
stationary position, tvc must have P'M= QUi, 

But PP\ QQ!, being the arcs descnbed by the two planets 
in the same interval, are proportional to the velocities w, v. 
Therefore P'M, QN are proportional to the component 
velocities of the planets perpendicular to PQ. These com- 
ponent velocities must, therefore, be equal, and we have 

u sin P'PM= V sin QQN. 
'WTience, since P'P is perpendicular to SP and Q'Qio 8Q^ 

u cos SrQ =s V cos SQN = — t; cos SQP (i.), 

and this is the condition that the planet© may be stationary 
relative to one another. 
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*334. To find the angle between the radii vectores in the station- 
ary position, and the period daring which a planet's motion is 
retrograde. — By projecting SQ, QP on BP, we have 

a - 5 008 PBQ + PQ cos SPQ. 

Similarly 5 » a cos PSQ + PQ oos 8QP. 

.-. COB SPQ : cos SQP = a-b cos PSQ i b-acos PSQ. 

Whence, by (i.), tt (a-b oos PSQ) + t? (b- a cos PSQ) - Oj 

... co.P5a = ^Llf+^ (IL). 

«r+6u 

By means of Kepler's Third Law, we can express the ratio of « to 
V in terms of a and b. For if Ti, T» denote the periodic times, then 

evidently t*Ti =■ 2wa ; vT, - 2»b ; 

.-. tt : v = aTa : bTi. 

But TilTi'^^a^lh^; 

,\ tt : V " i/h : v^o. 

Substituting in (ii.), we have 

cosPSQ « «v/fe + ^^/<* ^ ("^)*(«* ^^^*) . ^/(qfe) 

ay/a ^hy/h a^-¥h^ a-^{ab)-k-V 

[From this result it may be easily deduced that 

tanjPSQ^ fl-cosPSQU^ v^~V^a1 
' ^ \l + cosPSQ/ v/(a + &)J 
In the above investigation PSQ is the angle through which SQ 
separates from SP between heliocentric conjunction and the station- 
ary point. Hence, since Z PSQ increases from 0^ to 3G0^ in the 
synodic period S, the time taken from conjunction to the stationary 

point — 8x ^„ r- 

If Z PSQi - Z PSQ, there is another stationary point before con- 
junction, when the planets are in the relative positions P, Q. Hence, 
the interval between the two stationary positions is twice the time 
taken by the planets to separate through Z PSQ, and is therefore 

-'»«^— ^- 

This represents the interval during which the motion of either 
planet, as seen from the other, is retrograde. During the remainder 
of the synodic period the motion is direct, and the time of direct 
motion is therefore 

180° 180° 
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Section Y. — Amitd Botatiana of Sun and Planets, 
886. The Period of Botation of the Sun oan be found by 
obierying the passage of sunspots across the disc. These spots, by 
the way, are very easDy exhibited with any small telescope by 
focussing an image of the Snn on to a piece of white paper placed 
a few inches in front of the eye-glass — for to look straight at the 
San would cause blindness. Ab the Sun's axis of rotation is nearly 
perpendicular to the ecliptic, the rotation of the spots is seen in 
perspective, and makes them appear to move nearly in straight 
lines across the disc. From this observed apparent motion (as 
projected on the celestial sphere in a manner similar to that 
explained in § 263) their actual motion in circles about the Sun's 
axis is readily determined. For example, if a spot moves from the 
centre of the disc to the middle point of its radius, we may readily 
see that the angle turned through » sin-^ ^ » 3C^. 

The spots are observed to return to tho same position in about 
27^- days, and this is their synodic period of rotation relative to the 
Earth. Gall it 8, and let T bo the time of a sidereal rotation, T the 
length of the year. Then, as in the oase of an inferior planet 
(§ 822), we may show that 

L^L^L . 1,1.1 

S" T r ' •• r "271 866i* 
whence the true period of rotation T « 25^ days (roughly). 

It has been observed that spots near the Sun's equator rotate 
rather faster than those near the poles. This proves the Sun's surface 
to be in a fluid condition, for no rigid body could rotate in this way. 

836. Periods of Botation of Planets.— The rotation period of a 
superior planet is easily found by observing the motions of the 
markings across its disc near opposition, allowance being made for 
the motions of the Earth and planet. The surface of Mars has well- 
defined markings, which give the period 24h. 37m. The principal 
mark on Jupiter is a great red spo^ amid his southern belts, which 
rotates in the period of 9h. 56m. Saturn rotates in lOh. 14m. 

For an inferior planet ^ the period is more difficult to observe. 
There is still some uncertainty as to whether Yenus rotates in about 
23h. 21m., or whether, like Mercury, it always turns the same face 
to the San. There are no well-defioed markings, and, as the 
greatest elongation is only 45*', Yenus can only be seen for part of 
the night as un evening or morning star, and in the most favourable 
positions only a portion of the disc is illuminated. Moreover, 
refraction, modified by air-currents, prevents the pUnet from being 
seen distinctly when near the horizon. If the same markings are 
seen on the disc of a planet on consecutive nights, they may either 
have remained turned towards the Earth, or they may have rotated 
through 360® daring the day; hence tho difficulty of deciding between 
the two alternative hypotheses. Before the researches of Schiapa* 
relU (§ 305), it was believed that Mercury also rotated in about 24h. 
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EXAMPLES.— X. 

1. The Earth reyolyes roimd the San in 865*25 days, and VeDUM 
in 224*7 days. Find the time between two sncceBsiye conjunotioiui 
of Venus. 

2. If VenoB and the Son rise in succession at the same point of 
the horizon on the Ist of June, determine roughly Yenus' elongation. 

8. Find the ratio of the apparent areas of the illuminated portions 
of the disc of Yenus when dichotomized and when full, taking 
Yenus* distance from the Sun to be i^i- of that of the Earth. 

4. Mars rotates on his axis once in 24 hours, and the periods of 
the sidereal revolutions of his two satellites are 7( hours and 80 
hours respectively. Find the time between consecutive transits 
over the meridian of any place on Mars of tho two satellites 
respectively. 

5. A small satellite is eclipsed at every opposition. Find an 
expression for the gpreatest inclination which its orbit can have to 
the plane of the ecliptic. 

6. If the periodic time of Saturn be 30 years, and the mean dis- 
tance of Neptune 2,760 millions of miles, find (roughly) the mean 
distance of Saturn and the periodic time of Neptune. (Earth's mean 
distance is 92 millions of miles.) 

7. If the synodic period of revolution of an inferior planet were a 
year, what would be its sidereal period, and what would be its mean 
distance from the Sun according to Kepler's Third Law P 

8. Jupiter's solar distance is 5*2 times the Earth's solar distance i 
find the length of time between two conjunctions of the Earth and 
Jupiter. 

9. Saturn's mean distance from the Sun is nine times the Earth's 
mean distance. Find how long the motion is retrograde, having 
g^ven COS"* f = 65". 

10. Show that if the planets further from the Sun were to move 
with greater velocity in their orbits than the nearer ones, there 
would be no stationary points, tho relative motion among the stars 
being always direct What would be tho corresponding phenomeno& 
if the velocities of two planets were equal ? 
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EXAMINATION PAPER.— X. 

1. Explain tho apparent motion of a superior planet. Ulnstrate 
by figures. 

2. Describe the apparent course among the stars of an inferior 
planet as seen from the Earth, and the changes in appearance which 
the planet undergoes. 

8. Define the sidereal and synodic period of a superior or inferior 
planet, and find tho relation between them. Calculate the syaodio 
period of a superior planet whose period of revolution is thirty 
years. 

4. How is it that Venus alters so little in apparent magnitude (as 
seen by the naked eye) in her journey round the Sun P Why does 
not Jupiter eidiibit any perceptible phases ? 

6. State Bode's Law connecting the mean distances of the varioiit 
planets from the Sun. 

6. Prove that the time of most rapid approach of an inferior 
planet to the Earth is when its elongation is greatest, and that the 
velocity of approach is then that under which it would describe its 
orbit in the synodic period of the Earth and the planet. Give the 
corresponding results for a superior planet. (The orbits are to be 
taken circular and in the same plane.) 

7. What is meant by stationary points in the apparent motion of a 
planet ? Prove that, if a planet Q is stationary as seen from P, 
then P will be stationary as seen from Q. 

8. State Kepler's Three Laws, and, assuming the orbits of the 
Earth and Venus to be circular, show how the Third Law might be 
verified by observations of the greatest elongation and synodic 
period of Venus. 

9. Find the periods during which Venus is an evening star and a 
morning star respectively, being given that the mean distance of 
Venus from the Sun is *72 of that of the Earth. 

10. Having g^ven that there will be a full Moon on the 6th of June, 
that Mercury and Venus are both evening stars near their greatest 
elongrations, that Mars changed from an evening to a morning star 
about the vernal equinox, and that Jupiter was in opposition to the 
Sun on April 21st, draw a figure of the configuration of these 
heavenly bodies on May 1st. (All these bodies may be supposed to 
move in one plane.) 
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THE DISTANCES OF THE SUN AND STARS. 

Section I. — Introduction — Determination of the Sun's Parallax 
hy Observations of a Superior Planet at Opposition.''^ 

337. In Chapter Vin., Section I., we explained the nature 
of the correction known as parallax, and showed how to find 
the distance of a celestial body from the Earth in terms of its 
parallax. We also described two methods of finding the 
parallax of the Moon or of a planet in opposition — the first 
by meridian observations at two stations, one in the northern 
and the other in the southern hemisphere (§ 252) ; the second 
by micrometric observations made at a single observatory 
shortly after the time of rising and shortly before the time 
of setting of the planet or observed body (§ 254). 

In botii methods the position of the body is compared with 
that of neighbouring stars. This is impossible in the case of 
the Sun, for the intensity of the Sun's rays necessitates the 
use of darkened glasses in observations of the Sun, and these 
render all near stars invisible. 

Of oonrse the star conld theoretically be dispensed with in the 
method of § 252, but only (as there explained) at a great sacrifice 
of aoonraoy ; and if a star is used wMch crosses the meridian at 
night, the temperature of the air has changed considerably, and the 
corrections for refraction are therefore quite different, besides 
which other errors are introduced by the change of temperature 
of the instrument. 

* The student will find it of great advantage to rerise Section L 
of Ohapter YIIL before commencing the present Section. 

▲SIHOK. T 
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In § 264 wo doscribel a method, due to Aristarchus, in 
which the ratio of the Sun's to the Moon's distance was 
determined by observing the Moon's elongation when dicho- 
tomized, bnt this method was rejected, owing to the irregular 
boundary of the illuminated part of the disc, and the con- 
sequent impossibility of observing the instant of dichotomy. 

838. Classification of Methods. — The principal |7ra^ 
ticahle methods of finding the Sun's distance may be con- 
veniently classified as follows : — 

A. Geometrical Methods. 

(1) By observations of the parallax of a superior planet at 

opposition (Section I.). 

(2) By observations of a transit of the inferior planet 

Venus (Section II.). 

B. Optical Methods (Section IV.). 

(3) By the eclipses of Jupiter's satellites (Roemer's Method). 

(4) By the aberration of light. 

C. Gravitational Methods (Chapter XIV., Section IV.). 
(6) By perturbations of Venus or Mars. 
(G) By lunar and solar inequalities. 

339. To find the Son's Parallax by Observation of 
the Parallax of Mars. — By observing the parallax of 
Mars when in opposition, the Sun's parallax can readily be 
found. Por the observed parallax determines the distance of 
Mars from the Earth, and this is the difference of the dis- 
tances of the Sun from the Earth and Mars respectively. 
'The ratio of their mean distances may be found, if we assume 
Kepler's Third Law (§ 326), by comparing the sidereal period 
of Mars with the sidereal year, and is therefore known. 
Hence the distance of either planet from the Sun may readily 
be found, and the Sun's parallax thus determined. 

The parallax of Mars in opposition may be observed by 
either of the methods described in Chapter VIII., Section I. 
The method of § 252 (by meridian observations at two 
stations) was employed by E. J. Stone in 1865. The observa- 
tions were made at Greenwich and at the Cape, and the Sun's 
parallax was computed as 8*943". The method of § 254 (by 
observations at a single observatory) was employed by Gill 
at Ascension Island in 1879, and the result was 8*783''. 
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Example. 
If the parallax of Mara when in opposition be 14'', to find the 
Sun's parallax, assuming the distances of the Sun from the Earth 
and Mars to be in the ratio of 10 : 16. 

The distance of the Earth from Mars in opposition is the difference 
of the Sun's distances from the two planets. Hence 

Distance of Earth from Mars : Distance of Earth from Sun 
« 16-10: 10 = 8:5. 
But tlio parallax of a body is inversely proportional to its dis- 
tance (§ 250). 

/. Parallax of Sun : Parallax of Mars = 3:6; 

.% Sun's parallax = Lfi£' = 8-4". 
5 

*340. Effect of Eccentricities of Orbits.— Owing to the eccen- 
tricities of the orbits of the Earth and Mars, their distances from the 
Sun when in opposition will not in general be equal to their mean 
distances, and therefore their ratio will differ from that given by 
Kepler's Third Law. But, by the method of § 145, the Earth's dis- 
tance at any time may be compared with its mean distance, and 
similarly, since the eccentricity of the orbit of Mars and the position 
of its ap33 line arc known, it is easy to determine the ratio of Mars' 
distance at opposition to its mean distance, and thus to compare its 
distance with that of the Earth. 

341. Son's Farallaz by Observations on the Aste- 
roids and on Venns. — The Sun's parallax may also bo 
found by observing the parallax of one of the asteroids when 
in opposition, the method being identical with that employed 
in the case of Mars. In this way Galle, by meridian obser- 
vations of the parallax of Flora at opposition in 1873, com- 
puted the Sun's parallax at 8-873", and Lindsay and Gill, by 
observing the parallax of Juno in 1877, found the value 
8-765''. 

The next planet, Jupiter, is too distant to bo utilized in 
this way. Its parallax at opposition is less than a quarter of 
the Sun's parallax, and is too small to be observed with 
sufficient accuracy. 

The Sun's parallax might also be found by an observation of 
Venus near its greatest elongation. The ratio of its distance 
to the Sun's might be calculated and its parallax found by the 
method of § 252, and that of the Sun deduced. The method 
of § 254 could not be employed, because one of the observa- 
tions would havo to be made in full sunshine. 
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BXAMPLBS. 

1. Having giroii thai the greatest possible pBtaHox of Mors when io 
opposition is 2108", to find the Sun's mean parallax, tho eccentri- 
cities of the orbits of the Earth and Mars being ^ and -^ respec- 
tively, and the periodic time of Mars being 1*88 of a year. 

The parallax of Mars is greatest when Mars is nearest the Earth ;. 
hence the greatest possible valne occurs when, at opposition, Mars is 
in perihelion and the Earlh is at aphelion. 

Let r, r' denote the mean distances of the Earth and Mors from 
the Son respectively. By Kepler's Third Law we have 

t?.=(ifl\...jr=(i.88,«= 1-623. 

(The calculation is most easily performed with a table of log^thms.) 

But since the Earth is in aphelion, its distance from the Bun at 
the time of observation is greater than its mean distance by ^^, 
and is therefore 

-r(l + ^) = 1-017 r. 
Also tho distance of Mars from the Sun at perihelion 

-r'(l-TV) = (l-TV)xl-523r 
^ (1-523- 090) r= l-433r. 

Sence the least distance of Mars from the Earth at opposition 
= -416r. 
Therefore, since r is tho Sun's mean distance from the Earth, we 
have 

Observed parallax of Mars : mean parallax of Son =« 1 : '416; 

.-. Sun's mean parallax = 2108" x 416 = 8-77". 

2. To find the Earth's mean distance from the Sun, and its dis' 
tanccs at perihelion and aphelion, taking tho Sun's parallax as 8*79*» 

If a denote the Earth's equatorial radius, we have, approximately^ 

^ g ^ a ^^ ^ 206,265 

sin 8-79" "^ ciro. meas. of 8*79" " 879 ' 

Taking a = 39633, this gives 

r (Earth's mean solar distance) - 98,002,000 miles, 
correct to the nearest thousand miles. 

Also, perihelion distance from Sun = 93,002,000 x (1— .j)^) 
« 93,002,000-1,650,000 = 91,462,000 miles, 
Ond aphelion distance - 93,002,000 x (l + ijL) 

» 93,002,000 + 1,560,000 » 94,652,000 miles. 
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Sbctiok II. — TransiU of Inferior FlaneU. 

342. When Venus is very near the ecliptic at inferior con- 
junction, it passes in front of the Sun's disc, appearing like 
a black dot on the Sun. Now the circumstances of such a 
transit are different at different places, for although both 
the Sun and planet are displaced by parallax, their displace- 
ments are different, and their relative directions are therefore 
not the same. Now the ratio of the parallaxes of the Sun 
and planet at conjunction can be calculated from comparing 
their periodic times, or from the ratio of their distances, as 
determined by observations of the planet's greatest elonga^ 
tion or otherwise. Hence, by comparing the circumstances 
of the transit at different places, it becomes possible to deter- 
mine the parallaxes of both the Sun and planet. 

The various methods of finding the Sun's parallax from 
observing transits of Venus may bo classified as follows : — 

(i.) By simultaneous observations of the relative position 
of the planet at different stations, either by micrometnc mea- 
surements, or from photographs. 

(ii.) DeliiWs method^ by comparing the times of the hegiit- 
n:ng or end of the transit at stations in different longitudes, 

(iii) Halley^e method^ by comparing the durations of the 
'ransit at stations in different latitudes. 

Of these methods Halley's is the earliest, Delisle's the next. 

343. First Method. — Let P and p bo the horizontal 
parallaxes of the Sun and of Venus rcspc i tively at the time of 
transit. Then, at a place where the planet's zenith distance 
is «, its direction is depressed by parallax through an angle 
p sin s (§ 249) ; also the Sun is depressed through P sin z.* 
Hence the planet appears to be brought nearer to the Sun's 
lower limb by an angle {p—P) sin «. 

If, now, the positions of the planet relative to the Sun's disc 
be simultaneously observed at any two or more different 
places, and the Sun's zenith distances be also determined, 
the difference of parallaxes p—P can be readily found. 
Thus, if one of the stations be chosen where the Sun is 

• Strictly speaking, this shoold bo P sin «„ where Zi ia the Z.D. of 
tho San's centre, but zx is very nearly eqaal to «, and no sensiblQ 
tXTor is ixitrodaced by taking i instead of if 
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vertical, and another where the Sun is on the horizon, the 
relative displacement will he zero at the former station, and 
I? — P at the latter. Hence, the two directions of the planet 
relative to the Snn will he inclined at an angle p-P, If 
two stations are at opposite ends of a diameter of the Earth, 
the angular distance between the relative positions will be 
2 (/) — P) . Hen ce, in either case, j» — P can be readily found. 
Let now / and r denote the distances of Venus and the 
Earth from the Sun respectively. Then, if ^be the ratio of 
the sidereal period of Venus to a year, we have, by Kepler's 
Third Law (assuming the orbits circular), 

t'lr = T\ 

whence the ratio of r' to r is found. Also, since Venus is in 
conjunction, its distance from the Earth is = r^f'. There- 
fore p : F=: r : r—r\ 

, F r—r' r • 

and — - = — ;— = 1. 

p^p r' r- 

Whence, since the ratio of r to r is known, and P—p has 

been observed, the Sun's horizontal parallax Pmay be found. 

Wo have roughly (by Bode's Law) r' =^iyr, and therefore 

p=i(i»-p). 

Hence the displacement of Venus on thci Sun's disc at a place 
where its zenith distance is z, is about | P sin s. 

The apparent position of Venus on the Sun's disc may be 
observed either by measuring the planet's distance from the 
edge of the disc with a micrometer or heliometcr, or by taking 
a photograph of the Sun. But the photogiaphic method, 
though easier, does not give such accurate results. 

For, to obtain P correct to 001", it would be necessary to find 
2(p~P) correct to V^xOOl", or about 05". Since the Sun's dia- 
meter is 32', the greatest possible difFerence of positions would be 

^ ^ 20 x'32 X CO * ^' 87400* 

of the Sun's diameter. It is difficult to obtain a good photograph 
of the Sun more than 4| inches in diameter, and it would, therefore, 
be necessary to measure the planet's position correct to -g-^ of an 
inch, a degree of accuracy unattainable in practice. The slightest 
distortion or imperfection in the photographic plate would render 
the observations worthless. 
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844. Delisle's MethocL — ^In tliis method, the Ban's 
parallax is determined by observing the difference between 
the times at which the transit begins or ends at different 
places. Let AjBhe two stations near the Earth's equator in 
widely different longitudes, say at the ends of the diameter 
of the Earth, and in the plane containing UF, the path of 
Venus' relative motion. Draw AUZ and J5FZ, touching 
the Sun in Z and cutting the path of Venus in 27, T, Then, 
when Venus reaches 17 the transit begins at -4, the planet 
appearing to enter the Sun's disc at Z, and when Venus is at 
V the transit begins at B, In the interval between the 
times of commencement of the transit as seen from A and J?, 
the planet moves through the angle VZVot AZB about the 
Sun relative to the Earth, and this angle, being the angle sub- 
tended at the Sun by the Earth's diameter AB^ is twice the 
Sun* 8 parallax. 




Fio. Ul. 



But the rate of relative angular motion of Venus is known, 
being 860® in a synodic period. Hence the angle UZV^ 
described in the observed interval, is known, and the Sun's 
parallax is thus found. 

In a similar way, the Sun's parallax may be determined by 
observing the interval between the times at which the transit 
ends at two stations A, B, Wo should have to draw two 
tangents from A, B to the opposite side of the Sun (M). As 
before, the angle described by Venus in the observed interval 
^ twice the Sun's parallax. 
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In employing Delisle's method, the obserred times of 
ingress or egress must be the Greenwich times, or must be 
reckoned from an epoch common to both observers. For this 
reason the difEorence of longitudes of the two stations must 
be accurately known. In the following example the ob- 
served interval 690s. corresponds to 8*86" of pardlax, and it 
follows that an error of Is. in the estimated interval would 
give rise to an error of just over 001" in the computed 
parallax. Hence if the interval of time be estimated correct 
to the nearest second, the parallax will be correct to two 
decimals of a second. 

In practice it would be difficult to make observations from 
the extremity of a diameter of the Earth, but the method is 
readily modified so as to be applicable when the stations are 
not so favourably situated. 

Example. 

Given that the STnodio period is 684 days, and that the differenoe 
between the times of ending of a transit, as seen from opposite ends 
of a diameter of the Earth, is 11m. 30s., to find the San's parallax. 

In 584 days Venus revolves through 360* about the Sun relative 
to the Earth ; therefore its angular motion per minute 

360x60x60 , t.Kvii// 

= ^TT. — TT. — :::: seconds = 1-541 . 
684 X 24 X 60 

Therefore in 11 Jm. Venus describes an angle 1*541'' x 11 J = 17*72". 

This angle is twice the Sun's parallax ; 

.-. Sun's parallax = 8*86". 

345. Halley's Method. — The method now to be de- 
scribed was invented by Dr. Halley in 1716, and was first 
put into use at the transits in 1761 and 1769. In Halley's 
method the tt'ines of duration of the transits are observed 
from two stations A^ J?, one in north and the other in south 
latitude, in a plane as nearly as possible perpendicular to the 
ecliptic, or, more strictly, to the relative path of Venus. Take 
this plane as the plane of the paper in Fig. 112, and suppose 
also (for the purpose of simplifying the explanation) that 
A, B are at the ends of a diameter of the Earth. Let LM 
bo the diameter of the Sun's disc perpendicular to the line of 
centres, and let the directions of Venus AV^ BV^ when pro- 
duced, meet the disc in a, h. Then a, h are the relative posi- 
tions of Venus as seen at conjunction from A and J?. 
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In Fig. 113 the Sun's disc is represented as seen from the 
Earth ; a, h are the positions of Venus as seen on the disc 
from A, B, projected on ZM, in Fig. 112, and PQi?, F'Q!^ 
are the apparent paths of Venus as it appears to cross the 
disc at B and A respectively. 

As in § 343, the angular measure of the arc ah or QQ! 
measures the sum of the displacement of Venus due to relative 
parallax at A and B, and this, in the circumstances here 
considered, is twice the difference of the parallaxes of the 
Sun and Venus. 




Pig. 112. 




Now the ohserved times of duration of the transit at A 
and B are the times taken to descrihe the chords F' Q'B! and 
FQB respectively. Knowing the synodic period of Venus 
and the ratio of its distances from the Sun and Earth, the 
rate at which Venus travels across the Sun's face can ho 
found. Hence, the angular lengths of the chords FQR, 
F'QE can he found. Also the Sun's angular diameter LM 
is known. Hence the angular distances OQ, OQ', $§' oftn 
be calculated, for we have (very approximately) 

0^ = OIP^F(y, 0(^ = OM^-'FQ^, 
and <2Q'= OQ'-OQ. 

Hence (2(2' is known, and therefore the diffei-ence of 
parallaxes of Venus and the Sun is found ; whence the 
^un's parallax may h4 found as in § 34^. 
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*346. Or if AB be known in miles, the length cf ab in miles can 
be fonnrl from the proportion ah : AB = Va : VA, and then, the angle 
aAh being known (bein^ the angular measure of QQf), we can find 
the Sun's distance in miles, for we have 

circular measure of Z aAh = — - s whence 
aA 

Snn'8 distonoe Aa (in miles) - length ob (in mUeg) 

Circular measure of Z aAh 

The working of Halley's method will be made much 
clearer by a careful study of the following numencal 
examples. The student should copy Figs. 112 and 118. 

Examples. 

1. To find the angular rate at which Yoniis moves acrosi the 
Snn's disc. 

Let 8, E, V denote the Son, Earth, and Yenos respectiyely 
(Fig. 112). 

From the example of § 344, 8V separates from 8E with relative 
angular velocity, about S, of 1*54" per minute, or 1' 82-4" per hour. 

But Yenus is nearer the Earth than the Sun in the ratio 28 : 72 
(roughly). And wo have 

angular velocity of ^F : ang. veL of SF 

-Fr=JF-'2:28-i8:7. 

Therefore EV separates from E8 with angular velocity 
= i?- X 1' 32-4" per hour = 8' 67*6" per hour 
= 4" per minute very nearly. 

2. Neglecting the motion of the observatory due to the Earth's 
rotation, find the position on the Sun's disc of the chord PRj tra- 
versed by the planet, in order that the tnuisifc may take four hours. 

Draw the figures as in § 345. 

In four hours Venus moves 4x3' 58' , or very nearly 16' relative 
to the Sun (by Ex. 1) ; .'. the chord PR must measure 13'. Hence 
PB is equal to the Sun's angular semi-diameter OP, 

Therefore, PB is a side of a regular inscribed hexagon in the Sun, 
and Z if OP = 30°. 

8. If, at At B, at opposite ends of a diameter of the Earth perpen- 
dicular to the piano of the ecliptic, the durations of transit are 
8h. 21m. and 4h. respectively, to find the Sun's parallax, 
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Here the arc PR takes 89m. longer to describe than P'Bf. llence 
It is longer by 39 x 4", or 166". Draw B'K perpendicular to PR, 
Then, KR = i(PiJ-P'JJ') - i x 156" - 78". 

Now, by Example 2, 

ZlfOB= 3Cf. 
And RBfy being very small, is approximately a straight line perpen- 
dicular to OR ; .*. B'RK = 30° approximately, llence 

Q'Q = Jl'JT = Hfftan 30P = RKy/i « V\/3" - 45" nearly. 
But 
angular measure of Q'Q : twice Suit's parallax 

= Sr:i?F=18:7; 
.% twice Sun's parallax = 45" x j\ = lySO"; 
.". Sun's parallax = 8*75". 

4. A transit of Yenus was observed from two stations selected as 
favourably as possible, one in N. the other in S. latitude, the zenith 
distances of the planet being 53^ 8' (sin 63° 8' = '8) and 3(f 
respectively. Given that the times occupied by the planet in pass- 
ing across the disc were 4h. 52m. and 4h. 80m., to find the Bun's 
parallax, assuming the distances of Venus and the Earth from the 
Sun to be in the ratio of 18 : 26 and neglecting the rotation of the 
Earth. 

Venus moves nearly 4" per minute relative to the Sun; hence ic 
4h. 80m. it moves through 18'. 

In 4h. 52m. it moves through 19^ 28" ; 

.% in Fig. 113, P'Q' = 18' x i » 9^, 

PQ -19'28"xi - 9-73', 

and the Sun's semi-diameter OP «^ 16' nearly ; 

.% OQ ^y/OP^^P^ = ^7206 -94G7 - 12 TO' ; 

Oq - VOP'-P^^ = v/256^^ «= 13-23' ; 

.-. qq = -53' - 31*8". 

Now, if A and B be well chosen, QQ^ is the sum of the relative 
displacements of Venus at the two stations. Let P be the Sun*s 
parallax, p that of Venus ; then we have 

qq[ - (p-P)(8in « + 8in O =^ iV'P) X (sin SO^ + sin 53° 8') 
-(p-P)x(-6 + -8)-(2?-P)xr3; 

1*3 

Again, P : p - -— : -i- - £F : i:5 - 7 : 25; 

Lo h V 

,\ P:p-P = 7:l8; 
.-. P - 24-5" X ^\ - 9-6". 
Hence, with the given data, the Sun's parallax is 0'5"t 



Digitized by 



Google 



278 ASTRONOMY. 

347. JHffienltieB of Observing the Diiration of a 
Transit. — In Examples 3, 4, above, the observed differences 
of duration were 39m. and 20m. respectively. An error of 
one second in the estimated durations of transit would give 
rise to an error of less than 01 per cent., and if we could be 
sure of observing the durations to within a second, the Sun's 
parallax could be found correct to two decimal places. But 
in practice it is extremely difficult to estimate the times of 
beginning and ending of a transit, even to the nearest second. 

For in the first place, Venus, when seen through the telescope, 
is not a mere point, but a disc of finite dimensions, its angular 
diameter at conjunction being about 67'', or one-thirtieth of 
the diameter of the Sun. Hence its passage across the edge 
of the disc from external to intenial contact occupies an 
interval which is never less than about 17b. (See Example 
on page 279.) 




r V If w 

Fig. 114. 

Now, it is impossible to observe the first external contact ( U) 
of Venus with the Sun, because the planet is invisible until 
it has cut off a perceptible portion from the edge of the Sun's 
disc, and by that time it has advanced considerably beyond 
the point of contact. The last external contact ( P) at the end of 
the transit is also difficult (though rather less so) to observe, 
for a similar reason. 

For this reason, the internal contacts Z7', V, are alone 
observed, and a coiTcction is applied for the angular semi- 
diameter of Venus. 

But in observing the first internal contact U\ when the 
planet's disc separates from the edge of the Sun, another 
difficulty, in the form of an optical illusion, makes itself 
jnanifest. 
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Instead of remaining truly circnlar, the planet's disc appears 
to become elongated towards the edge of the Sun, and remains ' 
for some time connected with the edge by a narrow neck 
called the " black drop." This breaks suddenly at last, but 
not until the planet has separated some distance from the 
Sun's edge.* Even if the ** black drop" be remedied, the 
atmosphere surrounding the planet Venus renders the con- 
tacts uncertain and ill-defined. 

It is worthy of notice that in Delisle's method the times of 
ingress and egress at both stations are equally affected by the 
"black drop" appearance, and therefore it has no effect on 
the computation, provided that both observers take the same 
stage of the phenomenon for the observed time of ingress. 
Example. 

Having given that the anp^ulor diameter of Yenns at conjanction 
is 67", to find the interval between external and internal contact (i.) 
when Yenns passes across the centre of the Sun's disc, (ii.) in the 
cironmstances of Example 2, § 340. 

(i.) Between external and internal contacts the planet moves 
through a distance equal to its angular diameter ; therefore, since its 
rate of motion is 4" per second, the time occupied « 67 + 48. — 17$. 
very nearly. 

(ii.) Here the planet is 67" nearer the centre at internal than at 
external contact. Now the planet's direction of motion UV is 
inclined at angle 60° to the radius through the centre of the disc (Fig. 
114). Hence the planet's component relative velocity along the 
radius is 4" cos 60° per second, and therefore the interval required, 
in seconds, 

« _67 ^67 
"* 4cos'()0^ 2 
= 33-5S. 

348. Beeent Determinatioiis of the Parallax of 
'the Sun. — Professor Arthur Auwcrs, the well-known Berlin 
4istronomer, has recently (December 11, 1891) completed the 
•ealculations based on the observations in Germany of the 
iransit of Venus in 1 882. He finds that the parallax of the Sun 
is 8*800 seconds, with an error of 0-03 of a second at most. 
Trom the old observations of the transits of 1761 and 1769, 
Trof. Newcomb has lately computed the parallax at 8'79", 

• The " black drop '* may be illustrated by holding two globes in 
■the sunshine, at different distances from a white screen, and moving 
^hem until their shadows nearly touch. 
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349. Advantages and Disadvantages of HaUejr's 
and Delisle's Methods. — la Hallcy's method the observed 
data are the intervah of time occupied by Yenus in crossing 
the Sxin's disc at the two stations. It is not necessary to 
know the actual times of the transit ; hence neither the 
Greenwich time nor the longitude of the observatories need 
be known. In Delisle's method it is essential that the 
Greenwich times of the observations should be known with 
great accuracy, but it is not necessary to observe hoth the 
beginning and end of the transit at the two stations. Still, 
if these be both observed, we have two independent data 
for calculating the pai'allax, which 'afford some test of the 
accuracy of the computations. 

On the other hand, Delisle's method possesses the advan- 
tage that the places of observation must be near the Earth's 
equator, and it may therefore be possible to select the stations 
nearly at opposite ends of a diameter of the Earth, and thus 
to get the greatest effect of parallax, while in Halley's 
method it is necessary that the stations shall be in as high 
latitudes as possible, and, owing to the practical difficulties 
of taking observations near the poles, the greatest effect 
of parallax cannot be utilized. 

Delisle's method is most easily employed if the transit is 
nearly central^ f.*., if Venus passes nearly across the centr$ 
of the Sun's disc. This condition is fatal to the success of 
Halley's method ; here the best rcsTilts are obtained when 
Yenus transits near the edge of the disc. 

For in Fig. 113 (pap^c 275) wo havo 

^^ 2 OQ + oq 

Hence the effect on QQ' of a small error in the compnted length of 
PR or PR' will be least when QP + Q'F is smallest and OQ + O'Qf is 
largest, a condition satisfied when the transit takes place near the 
edjje 3f of the disc. 

On the other hand, for a nearly central transit, OQ^ C/Q' wonld bo 
small, and very slight errors in the estimated lengths of PR, P'B* 
would produce such large errors in the computed displaoement 
QQ' as to render the method practically worthless. 

The transits of 1874 and 1882 were both favourable to the 
use of Hdley's method. 
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*350. To determine tlie fireqnency of TransitB of 
Venus. — Since the Sun's angular semi-diameter is about 16', 
a transit of Venus only occurs when the angular distance 
between the centres of the Sun and Yenus, as seen from some 
place on the Earth, is 16'. Hence, neglecting the effects o£ 
the relative parallax {P-p = 23" by Ex. 3. § 346, and this 
is small compared with 16'), Venus must be at on angular dis- 
tance {SEV) < 16' from the ecliptic at the time of conjunc- 
tion. Hence the planet's heliocentric latitude JESV must be 
less than 16' xJST/iSr, that is 16'XtV, ?r about 6'. Now 
the orbit of Venus is inclined to the ecliptic at about 3° 23', 
or 203'. Hence, by a method similar to that of § 292, we see 
that the planet must be at a distance from the node of not 
more than about Bin"^,^= sin~*-^j (roughly) = 1°42', in 
order that a transit may take place. The smallness of 
this limit alone shows that transits of Venus are of rare 
occurrence. 

Now, a synodic period of Venus contains about 584 days, 
that is, 1*599, or, more accurately, 1*598662 of a year. 
Hence ^ve synodic revolutions occupy almost exactly eight 
years, the difference only amounting to ^az ^^ ^ yeor. This 
difference corresponds to an arc of |Sf, or 2^ 24' on the 
ecliptic. This arc is much less than the double arc 3° 24' 
within which transits take place. Hence it frequently 
happens that, eight years after one transit has taken place, 
the Sun and Venus are again at conjunction within the 
necessary limits, and another transit occurs near the same 
node. But after sixteen years, conjunction will occur at 4® 48' 
from its first position ; this is greater than 3° 24' ; hence 
there cannot be more than two transits near the same node at 
intervals of eight years. And if a transit should be eentral, 
occurringalmost exactly a< the node, the conjunctions occurring 
eight years before and after would fall outside the requii ed 
limits, and no second transit would then take place in eight 
years. 

Again, it maybe shown that 1*598662x147 =235*003. 
Hence 147 synodic periods of Venus occupy almost exactly 
235 years, the difference being only '003 of a year. Thus a 
transit of Venus may recur at the same node at an interval 
of 235 years. And it is possible to prove that there is no 
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intermediate interval between 8 and 235 years at which 
transits recur at the same node. 

If the orbits of the Earth and Yenus were circular, a transit 
at one node would be followed by one at the opposite node in 
113Jor 121i years. For 

1-098662x71 = 113J+-005; 1-598662x76 = 121i--002. 

But this result is modified by the eccentricities of the orbits 
(which now cause a difference of nearly a day in the times 
taken by the Earth to describe the two halves into which its 
orbit is divided by the line of nodes). 

In reality it is found that the intervals between transits of 
Venus occur at present in the following order : — 
8, 105 J; 8, 12H; 8, 105 J; 8, 121^. 

Transits have occurred, and are about to occur, in 1761, 1769, 
1874, 1882, 2004, 2012 (the thick and thin type being 
used to distinguish the two different nodes). 

''^35 1 . Transits of Mercury occur much more frequently 
than transits of Yenus. For although the orbit of Mercury 
is inclined to the ecliptic at about twice as great an angle as 
that of Venus, this cause is more than compensated for by 
the greater proximity of the planet to the Sun ; and since 
the synodic period of Mercury is only about -J- of that of 
Venus, conjunctions occur five times as often, so that we 
should ceteris paribus expect five times as many transits. By 
a method similar to that employed for Venus it is found that 
transits occur at the same node at intervals of 7, 13, 33, or 
46 years. The next transit will occur in 1894. 

Although transits of Mercury thus occur far more often 
than transits of Venus, they cannot be used to determine the 
Sun's parallax with such accuracy, for Mercury is so near the 
Sun that the parallaxes of the two bodies are more nearly 
equal, and the planet's relative displacement is therefore 
much smaller than that of Venus. Moreover, Mercury moves 
much more rapidly across the Sun's disc, giving less time for 
accurate observations; besides which, owing to the great 
eccentricity of the orbit, the ratio of Mercury's to the Efuth's 
distance from the Sun cannot be so exactly computed. 
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Sbction III. — Annual Parallax, and Distances of the 
Fixed Stars. 

852. Annual Parallax, Definition. — By Aw^ii^fti 
Parallaz is meant the angle between the directions of a 
star as seen from different positions of the Earth in its annual 
orbit round the Sun. 

We have several times (§§ 5, 247) mentioned that the fixed 
stars have no appreciable geocentric parallax. Their distances 
from the Earth are so great that the angle subtended at one 
of them by a diameter of the Earth is far too small to be 
observable even with the most accurately constructed instru- 
ments. But the diameter of the Earth's annual orbit is 
about 23,400 times as great as the Earth* h diameter, or about 
186 million miles (twice the Sun's distance), and this 
diameter subtends, at certain of the nearest fixed stars, an 
angle sufficiently great to be measurable, sometimes amounting 
to between 1" and 2". 

Now, the Earth, by its annual motion, passes in six months 
from one end to the other of a diameter of its 
orbit ; hence, by observing the same star at an 
interval of six months, its displacement due to 
annual parallax can be measured. 

Since the Sun \b fixed ^ the position of a star on 
the celestial sphere is corrected for annual parallax 
by referring its direction to the centre of the Sun; 
this is called the star's heliocentric direction, as 
in § 156. 

The correction for annual parallax is 
the angle between the geocentric and helioccn- ^^^' ^^^' 
trio directions of a star. Let S be the Sun, JS the Earth, x 
the star (Pig. 115). Then JSx is the apparent or geocentric 
direction of the star, Sx its heliocentric direction, and z JExS 
is the correction for annual parallax. This angle is also equal 
to xFx' where Ux' is parallel to Sx, 

"We notice that the correction for annual parallax {JExS) 
is the angular distance of the Earth from the Sun as they would 
appear If seen by an observer on the star. 

ASTBOK. V 
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358. To find the Correction for Annual Parallax. 

Let r = US = radius of Earth's orbit. 
d:=z Sx =z distance of star. 
^ = Z SUx = angular distance of star from Sun. 
p = /, ExS = annual parallax of star. 

By trigonometry we have in the triangle 8Ex 
sinFxS^US^ 
sin SAx Sx 

whence* mlnp =-^8in£J (L). 

a 




Hence the parallactic correction p is greatest when 
£ = 90®. This happens twice a year, and the corresponding 
positions of the Earth in its orbit are evidently the inter- 
sections of the ecliptic with a plane drawn through 8 per- 
pendicular to Sx. Let this greatest value of p be denoted 
by P, then P is called the star's annnal parallax, or 
simply the star's parallax.f 

Putting ^= 90° in (i.), we have 
sinP=J; 
and therefore sinp = sin P . sin E. 

* Nofcice the close similaiifcy between the present investigation 
and that of § 249. 

t There is no risk of conf oBion in the nse of the term parallam 
alone, becaase a star has no geocentric parallax. Ths ** parcUlam " 
of a body means its equatorial horieontal parallax if the body belonge 
to the eolar eyetem. If not, ite " pa/raUax " is its annual parallax. 
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Bat the angles P, j9 are always very small ; therefore their 
nnes ore very approximately equal to their circular measures. 
Thus we have approximately 

P (iQ circular measure) = — , 

d 

and, if P", f" denote the numbers of seconds in P, p^ 

P" = 180 X 60 x60_r, 306.865 r (appro:rimately), 
w d d 

and y s P" sin £7. 

854. Halation between the Parallaz and Distance 
of a Star. — ^If a star's parallax be known, its distance from 
the Sun is given by the formula 

p„^180x60x60r ^2jjg265^; 
T d d 

whence d = — ^^^„ r = 206,265 ^„ 

where r is the Sun's distance from the Earth. 
For most purposes r may be taken as 93 million miles. 



BXAMPLSB. 

1. The parallaz of Ocator is 0*2" ; to find its distance. We have 

J ^206265 ^ ■ 206.265x98.000,000 
» p" 0-2 

-6x206,265x08,000,000 

- 96,900,000,000,000, or 959 x lO^^ miles 

approximately. It wonld be nseless to attempt to calonlate more 

figures of the result with the given data, which are only approximate. 

It is most convenient (besides being shorter) to write the result in 

the second form. 

2. To find the distance of a Cmtauri (i.) in terms of the Son's 
distance, (ii) in miles, taking its parallax to be 0'760''« 

Here d - ^^ r - 276,000*- 

75 

- 276 X 10»x98x 10« - 26,676x10* 

» 256 X 10" miles approximately. 
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855. General Effects of Parallax. — Since lEsi is 
parallel to Bx^ it is ia the same plane as EB and Ex, 
Hence the lines EB<, Exy Ex' cut the cfelestial sphere of E at 
points jS, as, a?^, lying in one great circle, and we have the 
two following laws : — 

(i.) Parallax displaces the apparent position of a star from 
its heUocentrie position in the direction of the Sun. 

(ii.) The parallactic displacement of any star at different times 
varies as the sine of its angular distance from the Sun, 





Pig. 118. 

Let Fig. 118 represent the observer's celestial sphere, 
S the Son. Let x be the apparent or geocentric position 
of the star, whose parallax is P. Draw the great circle 
8x and produce it to a?^, making 

xXq = P sin Sx. 

Then x^ represents the star's heliocentric position, and this 
is its position as corrected for annual parallax. 

Conversely, if the star's heliocentric position x^ is given, 
we may obtain its geocentric or apparent position x by join- 
ing r^Sf and on it taking 

x^=: PsmSx = Psin Sx^ veiy approximately 
(for the difference between P sin Sx and P sin Sx^ is 
exceedingly small, and may be neglected). 

The terms Parallax in Latitude and Parallax in 
Longitude are used to designate the corrections for parallax 
which must be applied to the celestial latitude and longitude 
of a star respectively. Similarly, the parallax in ded* and 
parallax in R.A. denote the corresponding corrections for 
the decl. and E.A. 
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856. To show that any star, owing to parallax, 
appears to describe an ellipse. 

In Fig. 117, Msf is parallel to the star's heliocentric direc- 
tion ; therefore, a?' is fixed, relative to the Earth. Moreover, 
x'x = ^S. Hence, as the Sun 8 appears to revolve ahont 
the Earth in a year, the star x will appear as though it 
revolved in an equal orbit about its heliocentric position x\ in 
a plane parallel to the ecliptic. 



Let the circle ifJV(Fig. 119) represent this path, which the 
star X appearsto describe in consequence of parallax. This circle 
is viewed obliquely, owing to its plane not being in general 
perpendicular to JSx'; hence, if mn denote its projection on the 
celestial sphere, the laws of perspective show that mn is an 
ellipse. (Appendix, 12.) This small ellipse is the curve 
described by the star on the celestial sphere during the year. 

Particular Cases. — A star %n the ecliptic moves as if it 
revolved about its mean position in a circle in the ecliptic 
plane, hence its projection on the celestial sphere oscillates 
to and fro in a straight line (more accurately a small arc of a 
great circle) of length 2P, 

For a star in the poie of the ecliptic the circle MN is per- 
pendicular to iiV, hence JEx describes a right cone, and the 
projection x describes on the celestial sphere a circle, of 
angular radius P, about the pole IT, 

If tho occentriciiy of the Earfch's orbit be taken into acconnt, the 
onrve MN will be an ellipse instead of a circle, but its projeotion 
mn will still be an ellipse. 
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857. M^Jor and Minor Axes of the SUipM. —We 

shall now prove the following properties of the small ellipse 
described during the course of the year bj a star whose 
parallax is P, and celestial latitude I. 

(i.) (▲) The length of the semi-azis mi^or u P. 

(b) The major axis is parallel to the ecliptic. 

(o) TfOien the star is displaced along the major axis U 
has no parallax in latitude, 

(n) At these times the Sun^s longitude differs from the 
starts hy 90^ 

(ii.) (▲) The length of the semi-axis minor is Psinl. 

(b) The minor axis is perpendicular to the ecliptic, 

(c) When the star is displaced along the minor axis it 

has no parallax in longitude, 

(n) At these times the Sun^s longitude is either equal to 
the starts f or differs from it hy 180**. 




On the celestial sphere let a?^ denote the heliocentric 
position of the star, ABA'B' the ecliptic, iTits pole, BKxfi 
the secondary to tl e ecliptic through the star. 

Then, if iS is the Sun, the star ^r^ is displaced to jp, where 

a?«a: = P sin x^B. 
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(i.) The displacemont is greatest when sin x^8 is greatest, 
ana this happens when 

siniP^5=l, x^S=90''. 
If, therefore, we take A^ J! on the ecliptic so that 

x^ = x^ = 90^ 
-4, J! are the corresponding positions of the Snn. 

Now -4, A are the poles of BKB (Sph. Geom., 11, 14, 
15), and therefore the great circle AxlA! is a secondary to 
BKB. Hence, if a, a' denote the displaced positions of the 
star, a(£ is perpendioolar to KB^ and is therefore, parallel to 
the ecliptic. 

Also, x^ = x^d = P sin 90^ = P ; 

therefore the semi-axis major of the ellipse is P. 

Since AB = a:B = 90^, the star's longitude (rP) differs 
from the Sun's longitude at A or A' by 90"^. 

And since the star is displaced parallel to the ecliptic, its 
latitude, or angular distance from the ecliptic, is unaltered, 
and therefore the parallax in latitude is zero. 

(ii.) The parallactic displacement is least when sin^^fif is 
least, and this happens when 5 is at P. For (Sph. Geom., 
26) P is the point on the ecliptic nearest to x^. Also, since 

sin x^ = sin (180^— ar^P) = sin a?^P, 
it follows that the parallactic displacement is also least when 
8 IB at B*. 

If, therefore, ft, ^ be the extremities of the minor axis, the 
arc h¥ is along PP, and is therefore perpendicular to the 
ecliptic. 

AIbo, xJ^ = flj^y = P sin x^B = Psin / ; 

therefore the semi-axis minor is P sin /. 

When the Sun is at P, it has the same longitude as the 
star ; when at P', the longitudes differ by 180°. 

And since the star is displaced in a direction perpendicular 
to the ecliptic, its lon^tude rP is unaltered ; therefore the 
parallax in longitude is zero. 
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The parallax in latitude is evidently equal to the apparent 
angular displacement of the star resolved parallel to sr^Ky and 
its maximum value is xjbj or x^h'. The parallax in longitude 
is not equal to the star's angular displacement perpendicular 
to jKsFq, but to the change of longitude thence resulting, and 
this is measured by the angle xKx^. Hence, in Fig. 120, 
(i.) The maximum parallax in latitude =z x^l = JP sin I. 

(ii.) The maximum parallax in longitude = Z it^Ka 
= flJo-ffa' = XQa/sm Kx^ (Sph. Geom. l7)=P/cos x^B 

358. To determine the Annnal Parallax of any 
Star, the following methods have been employed : — 

(i.) The absolute method, by the Transit Circle ; 

(ii.) Bessel's, or the dilEerential method, by the micrometer 
or heliometer j 

(iii.) The photographic method. 

The abBolnte method consists simply in observing with 
the Transit Circle the apparent decl. and E.A. of a star at 
different times in the year. Prom the small variations in 
these coordinates it is possible to find the star's parallax. 

Although this method has been successfully employed, it 
possesses many disadvantages. Por the observations are con- 
siderably affected by errors of adjustment of the Transit 
Circle and by refraction. Moreover, several other causes 
give rise to variations in the star's apparent decl. and B.A. 
during the year. These include aberration (vids Section IV.) , 
precession (§ 141), and nutation, all of which produce dis- 
placements much larger than those due to parallax. 

In § 372 we shall see that when either the latitude or longi- 
tude is most affected by parallax it is unaffected by aberra- 
tion. Hence the best plan is to find the changes in these 
coordinates when they are respectively most affected by 
parallax. These changes are jP sin ^ and Psec / (§ 357) and 
from them P may be found. 

359. Bessel's Method consists in observing with a micro- 
meter (§ 79) or heliometer (§ 80) the variations in the 
angular distance and relative position of two optically near 
stars during the course of a year. 
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The stare, being nearly in the same direction, are very 
nearly equally affected by refraction, and we may also men- 
tion that the same is true of aberration, precession and 
nutation. These corrections do not therefore sensibly affect 
the relative angular distance and positions of the stars. On 
the other hand, the two stars may be at very different dis- 
tances from the Earth ; if so, they are differently displaced 
by parallax, and their angular distance and position undergo 
variations depending on their relative parallax or difference of 
parallax. Hence, by observing these variations during the 
year the difference of parallax can be found. 

This method does not determine the actual parallax of 
either star. Bat if one of the observed stars is very bright 
and the other is very faint, it is reasonable to assume that 
the former is comparatively near the Earth, while the latter 
is at such a great distance away that its parallax is insensible. 
Under such circumstances the observed relative parallax is 
the parallax of the bright star alone. By making compari- 
sons between the bright star and several different faint stars 
in its neighbourhood, this point may be settled. 

If a considerable discrepancy is foimd in the observed 
relative parallaxes, one or more of the comparison stars must 
themselves have appreciable parallaxes, but since the vast 
majority of stars in any neighbourhood are too distant to have 
a parallax, we shall be able to find the parallax not only of 
the star originally observed, but of that with which we had 
first compared it. 

The parallax of a star can never he negative ; if the relative 
parallax should be found to be negative, wo should infer that 
the comparison star has the greater parallax, and is therefore 
nearer the Earth. 

360. The Photographio Method is identical in prin- 
ciple with the last, but instead of observing the relative 
distances of different stars with a micrometer, portions of the 
heavens are photographed at different seasons, and the dis- 
placements due to parallax are measured at leisure by 
comparing the positions of any star on the different plates. 
This method has been used by Dr. Pritchard, of Oxford, and 
possesses the advantages of great accuracy, combined with 
convenience. 
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861. Parallaxes of oertain Fixed Stars. — ^Theneaiest 
stars are a Centauri^ with a parallax of 0-75", and 61 Cygni^ 
with parallax 0*54". Among others, the following may be 
mentioned: a Lyra, 018", Siriua, 0-2", Arcturus, O'lS", 
PolarUy 007", a Aquila, 019". Of these, 61 Cyymishj 
no means bright ; and a companion star to Sirius is invisible 
in all bnt two or three of the best telescopes. So it is not an 
invariable rule that faint stars are most distant, and have no 
appreciable parallax ; it is, however, true in the great majority 
of cases.* 

862. Proper Motions. — Binary Stars. — ^Many stars, 
instead of being fixed in space, are gradually changing their 
positions. They are then said to have a proper motion. 
This motion may partly belong to the star, but is also partly 
an apparent motion, due to the fact that the solar system is 
itself moving through space in the direction of a point in the 
constellation Hercules. The displacement due to this cause 
can be allowed for approximately. 

Many of these motions, likethatof our own Sun, are apparently 
proyresme ; t.^., the s1»r moves with constant velocity and 
in the same direction. Others are orhitaly i.e., the star 
revolves about some other star, or (more accurately) two 
stars revolve about their common centre of mass. Such a 
cystem of stars is called a Binary Star. It is usually seen by 
the naked eye as a single heavenly body, its components 
being too near to be distinguished. Frequently a system of 
stars has itself a progressive motion; and sometimes an 
apparently progressive motion may really be an orbital one, 
with a period so long that the path has not sensibly diverged 
from a straight line during the short period for which stellar 
motions have been watched. 

A progressive or orbital motion cannot be confounded with 
the displacement due to annual parallax, for the former is 
always in the same direction, and the latter has a period dif- 
fering from a year, while parallax always produces an annual 
variation. 

• These figores can only be regarded as very rongli approziina- 
tions, for considerable discrepancies exist between the values found 
by different methods. 
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SEonoN rV. — The Almration of Light. 

868. Velocity of Light. — We now comft to certain 
methods of finding the Sun's distance which depend on the 
fact that light is propagated through space with a large but 
measurable velocity. 

The velocity of light has been measured by laboratory 
experiments in two different ways, invented by two French 
physicists, Fizeau and Foucault. For the description of these 
the reader is referred to "Wallace Stewart^s Text Booh of Lights 
Chapter IX.* The experiments give the velocity of light in 
air ; the velocity in vacuo can be obtained by multiplying 
this by the index of refraction of air.f The latter quantity 
may be found either by direct experiment or from the coeffi- 
cient of astronomical refraction (see § 183). 

In 1876, Comu, by employing Fizeau's method, found the 
velocity of light in vacuo to be 300,400,000 metres per second. 
Still more recently, Michelson, by a modification of Foucault's 
method, has found the velocity to be 299,860,000 metres, 
or 186,330 miles per second ; this may be taken as the 
most probable value. 

864. Boemer'B Method. — The Equation of Light. — 

In the last chapter we stated that Jupiter has four satellites, 
which revolve very nearly in the plane of the planet's orbit. 
Consequently a satellite passes through the shadow cast by 
Jupiter once in nearly every revolution, and is then eclipsed, 
as is our Moon in a lunar eclipse. 

Since the orbits and periods of the satellites have been 
accurately observed, it is possible to predict the recurrence 
of the eclipses, so that when one eclipse has been observed 
the times at which subsequent eclipses will begin and end 
can be computed. 

Now, the Banish astronomer Eoemer in 1675 observed a 
remarkable discrepancy between the predicted and the 
observed times of eclipses. If of two eclipses one happens 
when Jupiter is near opposition, and the other happens near 
the planet's superior conjunction, the observed interval 

* The student will find it useful to read this chapter before com- 
mencing the present section, 
t Stewart's Ught, § 41. 
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between the former and the latter is always greater than the 
computed interval ; similarly the observed interval between 
an eclipse near superior conjunction and the next eclipse 
near opposition is always less than the computed interval. 
The eclipses at conjunction are thus always retarded, relatively 
to those at opposition, by an interval of time which is observed 
to be about 16m. 40s. As explained by Roemer, this apparent 
retardation is due to the fact that light travels from Jupiter 
- ix) the Earth with finite velocity, and therefore takes 16m. 
40s. longer to reach the Earth when the planet is furthest 
away at superior conjunction {B) than when the planet is 
nearest the Earth at opposition (A). 




The relative retardation is the difPerence between the times 
taken by the light to travel over the distances AE and BE, 
But BE— AE= 2SE, Therefore the retardation is twice the 
time taken hy the light to travel from the Sun to the Earth, 

Taking the retardation as 16m. 40s., we see that light takes 
Sm. 208. to travel from the Sun to the Earth. 

This interval is sometimes called the ^^ equation of light J^ 

If we know the equation of light and the velocity of light, 
we may calculate the Sun's distance. Conversely, if the 
Sun*s distance and the equation of light are known, the 
velocity of light can be determined. 

Knowing the Sun's distance, the Sun's parallax can be 
computed, as in Chapter YIIL, Section I. The present 
method differs from those described in Sections I., II., in 
that it gives the distance instead of the parallax of the Sun. 
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ExAirpLS 1. — To find the Sun's distance, having given that the 
velocity of light is 186,380 miles per second, and that eclipses of 
Jupiter's satellites which oconr when the planet is furthest from 
the Earth, are retarded 16m. 40s. relatively to those which occnr 
when the planet is nearest. 

Here the time ^ken by light to pass over a diameter of the 
Earth's orbit is 16m. 40s. ; therefore light travels from the Sun to 
the Earth in 8m. 20s., or 600 seconds. 

.*. the Sun's distance » 186,880 x 600 miles 
» 98,165,000 miles. 

Example 2. — Taking the value of the Sun's distance calculated in 
the preceding example, the Sun's parallax will be found to be 
about 8-78''. 

865. The Aberratioxi of Light is a displacement of the 
apparent directions of stars, due to the effect of the Earth^s 
motion on the direction of the relative velocity with which 
their light approaches the earth. 

The rays of light emanating from a star travel in straight 
lines through space* with a velocity of ahout 186,330 mHes 
per second. 'W'e see the star when the rays reach our eye, 
and the appearance presented to us depends solely on how 
the rays are travelling at that instant. If the Earth were 
at rest, and there were no refraction, we should see the star 
in its true direction, hecause the light would be travelling 
towards our eyes in a straight line from the star. But in 
every case the direction in which a star is seen is the direction 
of approach of the light-rays from the star at the instant of 
their reaching the eye. 

Now the velocity of approach is the relative velocity of the 
light with respect to the observer. If the observer is in 
motion, this relative velocity is partly due to the motion 
of the light and partly due to the motion of the ob- 
server. If the observer happens to be travelling towards 
or away from the source of light, the only effect of 
his motion will be to increase or decrease the velocity of 
approach of the light, without altering its direction, but n he 
be moving in any other direction, his own motion will alter 
the direction of the relative velocity of approach, and will 
therefore alter the direction in which the star is scon. 

• Of course the rays are refracted when they reach the Earth's 
atmosphere, but the effects of refraction can be allowed for separately. 
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Suppose the light to be trayelling from a distant star x 
in the direction xO. Let Fbe the velocity of light, and let 
it be represented by the length MO, Suppose idso that an 
observer is trayelling along the direction NO with velocity w, 
represented by the straight line NO. Then, if we regard 
as aficed point, the light is approaching with velocity re- 
presented by MO. Also since the observer is approaching 
with velocity represented by NO, the point is approaching 
the observer JVwith an equal and opposite velocity repre- 
sented therefore by ON. Hence the whole relative velodly 
with which the light is travelling towards the observer is 
the resultant of the velocities represented by MO and ON. 




By the Triangle of Velocities this resultant velocity is repre- 
sented in magnitude and direction by MN. Hence MN 
represents the direction of approach of the light towards the 
observer's eye. Therefore when the observer has reached 
the star is seen in the direction Ox' drawn parallel to NM, 
although its real direction is Oxs 

In consequence, the star appears to be displaced from its 
true position x to the position x'. This displacement is 
called the aberration of the star, and its amount is, of 
course, measured by the angle x Ox'. This angle is sometimes 
called the angle of aberration or the aberration error. 

866. Illastrations of Belative Velocity and Aberration.— The 
following simple illastrations may possibly assist the reader In 
nnderstanding more thoroughly how aberration is prodnoed. 

(1) Suppose a shower of rain-drops to be falling perfectly 
vertically, with a velocity, say, of 40 feet per second. Then, 
if a man walk through the shower, say with a velocity of 4 feet 
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per second, the drops will appear to be coming towards him, and 
therefore to be falling in a direction inclined to the yertical. Here 
the man is moying towards the drops with a horizontal velooitj of 
4 feet per second, and therefore the drops appear to be coming 
towards the man with an equal and opposite horizontal velooitj of 
4 feet per second. 

Their whole relative velocity is the resoltant of this horizontal 
velocity and the vertical velocity of 40 feet per second with which 
the drops are approaching the ground. By the rule for the compo- 
sition of velocities, this lelative velocity makes an angle tan~* ^ or 
tan'^ *1 with the vertical. Hence the man's own motion causes an 
apparent displacement of the direction of the rain from the vertical 
through an angle tan~^ *1. This angle corresponds to the angle of 
aberration in the case of light. 

(2) Suppose a ship is sailing due south, and tliat the wind is blow- 
ing from due west with an equal velocity. Then to a person on the 
ship the wind will appear to bo blowing from the south-west, its 
southerly component* being due to the motion of the ship, which is 
approaching the south. In this case the ship's velocity causes the 
wind to apparently change from west to south-west, i.e., to tnm 
through. 45^. We might, therefore, consistently say that the 
''angle of aberration" of the wind was 45°. 

367. Annual and Diurnal Aberration, — A point on 
the Earth's surface is moving through space with a velocity 
compounded of 

(i.) The orbital velocity of the Earth in the ecliptic about 
the Sun ; 

(ii.) The velocity due to Earth's rotation about the poles. 

These give rise to two different kinds of aberration, known 
respectively as annual and dinmal aberration. I^ow the 
Earth's orbital velocity is about 2ir y 93,000,000 miles per 
annum, or rather over 18 miles per second, while the 
velocity due to the Earth's rotation at the equator is roughly 
2ffx4000 miles per day, or 0*3 miles per second. The 
former velocity is about -nm?^ ^^ ^^^ velocity of light, and 
therefore the annual aberration is a small though measurable 
angle. The latter velocity is only -^^ as great ; hence the 
diurnal aben'ation is much smaller and less important. For 
this reason the term " aberration " always signifies annual 
aberration, unless the word "diurnal" is also used. We shall 
now consider the effects of annual aberration, leaving diurnal 
aberration till the end of this section. 
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368. To determine the correction for aberration 
on the position of a Star. — Let Ox be the actual direction 
of a star x seen from the Earth at ; OC^the direction of the 
Earth's orbital motion at the time of observation. On Ox 
take 0-3f representing on any scale the velocity of light, and 
draw if F parallel to OU^ and representing on the same scale 
the velocity of the Earth. Then TO represents the relative 
velocity of the light in magnitude and direction, so that OTx' 
is the direction in which the star x is seen (Eig. 123). 

[For if ON be drawn parallel and equal to YM^ the parallelogram 
of velocities MNOT shows that A/0, the actual velocity of the light- 
rays in space is the resultant of the two velocities TO and NO^ or 
TO and if F, and therefore TO is the required relative velocity.] 




nli 




Since Ox, Ox\ and 0^ all lie in one plane, it follows, by 
representing their directions on the celestial sphere, that a 
star is displaced by aberration along the great circle joining its 
true place to the point on the celestial sphere towards tchtch the 
Earth is movivg. 

The displacement xOx is called the star's alierration 
error. Let it be denoted by y, and let 

u = NO = velocity of Earth, 
F= MO = velocity of light. 
Then the triangle OUT gives 

BinM0T ^3fT_ «. 
miMYO MO V 



or siny = -^ sin ifFO = |; sin UO^. 
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Tho aberration error y is, therefore, greatest when UOs! 
=-. 90**. Let its yalue, then, be jfe. Putting UOx' = 90**, we 
haTe sinA; = w/F; 

and .*. sin y = sin h sin UOx\ 

The angle UOx'is called the Earth's Way of the star, 
and h is called the Coefficient of Aberration. Since y and 
h are both small, we have, approximately 
y = jfe sin (Earth's way), 
h (in circular measure) =i u/V; 

and, therefore, if y", k" denote the number of seconds in y, it 
respectively 

t/" = Ic" sin (Earth's way), 

,./_ 180x60x60 u 
* w V 

^^^ ^^^ velocity of Earth 
"^Pg'^Q^^ velocity of Ught - 

369. General effect of Aberration on the Celestial 
Sphere. — Neglecting the eccentricity of the Earth's orbit, 
the direction of motion of the Earth, in the ecliptic 
plane, is always perpendicular to the radius vector drawn to 
the Sun. Hence, on the celestial sphere, tho point U, towards 
which the Earth is moving, is on the ecliptic, at an angular 
distance 90° behind the Sun. This point is sometimes called 
the apex of the Earth's Way. 

Let a/ denote the observed position of the star. Draw the 
great circle a/C^, and produce it to a point ar, such that 
xx^ =ih sinar'C^. 

Then x represents the star's true position, corrected for 
aberration. 

Conversely, if we are given the true position aj, we can find 
the apparent position a/ by joining a^CTand taking 

ow/ = ifc sin or C^, 
for it is quite sufficiently approximate to use ^ sin a; IT* instead 
oikojixU'* 

ASZBOV. X 



Digitized by 



Google 



300 ASTRONOMT. 

We thus have the following laws :— 

(i.) Aberration produces displacement in the apparent 
position of a star towards a point Von the ecliptic, distant 90^ 
behind the Sun. 

(ii.) The amount of the displacement varies as the sine of the 
Earth's Way of the star, i.e., the starts angular distance 
from the point K 




Pig. 125. 



870. Comparison between Aberration and Annual 
Parallax. — The student will not fail to notice the close 
analogy hetween the corrections for aherration and annual 
parallax. 

The point C^for the former corresponds to the point 8 for 
the latter, in determining the direction and magnitude of the 
displacement. In fact, the aherration error of a star is exactly 
the same as its parallactic correction would he three months earlier 
(when the Sun was at IT) if the starts annual parallax were k. 

There is, however, this important difference that the annual 
parallax depends on a starts distance, whilst the constant of 
aherration k is the same for all stars. 

For k depends only on the ratio of the Earth's velocity to 
the velocity of light, and not on the star's distance. The 
value of ^ in seconds is ahout 20'492" ; for rough purposes it 
may he taken as 20'5". 
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871. To show that the aberration curve of a star is 
an ellipse. — This result, which follows immediately from the 
analogy between aberration and parallax, may be proyed inde- 
pendently as follows: — On Ox (Fig. 125), the trne direction 
of a star as, take Ox to represent the velocity of light, and 
wM to represent the Earth's Telocity. Then MO meets the 
celestial sphere in tn, the star's apparent position. 

As the Earth's direction of motion in the ecliptic yaries, 
while its velocity remains constant, Jfdescribes a circle about 
X as centre in a plane parallel to the ecliptic plane. The 
projection of this circle on the celestial sphere is an ellipse 
{cf. § 356), and this is the curve traced out by a star during 
the year in consequence of aberration. 

zkrticxilar Cases, — A star in the Mliptie oscillates to 
and fro in a straight liney or more accurately an arc of a great 
circle of length 2k. A star at the pole of the eeliptie revolves 
in a small circle of radius k (ef. § 356). 

372. Major and Minor Axes of the Aberration 
SUipse. — By writing C^for 8 and ^ for P in the investiga- 
tion of § 357, we obtain the analogous results relating to tiie 
ellipse described by a star in consequence of aberration, 
namely : — 

(i.) (a) The length of the semi-axis major is k. 

(b) The major axis of the ellipse is parallel to the eeliptie, 

(o) When the star is displaced along the major axis it has no 
aberration in latitude. 

(b) At these times the Sun^s longitude is either equal to the 
starts, or differs from it hy 180°.* 

(ii.) (a) Ute length of the semi-axis minor is k sin I, 

(b) The minor axis is perpendicular to the ecliptic. 

(c) When the star is displaced along the minor axis^ it has no 
aberration in longitude. 

(b) At these times the Sun^s longitude differs from the starts 
by 90**. 

CoBOLLAKY. — The maximum aberration in longitude = it sec/ 
{cf § 357, ii.). 

* Note that (i., d) and (ii., d) are the reverse of the correBponding 
properties in § 357. 
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*878. Effect of Eccentricity of Earth's Orbit.— Owing to the 
elUptio form of tbe Earth's orbit the Earth's velocitj is not quite 
uniform, and therefore the coefficient of aberration is subject to 
small yariations during the yeax. The earth's velocity is greatest 
at perihelion and least at aphelion. The angular velocities at those 
times are inversely proportional to tbe squares of the corresponding 
distances from the Sun, but the actual (linear) velocities are in- 
versely proportional to the distances themselves, and those are in 
the ratio of 1— e : 1 + c, or 1 - ^ : 1 + b^ (§ 149). Since the coeffi- 
cient of aberration is proportional to the Earth's velocity, its 
gpreatest and least values are therefore in the ratio of 61 : 69, and 
are respectively f^ and |^ of its mean value. 

Moreover, the direction of the Earth's motion is not always 
exactly perpendicular to the line joining it to the Sun, hence the 
" apex of the Earth's way," towards which a star is displaced, may 
be distant a little more or a little less than 90° from the Sun at 
different seasons. 

The aberration curve is still an ellipse. The student who 
has read the more advanced parts of particle dynamics may know 
that the curve MNj traced out by Jf , is in this case the " hodograph " 
of the Earth's orbital motion. It is also known, in the case of 
elliptic motion, such as the Earth's, that this hodogitiph is a circle, 
whose centre does not, however, quite coincide with go. Hence the 
aberration-curve hk is an ellipse. 

374. Discovery of Aberration. — ^Aberration was dis- 
covered by Bradley, in 1725, in the course of a series of 
observations made with a zenith sector on the star y Draeonts 
for the purpose of discovering its annual parallax. The star's 
latitude was observed to undergo small periodic variations 
during the course of the year, and these differed from the 
yariations due to annual parallax in the fact that the dis- 
placement in latitude toas greatest when the Sun^s longitude 
differed from that of the stars hy 90° ; that is, at the time when 
the parallax in latitude should he zero (§ 357, i., c). The fact 
that the phenomenon recurred annually led Bradley to suppose 
that it was intimately connected with the Earth's motion 
about the Sun, and he was thus led to adopt the explanation 
which we have given above. It will be seen that the pecu- 
liarity which led Bradley to discard annual parallax as an 
explanation is quite in harmony with the results of § 372. 

375. To Determine the Constant of Aberration by 
Observation. — The constant k can best be found by observ- 
ing different stars with a zenith sector or transit circle, as in 
the direct method of finding a star's parallax (§ 358). 
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The differential method of § 359 cannot he used, hecause 
the coefficient of ahenration is the same for all stars. But 
aherration is much larger than parallax (the coefficient of 
aherration being 20*49") while the greatest stellar parallax 
is < 1"), and can therefore he found directly with greater 
accuracy. Of course it is necessary to make corrections for 
refraction and precession. The former correction is the most 
liable to uncertainty, as it yaries slightly according to atmo- 
spheric conditions. But, as all stars haye the same constant 
of aberration, a star may be selected which transits near the 
zenith, and is therefore but little affected by refraction. 

This condition was secured by Bradley when he observed 
the star y Draconis, The star is very favourable in another 
respect, for its longitude is very nearly 270°. It therefore 
lies very nearly in the ^'solstitial colure," its declination 
circle passing nearly through the pole of the ecliptic. 




At the vernal equinox, the star's longitude is less than the 
Sun's by 90°, and it is therefore displaced away from the 
poles of the ecliptic and equator through a distance k" sin /, 
its declination being thereiore decreased by ife" sin /. At the 
autumnal equinox its declination is increased by k" sin /. 

Hence the difference of the apparent declinations = 2A;''8in 7, 
and this is also the difference of the star's apparent meridian 
zenith distances. By observing these, A" may be found, 
/ being of course known. 

The value of A" is very approximately 20'493\ 
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376. Belation between the Coeffioiant of Aberratton 
and the Equation of Light. — ^We have seen (§ 368) that 

!,,__ 180x60x60 u ..V 

^ w T ^^^' 

where V is the coefficient of aberration in seconds, u the 
velocity of the Earth, Fthat of light, both of which we will 
suppose measured in miles per second. 

Now let r represent the radius of th6 Earth's orbit (sup- 
posed circular) in miles. Then in one sidereal year, or 365^ 
days, the Earth travels round its orbit through a distance 
2wr miles. Hence the Earth's velocity in miles per second is 

3654x24x60x60* 
Substituting in (i.), we have 

""365i r' 

But r/ Fis the time taken by the light to travel from the 
Sun to the Earth, measured in seconds, or the '* equation of 
Hght." Hence, 

The eoefioient of aberration in seconds 

= -= — . X number of seoonds taken by Son's light to 
366J ^aoh Earth. 

Thus, by observing the retardation of the eclipses of 
Jupiter's satellites at superior conjunction, the coefficient of 
aberration can be found independently of the methods of 
§ 375, the number of days (365^) in the sidereal year being 
of course known. 

The close agreement between the values found thus and 
by direct observation affords the strongest evidence in support 
oJ: Bradley's explanation of aberration. 

BzAMPLX. — To find the cooffioient of aberration in seconds, having 
given that light takes 8m. 20s. to travel from the Sun to the fiarth. 

Here the required coefficient of aberration 

y, 15j< 600 7500 ^ 20-584" 
365*"" 365-25 

Digitized byCjOOQlC 



THE DISTANCES OF THE SUK AND STARS. 305 

377. To find the time taken by the light from a 
star to reaoh the Earth. — It is sometiines conyenient to 
estimate the distance of a star by the number of years which 
the light from it takes to reach the Earth. This may be 
determined from a knowledge of the star's parallax, and of 
the coefficient of aberration, without knowing either the Sun's 
distance or the Telocity of light. 

Let the parallax of a star be = P" in seconds = P radians, 
and let the coefficient of aberration = 1^' seconds = k radians. 

Then, if r, (^ be the Earth's and star's distances from the 
Sun, we have 

7>_ r T _ velocity of Earth 
d ' velocity of light ' 

Now, in one year, the Earth travels over a distance 2irr ; 

2irr 

.*. in one year light travels a distance —=-- ; 

.*. the number of years taken by light to travel from the 
star (distance (?) to the Earth 

' \ k ) 27rr 2irF 2wP"' 

The distance travelled by light in a year is sometimes 
called a " light-year." Hence, 

The product of a dor's parallax and its distance in light- 
years is equal to the coefficient of aberration divided hy 2ir, 

Examples. — 1. To find how long the light would take to reach ut 
from a star having a parallax 0*1". 
The required time, in years, 

1 &" 10x20-49x7 . . , 

"=2;oi-— 2x22- ^PP^^"'"-*^^^ 
- 82-6. 

2. To find the time taken by the light from the nearest star, 
a Centauri, taking its parallax as 0-76". 

The parallax is 7*5 times that of the star in the last question, 
therefore its distance is 10/75 as great, and the time taken by the 

light " y| " **^^ ^®*"' 
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378. Relation lietween the Coefficient of Aber- 
ration, the Sun's Parallax, and the Velocity of Light. 

— It follows from § 376 that if the coefficient of aberration 
^' be determined by observation, the fraction r/V ia also 
known, independently of observations of the eclipses of 
Jupiter's satellites. And if F, the velocity of light, be deter- 
mined experimentally by the method of Foucault or Fizeau, 
the Sun's distance r can be found. Thus the Sun's parallax 
can be calculated from the coefficient of aberration and the 
velocity of light. And generally, if, of the four quantities, 
Sun's parallax, coefficient of aberration, velocity of light, and 
length of sidereal year in days, any three are observed, the 
value of the fourth may be deduced from them. 

In this manner Foucault, by his determination of the 
velocity of light, in 1862, found the Sun's parallax to be 8-86". 
Comu, by experiments in 1874 and 1877, combined with the 
values for A/' determined by Struve, obtained the values 
8-83" and 8'80" respectively. Michelson's experiments make 
the parallax 8-793". 

Example. — If the yelodty of light » 186,000 miles per seoond 
and the Earth's radios (a) ■» 3,960 miles, to prove that the prodaot 
of the Snn's parallax and the coeifioient of aberration, both measnred 
in seconds, is 180'35. 

The Snn'B pwalla:. P" = MiieOxeO « ^ 

T r 

865i V 1401 r' 
• P" h" « 180 X 60 X 60 X 60 a _ 206265 x 60 3960 



1461t V 1461 186000 

= 180-86. 

379. Planetary Aberration. — The direction of any 
planet is affected by aberration, which is due partly to the 
motion of the Earth, and partly to that of the planet itself. 

Por, during the time occupied by the light in travelling 
from a planet to the Earth, the planet itself wiU have moved 
from the position which it occupied when the light left it. 

Wo shall, however, show that tJi^ direction in which a 
planet is seen at any instant was the actual direction of the 
planet relative to the Earth at the instant previously when th^ 
(iyht left the planet. 
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Let i be the time required by the light to trayel from 
the phmet to the Earth. Let P, Q be the positions of the 
planet and Earth at any instant ; P', ^ their positions after 
an interval t. 

The light which lej^ves the planet when at P reaches the 
Earth when it has arrived at Q ; the direction of the actual 
motion of the light is, therefore, along FQ, But PQ and 
QQ' are the spaces passed over by the light and the Earth 




Fig. 128. 

respectively in the time t (and QQ' is so small an arc that it 
may be regarded as a straight line). Therefore 

QQ : PQ^ = velocity of Earth : velocity of light. 

Hence it follows from § 368 that the line PQ represents the 
direction of relative velocity of the light with respect to the 
Earth. Therefore, when the Earth is at Q' the planet is seen 
in a direction parallel to PQ, and its apparent direction 
is exactly what its real direction was at a time t previously. 

The same is true in the case of the Sun or a comet, or 
any other body, provided that the time taken by the light 
from the body to reach the Earth is so small that the Earth's 
motion deep not change sensibly in direction in the interval. 

The aberration of the plonot at any instant is the angle 
between the apparent direction PQ and the actual direction 
P'Qf. 
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ExAMPLX. — To find the effect of aberration on the positions of (i.) 
the Snn, (ii.) Batum in opposition, taking its distance from the 
Son to be 9^ times the Earth's. 

(i.) The light takes 8m. 20s. to travel from the Sun to the Earth 
therefore the Sun's apparent coordinates at any instant are its actual 
coordinates 8m. 20s. previously. Thus, its apparent decl. and B.A. 
at noon are its true decl. and B.A. at 2dh. 51m. 40s., or llh. 51m. 
40s. A.ir. 

Now the Sun describes 360° in longitude in 365i days. Hence, in 
500 seconds it describes 20*492", and the Sun's aberration in longi- 
tude is 20*492''. This is otherwise evident from the fact that the 
Earth's way of the Sun is 90° ; and it is at rest, consequently its 
aberration » Jc, 

(ii.) The distance of Saturn from the Earth at opposition is 
B 9^—1, or 8^ times the Sun's distance. Light travels over this 
distance in 8m. 208. x 8^ » 500 x 8Js. « Ih. 10m. 508. Therefore, 
the apparent coordinates are the actual coordinates Ih. 10m. 508. 
previously. 

Thus the observed decl. and B.A. at midnight (12h. Cm. Os.) are the 
true decl. and B.A. at lOh. 49m. 10s. 



380. Diurnal Aberration is due to the effect of the 
Earth's diurnal rotation about the poles on the relative velo- 
city of light. 

As the Earth revolves from west to east, the portion of the 
motion of an observer due to this diurnal rotation is in the 
direction of the east point F of the horizon. 

The effect of diurnal aberration can thus be investigated 
by methods precisely similar to those of § 368, JE taking the 
place of 17.* 

Hence, every star x is displaced by diurnal aberration 
towards the east point ^. And if x' be its displaced position, 
then 

the displacement xx^ = A mixE, 
where 

Circular measure of A = velocity of observer 

velocity of light 

* The Btndent will find it usefnl to go through the varioiis steps 
of §§ 868-371, considering the diurnal motion. 
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Taking a for the Earth's radius, Ffor the Telocity of light, 
let the observer's latitude be /. 

In a sidereal day (86164-1 mean seconds) the Earth's 
rotation carries the observer round a small circle, whose dis- 
tance from the Earth's axis is a cos /, and whose circumference 
is, therefore, 2ira cos I. Hence, the observer's Telocity 

2'jra cos Z ^ -* 

^ 861641 ™ ^®^ ^^ ' 
2'jra cos / 



circular measure of -4 = 



86164-1 X r* 

.*. -4" (number of seconds in A) 

_ 180x60x60 27rgcos/ 

T 861641 r 

150 cos/ • i. 1 

= — ^-^^ approximately. 

Thus, the coefficient of diurnal aberration Taries as the 
cosine of the latitude. If K" denote the coefficient of 
diurnal aberration at the equator in seconds, we therefore, 
haTe 

^n _ 16a _ 16 x 3968 _ ^.g^,, 
F 186,000 ' 

A" = K" COS I = 0-32" oos I. 

• Effect of Biomal Aberration on Meridian Observations. 

The coiTeotion for diamal aben-ation is gpreatest when the star 
is 90^ from the east point, i.e., is on the meridian. In this case, 
the displacement is perpendicular to the meridian, and is equal 
toil". 

The star's meridian altitude is thus unaffected, but its time of 
transit is somewhat retarded at upper culmination, and (for a cir- 
cumpolar star) accelerated at lower culmination, since the star 
appears on the meridian, when it is really A" weet of the meridian. 
The effect of diurnal aberration on the time of transit is thus eqni- 
Talent to that of a small collimation error A" in the Transit Circle. 

For a star on the equator, seen from the Earth's equator, the 
retardation of the time of transit would be -^ K" seconds, » -g^ 
of a second nearly, and it would be difficult to observe such a smaU 
interraL 
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381. To determine the Coefficient of Dinmal Aber- 
ration by Observations of the Azimuths of Stars 
when on the Horizon. 

When a star is rising or setting it is evidently displaced by- 
diurnal aberration along the horizon towards the east x>oint. 
Consider two stars, one of which rises S. of E., and the other 
N. of E. It is evident that their rising points are drawn 
towards one another. But the stars set S. of W. and N. 
of W., and their displacements are still towards tho B. 
point ; hence, their setting points are separated away from 
one another. And, if the stars, at rising and setting, be 
carefully observed with an altazimuth, the difference between 
their azimuths at setting will exceed that between their 
azimuths at rising by an amount proportional to the diurnal 
aberration. Prom this, the coefficient of diurnal aberration 
may he found. 

The azimaths aro unaltered by refraction (§ 184), bat the times 
of rising and setting are slightly altered by refraction. If the co- 
efficient of refraction be the same at both observationB, however, 
the acceleration in rising will be equal to the retardation at setting, 
and the refraction will increase the azimuths at rising and setting 
by the same amonnt ; thus the data will be unaffected. If the tem- 
poratui*e of the air has changed considerably between rising and 
setting, it is only necessary to make the observations at equal 
intervals before and after tho stars transit. 

382. Relation between the Coefficients of Aberra- 
tion and the Sun's Parallax. — We have evidently 

K" __ velo city of diurnal motion at equator 
k" "" velocity of Earth's orbital motion 

But the velocities in miles, per sidereal day, are 2wa and 

2ir;-/366|; 

^" orci w « Qrr\ w (Sun's parallax in circular 
Ji" * f * measure). 

This gives the coefficient of diurnal abeiration at the equa- 
tor in terms of the coefficient of annual aberration and the 
Sun's parallax. Conversely, if it were possible to observe 
the coefficient of diurnal aberration accurately, we should 
thus have another way of finding the Sun's parallax. 

But the smaUness of the diurnal abeiTation renders it im- 
possible to obtain good results by this method. 
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EXAMPLES.— XI. 

1. Prove that coseo 8*76" = 23546 approximately, and thence that 
the distance of the Son is nearly 81 million geographical miles, the 
angle 8*76" being the San's parallax, and a geographical mile sub- 
tending 1' at the Earth's centre. 

2. Find the Sun's diameter in miles, taking the San*s parallax as 
8*8'^, its angular diameter as S2^, and the Earth's radius as 8,960 
miles. 

8. A spot at the centre of the Sun*s disc is observed to subtend 
an angle of 5f\ What is its absolute diameter? 

4. Show, by means of a diagram, that the general effect of the 
Earth's diurnal rotation is to shorten the duration of a transit of 
Yenus, and that this circumstance might be used to find the Sun's 
parallax. 

6. Supposing the equator, ecliptic, and orbit of Yenus all to lie in 
one plane, and that a transit of Yenus would last eight hours, at a 
point on the Earth's equator, if the Earth were without rotation ; 
show that, i^ the Sun is vertically overhead at the middle of the 
transit, the duration is diminished by about 9m. 55 J s. owing to the 
Earth's rotation, taking the Sun's parallax to be 8'8'', and the syn- 
odic period of Yenus to be 586 days. 

6. If the annual parallax be 2f\ determine the distance of the star, 
taking the Sun's distance to be 90,000,000 miles. Hence, deduce 
the distance of a star whose parallax is 0'2''. 

7. Find, roughly, the distance of a star whose parallax is 0'6", 
given that the Sun's parallax is 9^^ and the Earth's radius is 4000 
miles. 

8. The parallax of 61 Gygni is 0'5", and its proper motion, per- 
pendicular to the line of sight, is 5* a year ; compare its velocity in 
that direction with that of the Earth in its orbit round the Sun. 

9. Account for the following phenomena : (i.) all stars in the 
ecliptic oscillate in a straight line about their mean places in the 
course of the year ; (ii.) two very near stars in the ecliptic appear to 
approach and recede from otie another in the course of the year. 

10. Suppose the velocity of light to be the same as the velocity of 
the Earth round the Sun. Discuss the effect on the Pole Star as 
seen by an observer at the North Pole throughout the year. 
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11. Sound travels with a Telocity 1,100 feet per leoond. Deter- 
mine the aberration prodnced in the apparent direction of sonnd to 
a person in a railway train travelling at sixty miles an honr, if the 
sonroe of sound be exactly in front of one of the windows of the 
carriage. 

12. Show that, in consequence of aberration, the fixed stars 
whose latitude is I appear to describe ellipses whose eccentricity 
is cos I. 

18. How must a star be situated so as to have no displacement 
due to (i.) aberration, (ii.) parallax P Where most a star be so that 
the effect may be the greatest P 

14. On what stars is the effect of aberration or parallax to make 
them appear to describe (L) circles, (ii.) straight lines P 

16. Show that the effect of annnal parallax on the position of a 
star may be represented by imagining the star to move in an orbit 
equal and parallel to the Earth's orbit, and that the effect of aber- 
ration may be represented by imagining it to revolye in a circle 
whose radius is equal to the distance traversed by the Barth while 
the light is travelling from the star. 

16. Supposing the star i; Virginis to be situated (as it nearly is) 
at the first point of Libra, find the direction and magnitude of its 
displacement due to aberration about the 21st day of every month 
of the year, taking the coefficient of aberration to be 20*5''. When 
is its aberration greatest ? 

17. At the solstices show that a star on the equator has no aber- 
ration in declination. If its B.A. be 22h., show that its time of 
transit is retarded at the summer and accelerated at the winter 
solstice by *68 of a second. 

18. If the coefficient of aberration be 20", and an error of 2,000 
miles a second be made in determining the velocity of light, find, in 
miles, the consequent error in the value of the Sun's mean distance 
as computed from these data. 

19. Show that when a planet is stationary its position is unaffected 
by aberration. 

20. Taking the Earth's radius as 4,000, velocity of light 186,000' 
miles per second, show that the coefficient of diurnal aberration at> 
the equator is about one-third of a second. 
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MISCELLANEOUS QUESTIONS. 

1. Explain the following terms: — aateroidf libration, lunation 
parallax, perihelion, planefa elongation, right ascension, synodical 
period, syaygies, nenith, 

2. Given that the B.A. of Orion's belt is 80^, show by a figpire its 
position at different honrs of the night abont March 21 and 
September 23. 

8. Prove that the number of minntes in the dip is equal to the 
number of nautical miles in the distance of the visible horizon. 

4. Show how to determine the latitude of a place by meridional 
observations on a circumpolar star, taking into account the refraction 
error. 

6. Show how to find longitude from lunar distances. The cleared 
lunar distance of a star at 8h. 80m. local mean time is 15°0'46'^ and 
the tabular distances are IS'^O'O'' at 6h. and 16°1'30'' at 9h. of Qreen- 
wich mean time. Find the longitude. 

6. At what time of the year can the waning moon best be seen F 

7. On July 21 at 2 a.m. the Moon is on the meridian. What is 
the age of the Moon P Indicate the position on the celestial sphere 
of a star whose declination is and whose B.A. is 30^. 

8. Taking the distance of Yenus from the Sun to be {■ of that of 
the Earth, find the ratio of the planet's angular diameters at superior 
and inferior conjunction and greatest elongation, and draw a series 
of diagrams showing the changes in the planet's appearance during 
a synodic period, as seen through a telescope under the same 
magnifying power. 

9. Defining a lunar day as the interval between two oonseoutive 
transits of the Moon across the meridian, find its mean length in 
(i.) mean solar, and (ii.) sidereal units. 

10. At what season is the aberration of a star least whose B^A.. is 
Wf and whose declination is 60° ? 

11. Show that the constant of aberration can be determined by 
observation of Jupiter's satellites, without a knowledge of the radius 
of the Earth's orbit. 

12. How is it possible to calculate separately the aberration — ^the 
constant of aberration being supposed unknown — annual parallaz, 
and proper motion of a star, from a long series of observations 61 the 
apparent place of a star F 
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EXAMINATION PAPER.— XI. 



1. Why is tHe method for finding the Moon's parallax not ayailable 
in the case of the Snn? Show how the determination of the 
parallax of Mars leads to the determination of the Sun's parallax. 

2. Show how the Sun's parallax can be found by comparing the 
times of commeTicement or of termination of a transit of Yenus at two 
statioDS not far from the Earth's equator. 

8. Show how the Sun's parallax can be found by comparing the 
durations of a transit of Ycnus at two stations in high N. and S. 
latitudes. Why is this method not available when the transit is 
central f 

4. Distinguish between solar and stellar parallax. Towards what 
point does a star seem to be displaced by heliocentric parallax ? 
Find an expression for the displacement. 

5. Describe Bessel's method of determining the annual parallax 
of a fixed star. 

6. How might the Sun's parallax be determined by observations 
of the eclipses of Jupiter's satellites ? 

7. Explain the aberration of lighty and investigate the direction 
and roagnitade of the displacement which it produces on the 
apparent position of a star. 

8. Show that owing to aberration a star in the polo of the ecliptic 
appears to describe a circle, and that a star in the ecliptic appears 
to oscillate to and fro in a straight line during the course of the year. 

0. Show how the velocity of light may bo determined from the 
aberration of a star when the Sun's mean distance is known. 

10. Investigate the general effects of diurnal aberration due to 
the Earth's rotation about its axis. In what direction are stars 
displaced by diurnal aberration ? Show that the coefficient of 
diurnal aberration at a place in latitude lis K cos I, where K is the 
coefficient at the equator. 
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THE EOTATION OF THE EAETH. 

888. Introduotory. — In the preceding chapters we have 
shown how the motions of the celestial bodies can be determined 
by actual observation, and we have also explained certain 
resulting phenomena. But no use has yet been made of the 
principles of dynamics ; consequently we have been unable 
to investigate the cawes of the various motions. In par- 
ticular, while we have assumed that the diurnal rotation oi the 
stars is an appearance due to the Earth's rotation, we have 
not as yet given any definite proof that this is the only pos- 
sible explanation. 

The ancient Greeks accounted for the motions of the solar 
system by means of the Theory of EpicycleSy according to 
which each planet moved as if it were at the end of a system 
of jointed rods rotating with uniform but different angular 
velocities. Suppose A£y BCy CD to be three rods jointed 
together at By C. Let A be fixed ; let AB revolve uniformly 
about A; let BO revolve with a different angular velocity 
about B ; and let CI) revolve with another different angular 
velocity about C. Then, by properly choosing the lengths and 
angular velocities of the rods, the motion of J9, relative to -4, 
may be made nearly to represent the motion, relative to the 
Earth, of a planet. 

Copemious (a.d. 1500 cire.) was the first astronomer who 
explained the motions of the solar system on the theory that 
the diurnal motion is due to the Earth's rotation, and that 
the Earth is one of the planets which revolve round the Sun. 
This theory was adopted by Kapler (a.d. 1609 oirc.) whose 
laws of pknetary motion have already been mentioned (§ S26)» 

▲STEOK. T 
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These laws were, however, unexplained until their true cause 
was found by Ifawton (a.d. 1687) by his discovery of the 
law of gravitation. 

384. Argumants in Favour of the Earth's Bota- 
tion. — Without appealing to dynamical principles, the pro- 
bability of the Earth's rotation about its axis (§ 87) may bo 
inferred from the following considerations ; — 

(i.) If the Earth were at rest, we should have to imagine 
the Sun and stars to be revolving about it with inconceivably 
great velocities. If the Earth rotates, the velocity of a point 
on its equator is somewhere about 1,050 miles an hour. But 
since the Sun's distance is about 24,000 times the Earth's 
radius, the alternative hypothesis would require the Sun — ^a 
body whose diameter is nearly 110 times as great as that of 
the Earth — to be moving with a velocity 24,000 times as 
great, or about 25,000,000 miles an hour; while most of the 
fixed stars are at such distances from the Earth that they 
would have to move with velocities vastly greater than the 
velocity of light. It is inconceivable that such should 
be the case. 

(ii.) The diurnal rotations all take place about the pole, 
and are all performed in the same period — a sidereal day. 
This uniformity is a natural consequence of the Earth's rota- 
tion, but if the Earth were at rest, it could only be explained 
by supposing the stars to be rigidly connected in some manner 
or other. Were such a connection to exist it would be difficult 
to explain the proper motions of certain fixed stars, and the 
independent motions of the Sun, Moon, and planets. 

(iii.) By observing the motion of the spots on the Sun at 
different intervals, it is found that the Sun rotates on its axis. 
]^[oreover, similar rotations may be observed in the planets ; 
thus. Mars is known to rotate in a period of nearly 24 
hours. There is, therefore, nothing unreasonable in suppos- 
ing that the Earth also rotates once in a sidereal day. 

(iv.) The phenomenon of diurnal aherration afPords a proof 
of the Earth's rotation. Were it not for the difficulty of its 
observation, this proof alone would be conclusive. 

We may mention that diomal parallax could be eqnallj well 
accounted for if the celestial bodies revolved round the Earth ; not 
so, however, diurnal aberration. 
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885. Dynamioal Proofii of the Earth's Botation. — 

The following is a list of the methods by which the Earth's 
rotation is proved from dynamical considerations : — 

(1) The eastward deviation of falling bodies. 

(2) Foucault's pendulum experiment. 

(3) Foucault's experiments with a gyroscope. 

(4) Experiments on the deviation of projectiles. 

(5) Observations of ocean currents and trade winds. 

(6) Experiments on the differences in the acceleration of 
gravity in different latitudes, due to the Earth's ccntiifugal 
force, as observed by counting the oscillations of a pendulum ; 
combined with 

(7) Observations of the figure of the Earth. 

386. The Eastward Daviatioii of FaUing Bodies.— 

If the Earth is rotating about its polar axis, those points 
which are furthest from the Earth's axis move with greater 
velocity than those which are nearer the axis. Hence the 
top of a high tower moves with slightly greater velocity than 
the base. If, then, a stone be dropped from the top of the 
tower, its eastward horizontal velocity, due to the Earth's 
rotation, is greater than that of the Earth below, and it falls 
to the east of the vertical through its point of projection. 
The same is true when a body is dropped down a mine. This 
eastward deviation, though small, has been observed, and 
affords a proof of the Earth's rotation. 

Consider, for example, a tower of height h at the equator. If a be 
the Earth's equatorial radius, the base travels over a distance 2»a in 
a sidereal day, owing to the Earth's rotation, while the top of the 
tower describes 2ir(a + h) per sidereal day. Thus, the velocity at 
the top exceeds that at the bottom by Zirh per sidereal day. 

If A be measured in feet, this difference of velocities is tA/3600 
inches per sidereal second, and is sufficiently great to cause a small 
butperceptible deviation when a body is let fall from a high tower. 

The calculation of the deviation is somewhat difficult, and involves 
an application of principles which are discussed in the next chapter. 
If t 18 the time of flight, v the difference of velocities of the top 
and the bottom of the tower, the deviation is found to be approxi- 
mately fir^ and not vt as might naturally be expected. Owing to 
the difficulty of measuring this deviation experimentally, the 
question is chiefly of historic interest. 
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387. Foucanlf 8 Pandnluiii Ezperimant. — In 1851, M. 
Foncaiilt invented an experiment by which the Earth's rota- 
tion is very clearly shown. A pendulum is fonned of a large 
metal ball suspended by a fine wire from the roof of a high 
building, and is set in motion by being drawn on one side and 
suddenly released ; it then oscillates to and fro in a vertical 
plane. If now the pendulum be sufficiently long and heavy 
to continue vibrating for a considerable length of time, the 
plane of oscillation is observed to very gradually change its 
direction relative to the surrounding objects, by turning 
slowly round from left to right at a place in the northern 
hemisphere, or in the reverse direction in the southern. If 
the experiment is performed in latitude Ij the plane of 
oscillation appears to rotate through 15° x sin Z in a sidereal 
hour, 360° sin Z in a sidereal day, or 360° in cosec I sidereal 
days. This apparent rotation is accounted for by the Earth's 
rotation, as follows. 



(i.) Let us first imagine the experiment to be performed at 
the north pole of the Earth. Let the pendulum AB be 
vibrating about A in the arc JBJS' in 
the plane of the paper. The only forces 
acting on the bob are the tension of 
the string BA and the weight of the 
bob acting vertically downwards ; both 
are in the plane of the paper. The 
Earth's rotation about its axis CA pro- 
duces no forces on the bob. Hence 
there is nothing whatever to alter the 
direction of the plane of oscillation ; 
this plane therefore remains fixed in 
space. But the Earth is not fixed in 
space ; it turns from west to cast, making 
a complete direct re volution in a sidereal 
day. Hence the plane of the pendulum's oscillation appears, 
to an observer not conscious of his own motion, as though it 
rotated once in a sidereal day, in the reverse or retrograde 
direction (east to west). If, however, he were to compare 
the plane of oscillation not with the Earth but with the 
stars, whose directions are actually fixed in space, he would 




Pig. 129. 
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6^ that it always retained the same podtioii relatively to 
them. 

Since, then, the pendulum at the pole of the Earth appears to 
follow the starSy it evidently appears to rotate in the same 
direction as the hands of a watch at the north pole, and io 
the direction opposite to the hands of a watch at the south 
pole. 

(ii.) Next suppose the experiment performed at the Earth's 
equator. If the hoh he set swinging in 
the plane of the equator, take this as the 
plane of the paper (Fig. 130). The 
direction of the vertical AQC is now 
rotating ahout an axis through C per- 
pendicular to the plane of the paper ; 
hence it always remains in that plane. 
Hence there is nothing whatever to 
turn the plane of oscillation of the pen- 
dulum out of the plane of the Earth's 
equator. It therefore continues always 
to pass through the east and west points, 
and there is no apparent rotation of the 
plane of oscillation. 




Fio. 130. 



If the pendulum do not swing in the plane of the equator, 
the explanation is much more complicated. As tho Earth 
rotates, the direction of gravity performs a direct revolution 
in a sidereal day. Hence, relative to the point of support, 
gravity is gradually and continuously turning the hoh west- 
wards, in such a way as to keep its mean position always 
pointed towards the centre of the Earth. When the hoh is 
south of its position of equiUhrium, this westward hias tends 
to turn the plane of osculation in the clockwise direction, 
but when the bob is north of the mean position, the west- 
ward bias has an equal tendency to turn the plane in the 
reverse direction. Consequently the two effects counter- 
act one another, and therefore produce no apparent 
rotation of the plane of oscillation relative to surrounding 
objects. 
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(iii.) Lastly, consider the case of an observer in latitude 
I (Fig. 131). Let n denote the 
angular velocity with which the 
Earth is rotating about its polar axis 
CP, It is a well-known theorem 
in Eigid Dynamics that an angular 
velocity of rotation about any line 
maybe resolved into components ahout 
any two other lines, by the parallelo- 
gram law, in just the same way as a 
linear velocity or a force along that 
line; this theorem is called the 
Parallelogram of Angular Velocities. 
Applying it to the angular velocity 
n about (7P, we may resolve it into 
two components — 




Fia 131. 



and 



n cos PCO or n sin / about CO, 



n sin PCO or « cos / about a line C(y perpendicular to CO, 

and we may consider the effects of the two angular velocities 
separately. 

As in case (i.), the component n sin ^ causes the Earth to 
turn about CO, without altering the direction in space of the 
plane of oscillation ; this plane, therefore, appears to rotate 
relatively in the reverse or retrograde direction, with 
angular velocity n sin I, As in case (ii.), the angular velocity 
n cos / about CCy produces no apparent rotation of the plane 
of oscillation relative to the Eai*th. Hence the plane of oscilla- 
tion appears to revolve, relative to the Earth, with retrograde 
angular velocity n sin I, 

But the angular velocity n = 15° per sidereal hour 
= 360° per sidereal day. 

Therefore the plane of oscillation turns through 

16° sin / per sidereal hour = 360° sin I per sidereal day, 

360° 
and its period of rotation = — : — -. 

nsin/ 

^ cosec I sidereal days. 
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388. The Gyroscope or Gyrostat is another apparatus 
used by Foucault to prove the Earth's rotation. It is simply 
a large spinning-top, or, more correctly, a heavy revolving 
wheel M(Fig, 132), whose axis of rotation AB is supported 
by a framework, so that it can turn about its centre of gravity 
in any manner. Thus, by turning the wheel and the inner 
frame A CBD about the bearings CD, and then turning the 
outer frame DECF about the bearings EF, the axis AB (like 
the telescope in an altazimuth or equatorial) can be pointed 
in any desired direction. The three axes AB, CD, EF all 
pass through the centre of gravity of the top ; hence its weight 
is entirely supported, and does not tend to turn it in any 
way ; and the bearings A,B, C, D, E, ^are very light, and 
so constructed that their friction may be as small as possible. 
The top may be spun by a string in the usual way, and it 
continues to spin for a long time. 




Fn;. VA2. 

When a symmetrical body, such as the wheel M, is revolv- 
ing rapidly about its axis of figure, and is not acted on by 
any force or couple, it is evident that no change of motion 
can take place, and therefore the axis of rotation AB must 
remain fixed in direction. This is the case with the gyro- 
scope, for, from the mode in which the weight of the wheel 
is supported, there is no force tending to turn it round. 

When the experiment is performed it is observed that the 
axis AB follows the stars in their diurnal motion ; if pointed 
to any star, it always continues to point to that star, its posi- 
tion relative to the Earth changing with that of the star. 
Hence it is inferred that the directions of the stars are fixed 
in space, and that the diurnal motion is not due to them, but 
to the rotation of the Earth, 
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889. If while tHe gyroscope is Bpinning rapidly any attempt be made 
to alter the direction of the axis of rotation AB by pushing it in any 
direction, a very great resistance will be experienced, and the axis 
will only move with great difficulty. This shows that the small 
friction at the pivots CDy EF can have but little effect in tnming 
the axis of the top, and therefore the gyroscope spins as if it were 
practically free, as long as its angular velocity remains considerable. 

The following additional experiments with the gyroscope can be 
ilso used to prove the Earth's rotation. 

Experiment 1. — Let the hoop CEDF be steadily rotated about the 
line EF, The line AB is no longer free to take up any position, for 
the pivots C and D obviously force it always to be in a plane through 
EF and perpendicular to plane CEDF. Hence the axis of rotation 
LB no longer able to maintain always the same position, unless that 
position coincides with EF. The result 
is that the axis gradually turns about 
CD till it does coincide with EF, the di- 
rection of rotation of the wheel being 
the same as that in which frame is forced 
to revolve. It will then have no further 
tendency to change its place. Of course 
we suppose the hoop turned so quickly 
that the effect of the slow motion of the 
Earth is imperceptible. 

ExpeHment 2. — We may now repeat 
Experiment 1, using the Earth's rota- 
tion. Let the framework CEDFhe fixed 
in a horizontal position, the line CD 
being held pointed due east and west. The axis AB is then 
free to turn in the plane of the meridian. Now, owing to the 
Earth's rotation, the framework carrying CD is turning about the 
Earth's polar axis, and this causes the top to turn till its axis points 
to the celestial poles. The result of experiment agrees with 
theory, thus affording a further proof of the Earth's rotation about 
the poles. 

Experiment 8. — Let the framework CEDF be clamped in a vertical 
plane. The axis AB can thon turn in a horizontal plane, but it cannot 
point to the pole. It will, however, try to point in a direction 
differing as little as possible from the direction of the Earth's axis, 
and will therefore turn till it points due north and south. This has 
also been verified by actual observation. 

Experiments 8 and 2, if performed with a sufficiently perfect 
gyroscope, would enable us to find the north point, and then to find 
the celestial pole, and thus determine the latitude without observing 
any stars. By means of Foucault's pendulum experiment we could 
also (theoretically) determine the latitude. 
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890. The Deviation of Frojaoiilas. — ^If we suppose a 
cannon ball to be fired in any direction, say from the Earth'p 
North Pole, theball will travel with uniform horizontal velocity 
in a vertical plane. But, as the Earth rotates from right to left, 
the object at which the ball was aimed will be carried round 
to the left of the plane of projection, and therefore the ball 
will appear to deviate to the right of its mark. At the South 
Pole the reverse would be the case, because in consequence 
of the direction of the vertical being reversed, the Earth would 
revolve from left to right ; hence the ball would deviate to 
the left of its mark. At the equator no such effect would 
occur. 

The deviation, like that in Foucault's pendulum, depends on 
the Earth's component angular velocity about a vertical axis 
at the place of observation, and this component, in latitude Z, 
is n sin /(§ 387, iii.). Now the Earth rotates about the poles 
through 15" per sidereal second. Hence, if ^ be the time of 
flight measured in sidereal seconds, the deviation is 

= «^ sin ? = 15^ ^ sin /, 

and it is necessary to aim at an angle 15'^ ^ sin Z to the left of 
the target in N. lat. Z, or 15". ^ sin / to the right in S. lat. I, 
The formula is sufficiently approximate even if < be measured 
in Bolar seconds. It is necessary to allow for this deviation 
in gunnery — ^thus affording another proof of the Earth's 
rotation. 

391. Tlia Trade Winds are due to a similar cause. The 
currents of air travelling towards the hotter parts of the 
Earth at the equator, like the projectiles, undergo a deviation 
towards the right in the northern hemisphere, and towards the 
left in the southern. This deviation changes their directions 
from north and south to north-east and south-east respectively. 
In a similar manner the Earth's rotation causes a deviation 
in the ocean currents, making them revolve in a direction 
opposite to that of the Earth's rotation, which is " counter 
clockwise " in the N. and " clockwise" in the S. hemisphere. 
The rotatory motion of the wind in cyclones is also duo to 
the Earth's rotation. 
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392. Centrifiigal Force. — If a body of mass m is revolving 
in a circle of radius r with uniform velocity v under the action 
of any forces, it is known that the body has an acceleration r*/r 
towards the centre of the circle.* Hence the forces must 
have a resultant mv^/r acting towards the centre, and they 
would be balanced by a force mv*/r acting in the reverse 
direction, i.e,y outwards from the centre. This force is called 
the cenlarifngal force. 

Thus, in consequence of its acceleration, the body appears to 
exert a centrifugal force outwards. If it be attached to the 
centre of the circle by a string, the pull in the string is mi^/r. 
If m be measured in pounds, r in feet, and v in feet per 
second, then mv^/r represents the centrifugal force in poundah. 
Similarly, in the centimetre-gramme-second system of units, 
mv^lr is the centrifugal force in dynes. 

If n represent the body's angular velocity in radians per 
second, v = nr^ and the centrifugal force is therefore w»V. 

393. General Effects of the Earth's Centrifagal 
Force. — If the Earth were at rest the weight of a body 
would be entirely due to the Earth's attraction. But in con- 
sequence of the diurnal rotation the apparent weight is the 
resultant of the Earth's attraction and the centrifugal force. 

Let QOR represent a meridian section of the Earth 
(Fig. 134). Consider a body of mass m supported at any 
point on the Earth's surface. Since the Earth is nearly, 
but not quite, spherical, the force g^ of the Earth's attraction 
on a unit mass is not directed exactly to the Earth's centre, 
but along a line OK. But, owing to the body's central 
acceleration along OJT, the force which it exerts on the 
support is not quite equal to the Earth's attraction mg^^ 
but is compounded of mg^ acting along OJT, and the centri- 
fugal force «i . n* . MO acting along MO. 

On KQ take a point G such that 

KG:KO = n\MO:g^, 

* See an^ book on Dynamics. 
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tbcB, by the triangle of force?, OGia the direction of the re- 
sultant force exerted by the body on its support, and this 
force is the apparent weight of the body. Hence, also OG 
represents the apparent direction of gravity, or the verti- 
cal as indicated by a plumb-line. Producing GO, KO to Z^ 
Z'\ we see that the effect of centrifugal force is to displace the 
vertical from Z" totvards the nearest pole (P). 

The angle ZGQ measures the (geographical) latitude of 
the place, and is greater than Z"KQ^ which would measure 
the latitude if the Earth were at rest. Hence the apparent 
latitude of any place is increased ly centrifugal force. 




Fig. 184. 
Again, if the apparent weight be denoted by mg^ we have, 
by the triangle of forces, 

g:g,^GO:KO', 
now from the figure it is evident that GO<KO^ and there- 
fore g < g^. Hence the apparent weight of a body is diminished 
by centrifugal force. 

394. Effect on the Aooalaration of a Falling Body. 

— If a body is falling freely towards the Earth near 0, the 
whole acceleration of its motion in space is due to the Earth's 
attraction, and is g^^, along OJT. But the Earth at has 
itself an acceleration n'OlT towards M, Hence the accelera- 
tion of the body relative to the Earth is the resultant of g^ 
along OKf and w* . MO along MOj and is therefon; g along 
OG. Hence the body approaches the Earth with accelt ration 
g along OG. Therefore its relative acceleration is the accele^ 
ration dv^ toils apparent weight, that is, to the resultant of 
the JSarth^s attraction and centrt/ugal force. 
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39o. To find the loss of weight of a body at the 
equator, due to centrifkigal foroe. — At the equator 
centrifugal force is directly opposed to gravity ; hence, if a 
denote the Earth's radius (7(2, 

Now we have roughly 

^^j = 32-18 feet per second per second, 

a = 3963 miles = 3963 x 5280 feet, 

and n = 2ir radians per sidereal day 

27r 

= radians per msan solar second, 

86164 ^ 

Hence n^a = ^;^?></^;;,><// = .11127, 
86164x86164 ' 

and therefore — = ^^^ = — nearly. 
g^ 3218 289 ^ 

Hence ^ = ^o""259^'' 

or the effect of the EartKs rotation is to decrease the weight of a 

hody hy about of the whole, 

2o9 

For rongh calonlations it would be sufficient to take g » 32*2, 
a — 3960 miles, and to neglect the difference between a solar and a 
sidereal day. This would give 7^, as before. 

396. To find approximately the loss of weight of a 
body and the deviation of the vertical due to centri- 
fugal force in any given latitude. — 

Let I = QGO = astronomical latitude of 0; D= GOK 
= ZOZ" = deviation of vertical from direction of Earth's 
attraction, or increase of latitude due to centrifugal force. 

We have Oif = CO cos COIL 

= a cos / approximately ; 
where a is the Earth's radius, since the Earth is very nearly 
spherical, and z COM is therefore very nearly equal to the 
latitude I. Therefore centrifugal force per unit mass at 
^ n* . OJif= w' . a cos ? = ji^fff^coB I (from § 395), 
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Eesolving along OQ^ we haye, if g^ be the Earth's attraction 
per nnit mass at 0*, 

y =r y^ cos -D— »• . OMcoB I 

= fl^o""isS^ ^^^^ ^ approximately 
289 

(since i> is small, and .*. cos J9 = 1 nearly). 

Hence, in latitude /, the Earth^a rotation diminishes the weight 

of a hody hy approximately --- oca' I of itself 
2o9 

Resolving perpendicular to OG^ 

we have 

y^ sin -D- n*Oif sin / = ; 

. _. n^a cos / sin / 
.'. Bin 2> = 

_ 1 Bin 2 1 
289 2 

Since 1) is small, this gives 

approximately 

. , . ^ 1 sin 2/ . 

circnlar measure oiD= — — — ; 

.•. I/' (number of seconds in D) 
180x60x60 




Fio. 135. 



289x2ir 
206265 



sin 2/ 



678 



sin 2/ = 357" sin 21. 



Hence the deviation D = 5' 57". sin 21, and this is the in- 
crease of latitude due to centrifugd force. 

CoROLLABT. — The deviation of the vertical due to centri- 
fugal force is greatest in latitude 45^ (*.* sin 2/ = 1), and is 
there 5' 57^^. 

* Since the Earth is not quite spherical, g^ is not the same at as 
at the equator. The difference may be neglected, howeTer, when 
maltipUed by the small constant )^. 
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397. Figure of the Earth. — ^In § 114 we stated that the 
form of the Earth has been observed to be an oblate spheroid. 
Now it has been proved mathematically that a mass of 
gravitating liquid when rotating takes the form of an oblate 
spheroid whose least diameter is along its axis of rotation. 
Thus the Earth^s form may be accounted for on the theory that 
the Earth's surface was formerly in a fluid or molten state, 
and that it then assumed its present form, owing to its diurnal 
rotation. "We thus have another argument in favour of the 
Earth's rotation ; but it is only fair to say that this theory 
of the Earth's origin has not been satisfactorily demonstrated. 

It accounts satisfactorily, however, for the form of the 
surface of the ocean. 

This theory may be illastrated by the following general considera- 
tions. When a mass of liquid is acted on by no forces beyond the 
attractions of its particles, it is easy to realize that the whole is in 
eqnilibrium in a spherical form, being then perfectly symmetricaL 

If, however, the fluid be rotating about the axig PCP', the centri- 
fugal force tends to pull the liquid away from this axis and towards 
the equatorial plane. The liquid would, therefore, fly right off, but 
its attraction is always trying to pull it back to the spherical form. 
Hence, the only effect of centrifu^l force (which, for the Earth, is 
small compared with gravity) is to distort the liquid from its spheri- 
cal form by pulling it out towards the equator ; and it is therefore 
reasonable to suppose that the fluid will assume a more or less oblate 
figure, whose equatorial is greater than its polar diameter. 

It may also be remarked that the form aasumed by the liquid 
would be such that the effective force of gravity (t.c., the resultant 
of the attraction and centrifugal force) on the surface would every- 
where be perpendicular (i.e., normal) to the surface. 

*398. Gravitational Observations.— If the Barth were a sphere, 
its attraction go would everywhere tend to its centre, and would be 
of the same intensity at all points on its surface, while the variations 
in g, the apparent intensity of gravity, would be entirely due to the 
Earth's centrifugal force, its value in latitude I being proportional 
to 1 — -jl^cos-i (§ 396). By comparing the values of g at different 
places, we should then be able to demonstrate the Earth's centri- 
fugal force, and hence prove its rotation. But, owing to the Earth's 
ellipticity, its attraction go ^oes not pass through the centre, except 
at the poles and equator, and its intensity is not everywhere con- 
stant. It is, therefore, important to determine experimentally the 
values of g at different stations. By allowing for centrifugal force, the 
corresponding values of the Earth's attraction go can be found, and 
the variations in its intensity at different places afford a measure of 
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the amonnt by which the Earth differs from a sphere. We thus 
hare a gravitational method of finding the Earth's ellipticitj. 

But the Earth's ellipticitj can also be determined by direct obser- 
ration, as explained in Chapter III., Section III. The agreement 
between the results thus independently obtained furnishes another 
proof of the Earth's rotation. 

In consequence of the Earth's'ellipticity it is found (by observa- 
tion) that the difference in the intensity of gravity between the x>ole 
and equator is increased from ^kv ^^ t^ of the whole. 

399. To compare the Intensity of Gravity at different places.^ 
The intensity of gravity may be measured by the force with which 
a body of unit mass is drawn towards the Earth. This cannot be 
measured by weighing a body with a common halancCf because the 
weights of the body and of the counterpoise, by means of which it is 
weighed, are equally affected by variations in the intensity of gravity, 
and two bodies of equal mass will, therefore, balance one another 
when placed in the scale pans, no matter what be the intensity of 
gravity. In fact, by weighing a body with weights in the ordinary 
way, we determine only its tmus, and not the absolute force with 
which it is drawn to the Earth. 

We might determine the intensity of gravity by means of a 
" spring balance" for the elasticity of the spring does not depend on 
the intensity of gravity, and therefore the extension of the spiing 
gives an absolute measure of the force with which the body is drawn 
towards the Earth. If the apparatus were to support a mass of one 
pound, first at the equator and then at the pole, the force on it 
would be greater at the latter place by about y^, and this spring 
would there be extended about -j^^ more. It would be very difficult 
to construct a spring balance sufficiently sensitive to show such a 
small relative difference of weight, but it has been done. 

Atwood's machine might be used to find ^, but this method is not 
capable of giving very accurate results. 

The most accurate method of finding g is by timing the oscillations 
of a pendulwn of known length. 

[* A theoretical simple pendulum, consisting of a mere heavy par- 
ticle of no dimensions, suspended by a thread without weight, is of 
course impossible to realize in practice, but the difficulty is over- 
come by the use of a pendulum ccklled (7ap^atn Eater's Reversible 
Pendulum. This pendulum is a bar which can be made to swing 
about either of two knife-blades fixed at opposite sides of, but un- 
equal distances from, its centre of gravity, and it is so loaded that 
the periods of oscillation, when suspended from either knife-edge, 
are equal. It is then known that the pendulum will swing about 
either knife-edge in jast the same manner as if it were a simple 
pendulum whose whole mass was concentrated at the other knife- 
edge. The distance between the knife-edges is, therefore, to be 
regarded as the length of the pendulum.^ 
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400. Oscillations of a Simple Fendnliuii. — In a simple 
pendulum, formed of a small heavy particle suspended by a 
fine light thread of length /, the period of a complete oscillation 
to and fro is 



-^'v/f 



the time of a single swing or " heat " being of course half of 
this. 

Hence by observing the time of oscillation t and measuring 
the length /, the intensity of gravity g can be found. 

By the " seconds pendolnm " is meant a pendulum in 
which one heat occupies one second, hence a complete 
oscillation occupies two seconds. 

Example. — Having given that the length of the seconds pendulum 
is 99*39 oentimetres, to find g in centimetres per second per second. 
t =» 2r^llg =. 2 seconds, and I = 99*39 cm., 
.-. ^ - ir^i = 99-39 X (3-1416)« = 981. 

It is often necessary to compare the lengths of two 
pendulums whose periods of oscillation are very nearly equal, 
to find the effect of small changes in the length of a pendulum 
due to variations in temperature, or, in comparing the intensity 
of gravity at different places, to find the effect of a small 
alteration in the value of ff on the period of oscillation and on 
the number of oscillations in a given interval. If the differ- 
ences are small, the calculations may be much simplified by 
means of the following methods of approximation.* 

40 1 . To find the chanj^ in the time of oscillation of 
a pendolnm, and in the nnmber of oscillations in a 
given interval, due to a small variation in its length 
or in the intensity of gravity. 

If ^ be the time of a complete oscillation of a pendulum of 
length /, we have, by § 400, 

f = iit^^ (i). 

* The same results can of coarse be obtained by means of the 
differential calculus. 
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(i.) Suppose the length increased to /', and let ^ be the nc^ 
period of oscillation. We have 

g 
Therefore, by division, 

and therefore also 






These formnlse are exact. But if T is very nearly equal to /, 
t is very nearly equal to <, and therefore, putting <+/'= 2^, 
we have approximately 

^— T' 

whence, it #, / be known, the change ^— ^, consequent on the 
increase of length T— /, may be readily found approximately 
without the labour of extracting any square roots. 

(ii.) Suppose the intensity of gravity increased to /, the 
length / being unaltered, and let i be the new period. Since 

we have, by diTimon, 
and therefore also 

But, if ^, ^ are very nearly equal to ^, /, this gives 
approximately 



t 
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(iii.) If I and g both vary, becoming V and y', we hare, in 
like manner 

Therefore also 

-? ^' 'J <» - // - // ^ Ig' • 

_ V 9-^ , I'-l 

or approximately, if the variations are small, 

^"1 r W' 

showing that the effects of the two variations may be con- 
sidered separately. 

(iv.) If n, n' be the number of complete oscillations of the 
pendulum in a given interval T, and if, in consequence of the 
change, this number be altered to n, we have 

nt = nY= T, 

n ^ t 

, «'— n t^f 
whence = —7-. 

If f is very nearly equal to t, this gives approximately 

which determines the number of beats gained by the pendulum 
in the time T^ in consequence of the variations, the original 
number n being supposed known. 

Example. — To find the number of oecillations grained or lost in an 
hour by the pendalnm of the Example of § 400, Bupposmg (i.) its 
length increased to 1 metre; (ii.) the acceleration of gravHy in- 
creased to 982 ; (iii.) both changes made simultaueoasly. 

(i.) The pendulum beats seconds ; therefore it performs 3600 half 
oscillations or 1800 whole oscillations in an honr. Also r*" 100*00 
r^l-0-61, /-<7 = 0. 
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Henco, if V be the new nnmber of oioillatioiia in an honr, 

1800 21 2V ^"PP"*^-^ 200 ' 

.-. i»'-1800--9x-61--6*40. 
Henoe the pendalnm loses nearly 6| osoUIations in an hour, and the 
number of osoillationB is therefore 1704^. 

/«A TTarA 1^^-1800 , g^-g_ 982-081 ^ 1 

(II.; Here ^^^ ^^ 2^^^^ 2x98l' 

.-. V-1800-J^- -9-1 nearly. 

Hence the pendalnm gains 1 oscillation in an hour, the total 
number of oscillations being 1801. 

(iii.) Since from the first cause the pendulum loses 6} oscillations 
and from the second it gains 1 oscillation, therefore on the whole it 
loses 5i— 1 or 4} oscillations per hour. It therefore performs 1795) 
oecillations or 8691 h§at$ per hour. 

402. To oomparo the times of osoillatioiui of two 
pendnliuiui whose periods are rery nearly equal. — 

If two pendulums of nearly equal periods are simultaneouslj 
started swinging in the same direction, the one whose period 
is a little the ^ortest will soon begin to swing before the 
other. After some time it will gain a half os^ation, and 
the pendulums will then be swinging in opposite directions. 
After another equal interval, the quicker pendulum will haye 
gained one whole oscillation on the slower, and both will 
be again swinging together in the same direction. Similarly, 
every time the quicker pendulum has gained an exact number 
of complete oscillations on the slower, both will be swinging 
together in the same direction. Thus, the number of coinoi- 
denoeSy or the number of times that the two pendulums are 
together, in any interval, is equal to the number of complete 
oscillations (to and fro) gained by the quicker pendulum over 
the slower, t.^., the difference between the numbers of com- 
plete oscillations performed by the two pendulums. 

Thus, if n, n' b^ the number of oscillations of the dower 
and faster pendulums in any given interval, then s'— s is the 
the number of oscillations gained by the latter, and is, there- 
fore, the number of ** coincidences.'' If either of the num- 
bers n, n' is known, we can, by counting the coincidences, 
find the other number. 
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403. To find g, the acceleration of frravity, ihe 

simplest plan is to use a Captain Kater's pendulum, the beat 
of which is very nearly one second. By counting the 
** coincidences" of the pendulum with the pendulum of a 
clock regulated to beat seconds during, say, an hour (as 
shown by the clock) the exact time of oscillation can be 
found. Moreover, from the number of beats gained or lost, 
and the observed length of the pendulum, we may calculate 
the amount by which the length must be increased or decreased 
in order to make the pendulum beat seconds. The length of 
the seconds pendulum is thus known, and the value of g can 
be found. 

The reason for using Udo ptndMluvM is that it wonid be extremely 
diffionlt to measure the length of the pendalnm of the olook, and it 
would be equally difficult to find the period of oscillation of a pen- 
dulum without comparing it with that of a dock, whose rate can be 
regulated daily by astronomical obseryationB. 

404. To compare the valne of g at two different 
stations^ the simplest plan is to determine the number of 
seconds gained or lost in a day by a clock after it has been 
taken £rom one station to the other, the length of the pen- 
dulum remaining the same. If n, n' be the numb^ of 
seconds marked by the clock in a day at the two places, we 

have exactly — - = ^, 

or approximately, *Lll2 — i ^JZ^^ 

« g 

whence the ratio of / to ^ may be found. 

Here there is no necessity to use a Oaptain Kater^s pendulum^ 
because the leng^ of the pendulum is not required; hence the 
ordinary compensating pendulum of the clock answers the purpose. 
If a fWii'tom^wkMXing pendulum were used, it would be necessary 
to make allowance for any change in the length of the pendulum 
due to variations in temperature. 
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EXAMPLES.— XII. 

1. A Fonoaolt's pendalnm being set vibrating in latitude 8(f, ihow 
that after one sidereal day it ia again vibrating in the same plane. 
Find the corresponcUng interval in latitude 46^ 

2. If two conical pendulunu of eqoal length revolve in opposite 
directions, describing cones of equal vertical angle, show that at a 
place in the northern hemisphere the pendulum which revolves in 
the same direction as the hands of a watch will have the greater 
api>arent angular velodtj, and will gain two complete revolutions 
on tiie other in the period in which the plane of Foucault's pendulum 
turns through 860^. Consider, in the first place, the phenomena at 
the North Pole. Also describe the corresponding phenomena in the 
southern hemisphere. 

8. If a railway is laid along a meridian, and a train is travelling 
from the equator towards the pole, investigate whether it will exert 
an eastward or a westward thrust on the rails, and why. 

4. A bullet is fired in N. latitude 45^ with a velocity of 1,600 feet 
per second, at an elevation 46^ Prove that it must be aimed in a 
vertical plane 12^ 80" to the left of the target ; and, if this precaution 
be neglected, calculate how many feet it will deviate to the right. 

5. Show that if the Earth were to rotate seventeen times as fast, 
a body at the equator would have no weight. 

6. If the Earth were a homogeneous sphere rotating so fast that 
bodies at the equator had no weight, show that in any latitude the 
plumb-line would point to the celestial pole. 

7. Would Ae latitude of Greenwich be increased or decreased by 
an increase in the speed of the Earth's rotation ? If the latitude ot 
a place be 60°, find what would be its latitude if (i.) the Earth were 
reduced to rest, (ii.) its angular velocity were doubled. 

8. Prove that if the Earth were reduced to rest, a pendulum in 
latitude 46* would gain one oscillation in every 1156, but if the Earth's 
angular velocity were doubled, it would lose three oscillations in 1156. 

9. A clock and a chronometer are taken from London to Gibraltar 
and it is observed that the clock begins to lose, while the chrono- 
meter continues to keep correct time. Why ia this ? 

10. Assuming that a body loses ^ff of its weight when taken 
from the poles to the equator, show thieit a dock which keeps mean 
time at the equator would keep sidereal time at the poles, with a 
rate amounting to only a fraction of a second per day. 

11. With the data of the last question, show that the Earth's 
attractions on a unit mass placed at the equator and at the poles are 
in the ratio of (nearly) 486 : 497. 

12. If a railway train is travelling along the equator from east to 
west, show that it presses on the rails with a force greater than its 
apparent weight when at rest. If the train is travelling at forty-five 
geographical miles per hour, and its mass is 144 tons, &id (roughly) 
in pounds the increase in the downward thrust on the rails. 
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EXAMINATION PAPER.— XH. 

1. Giro reasons for supposing thafc the diurnal rotation of the 
heavens is only an appearance caosed by a real rotation of the 
Earth. Name methods bj which it has been claimed that this is 
proved. 

2. Describe the gyroscope emperimentf and the gyro$cop§, 

8. Give any theoretical methods of determining latitude without 
observing a heavenly body. 

4. Describe Foucault's experiment for exhibiting the Earth's 
rotation ; and find the time of the complete rotation of the plane of 
vibration of a simple pendulum fieely suspended in latitude 60^. 

6. Having triven that the Earth's circumference is 40,000 kilo- 
metres, find the acceleration of a body at the equator due to the 
Earth's rotation in centimetres per second per second, and taking 
9qi the acceleration of gravity, to be 981 of these units, deduce the 
ratio of centrifugal force to gravity at the equator. 

6. What is meant by the vertical at any point of the Earth's 
surface P Supposing the Earth to be a uniform sphere revolving 
round a diameter, calculate the deflection of the vertical from the 
normal to the surface. 

7. State what argument is drawn from the Earth's form to support 
the hypothesis of its rotation. 

8. Why is it that the intensity of gravity is less at the equator 
than in higher latitudes P Show that the alteration in the apparent 
weight of a body due to centrifugal force varies nearly as cos* I, 
where I is the latitude, and state the ratio of centrifugal force to 
gravity at the equator. 

9. If a body is weighed by a spring balance in London and at 
Quito, a difference of weight is observed. Why is this not observed if 
an ordinary pair of scales be used P 

10. Show that an increase in the intensity of gravity will cause 
a pendulum to swing more rapidly, and vice verad. If the acoelera- 
tion of gravity be increased by the small fraction 1/r of its value, 
show that a pendulum will g^ain one complete oscillation in every 2r. 
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THE LAW OF UNIVEllSAL GRAVITATION. 

Secuoh I. — The EarWt Orbital Motion — Kepler' i Laws and 
their Consequences. 

405. Evidence in fieivonr of the Earth's Afirmal 
Motion round the Sun. — The theory that the Earth is a 
planet, and reTolves round the Sun, was propounded by 
Copernicus {circ. 1530) and received its most convincing 
proof, over 150 years later from Newton (a.d. 1687), who 
accounted for the motions of the Earth and planets as a 
consequence of the law of universal gravitation. This proof 
is based on dynamical principles; but the following arguments, 
based on other considerations, afford independent evidence in 
favour of the theory that the Earth revolves round the Sun 
rather than the Sun round the Earth. 

(i.) The Sun's diameter is 110 times that of the Earth's, 
and it is much easier to believe that the smaller body revolves 
round the larger, than that the larger body revolves round 
the smaller. 

If the dynamical hiwB of motion be assumed, it is impossible to 
see how the larger body oonld revolve round the smaller, unless 
either its mass and therefore its density were very small indeed, 
or the smaller one were rigidly fixed in some way. 

(ii.) The stationary points, and alternately direct and retro- 
grade motions of the planets, are easily accounted for on the 
tiieory that the Earth and planets revolve round the Sun 
(Chap. X.) in orbits very nearly circular, and it would be 
impossible to give such a simple explanation of these motions 
on any other tiieory. It is true that we might suppose, with 
Tycho Brah6 {eire, 1600), that the planets revolve round the 
Sun as a centre, while that body has an orbital motion round 
the Earth, but this explanation would be more complicated 
than that which assumes the Sun to be at rest. And it would 
be hard to explain how such huge bodies as Jupiter and 
Saturn could be brought to describe such complex paths. 
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(iii.) As seen through a telescope, YenuB and Mars are 
found to be very similar to the Earth in their physical charac- 
teristics, and tjieir phases show that, like the Earth and 
Moon, they are not self-luminous. It is, therefore, only 
natural to suppose that their property of revolving round the 
Sun is shared by the Earth. Moreover, the Earth's relative 
distance from the Sim agrees fairly closely with that given 
by Bode's law ; hence there is a stiong analogy between the 
miik and the planets. 

(iv.) The orbital motion of the Earth is in strict accordance 
with Kepler's Laws of Planetary Motion. In particular, the 
relation between the mean distcjices and periodic times given 
by Kepler's Third Law (§ 326) is satisfied in the case of the 
Earth's orbit. 

Moreover, a similar relation is observed to hold between the 
periodic times of Jupiter's satellites and their mean distances 
from Jupiter. Hence it is probable that the Earth and 
planets form, like Jupiter's satellites, one system revolving 
about a common centre. But it is improbable that the Sun 
and Moon should both revolve about the Earth, for their 
distances from it and their periods are not connected by Hub 
relation. 

(v.) The changes in the relative positions of two stars 
during the year in consequence of annual parallax can only 
be accounted for on the hypothesis either of the Earth's 
orbital motion, or of a highly improbable rigid connection 
between all the nearer stars and the Sun, compelling them 
all to execute an annual orbit of the same size and position. 

(vi.) The aberration of light affords the most convincing 
proof of all. In particular, the relation between the coefficient 
of aberration and the retardation of the eclipses of Jupiter's 
satellites has been fully verified by actual observations, and 
affords incontestible evidence that the phenomenon is actually 
due to the finite velocity of light, as explained in Chapter XI. 
And the alternative hypothesis which would account for 
annual parallax would not give rise to aberration, but would 
produce an entirely different phenomenon. Hence the evi- 
dence derived from the aberration of light, unlike the previous 
evidence, furnishes a conclusive proof, and not merely an 
argument, in favour of the Earth's orbital motion. 
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406.— VEWTOVS TREOBETZCAL DEDUCTZOVS 
FBOM KEFLEB'S ULWS. 

Kepler's Three Laws of planetary motion naturally saggeid 
the following questions : — 

(1) What makes the planets move in ellipses? 

(2) Why does the radius vector from the Sun to any planet 
trace out equal areas in equal times ? 

(3) Why are the squares of the periodic times proportianal 
to the cubes of the mean distances from the Sun ? 

These questions were first answered by Newton about 1687, 
or nearly sixty years after the death of Kepler. The theore- 
tical interpretation of the Second Law necessarily precedes 
that of the first; accordingly we now repeat the laws in their 
new order, together with Newton's interpretations of them. 

Kepler's Second Law.— I%e r€Ulitis vector Joining 
ea4ih planet to the Sun moves in a plane describing 
equal areas in equal times. 

Newtok's deduction. — The foroe nnder whioh a 
planet describes its orbit always acts along the 
radius rector in the direction of the Snn's centre. 

Kepler's First Law. — Tlie planets move in ellipses, 
having the Sun in one focus, 

Nswtok's dsductiok. — The force on anj planet 
varies inversely as the square of its distance 
from the Snn. 

Kepler's Third Jmw.— The squares of the periodic 
times of the several planets are proportional to the 
cubes of their m^ean distances from, the Sun. 

Newton's deduction. — The forces on diff'erent 
planets vary directly as their masses, and inversely 
as the squares of their distances from the Sun, 
or, in other words, the accelerations of different 
planets, dneto the Snn's attraction, vary inversely 
as the squares of their distances from the Snn. 
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If y as we Imve every reason for belieTing, the planets are 
material bodies, Newton's laws of motion show that they 
cannot more as they do unless they are acted on by some 
force, otherwise they would either be at rest or move uni- 
formly in a straight line. Kepler's Second Law then enables 
us to determine the direction of this force, his First Law 
enables us to compare the force at different parts of the same 
orbit, and his Third Law enables us to compare the forces on 
different planets. 

407. We have seen that the orbits of most of the planets are 
nearly circular, the eccentricities being small, except in the 
case of Mercury. Before proceeding to the general discussion 
of the dynamical interpretation of Kepler's Laws, it will be 
c<myenient therefore to consider the case where the orbits are 
supposed circular, haying the Sun for centre. Kepler's 
Second Law shows that under such circumstances the planets 
will describe their orbits uniformly, and it hence follows that 
the acceleration of a planet has no component in the direction 
of motion, but is directed exactly towards the centre of the 
Sun. The law of force can now be deduced very simply, as 
follows : — 

SSFLEB'S THIBD 3^W FOB CIBCUULB 
OBEITS. 

408. To compare the Son's attractions on different 
Planets, assuming that the orbits are circular and 
that the squares of the periodic times are propor- 
tional to the cnbes of the radiL 

Suppose a planet of mass if is moving with Telocity vina 
circle of radius r. Let T be the periodic time, F the force to 
the centre. 

Since the normal acceleration in a circular orbit is i^/r^ 

therefore P = — . 

r 

In the period 7* the planet describes the circumference 2irr; 

.-. vT= 2irr. 
Substituting for I7, we have 

p _ 4ir«ifr _ if^4irV 
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Let IP bo the mass of another planet reyolying in a cir- 
cular orbit of radius r', T its periodic time, P' the force of 
the Sun's attraction ; then we have in like manner 

By Kepler's Third Law, 

Therefore the forces on different planets vary 
directly as their masses and inversely as the squares 
of their distances ttom, the Snn, 

CoBOELABT 1. — ^Lct P = CMff^ ; then O is called the abso- 
lute intensity of the Sun's attraction, and we see that 

The absolute intensity of the Sun's attraction is the 
same for all planets. 

For C7=-^=-^. 

The constant O evidently represents the force with which 
the Sun would attract a unit mass at unit distance, or the 
acceleration which the Sun would produce at unit distance. 

CoBOLLABT 2. — ^If auothcr body be reyolving in an orbit of 
radius r' in a period 2", under a different central force, which 
produces an acceleration C/r^ at cUstance /, we have 

(r=i^ and (7=1^; 

a formula which enables us to compare the absolute intensities 
of two different centres of force, which attract inversely as 
the squares of the distances, when the periodic times and 
distances of two bodies revolving about them are known. 
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409. To compare the valooities and angular velo- 
cities of two planets moving in circular orbits. — If 

V, V are the yelocities, », n' the angular velocities (in radians 
per unit time), we have 

n = 2ir/7; n'=27r/r'; 

••. ii:n = r-»:r-» = r-l:/-l. 

Also V = rw, »'= rV; 

BZAMPLBS. 

1. If the Earth's period were doabled, to find what would be its 
new distance from the Sun. 

If r, r' be the old and new distances, Kepler's Third Law g^yee 
r'» : r» = 22 : V; 
.'. r'-rxV'4- 92,000,000 X 1-687 
« 146,000,000 miles. 

2. If the Earth's velocity were doubled, its orbit remaining oir* 
cnlar, to find its new distance. 

Here t^ : r « t;* : t;'» - 1 : 4| 

.•• r'-Jr- 28,000,000 miles. 

8. If the Earth's angular velocity were doabled, to find its new 
distance. 

The new angular velocity being doable the old, the new pnrtod 
would be half the old, and therefore 

t^»:f*-(J)«:i«; 

A r'^r^r^l/i^ rl\/^ » 92,000,000 + 1-687 
» 92,000,000 X -68 - 68,000,000 miles. 

4. To find what would be the ooeffioient of aberration to an 
observer situated on Venus. 

The coefficient of aberration (in circular measure) is the ratio of 
the observer's velocity to the velocity of light ; hence, if Is, i' are the 
coefficients on the Earth and Yenus, 

* " V "" r-» " V r' " V 72 ' 
.*. fc' - 20-493* X ^/(l-SS) - 20-493' x 11785 
- 24 15r. 
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We shall now prove Newton's deductions from Kepler's 
Laws, for the general case of elliptic orbits, employing, how- 
over, different and simpler proofs than those used by Newton. 

410. Areal Velocity. — Defixiition. — If a point P is 
moving in any path MPK about a centre iS, the rate of 
increase of the area of the sector M&F^ bounded by the fixed 
line SM and the radius vector iSP, is called the areal 
velocity of F about the point 8, 

If the radius vector 8F describes equal areas in equal 
times, in accordance with Kepler's Second Law, the areal 
velocity of F about & is of course constant, and is then 
measured by the area of the sector described in a unit of time. 

If the rate of description of areas is not constant, we 
must, in measuring the areal velocity at any point, pursue a 
similar course to that adopted in measuring variable vdocity 
ai any instant, as follows : — 




Fio. 18d. 

If the radius vector describes the sector F8F in the inter- 
val of time ^, then the average areal velooitj over the 
arc FF' is measured by the ratio 

areaPi8fi>^ 

time i 

(Thus the average areal velocity is the areal velocity with 

which a radius vector, sweeping out equal areas in equal 

times, would describe the sector F8F' in the same time i,) 

The areal velocity at a point P is the limiting value of 
the average aieal velocity over the arc FF' when this arc 
is infiniUsiMoUf matt. 
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411. Belation between the Area! Velocity and the 
Aetiial (linear) Velocity.— Let FF be the small arc 
described by a body in any small interral of time i. Let t 
be the actual or linear velocity of the body, A its areal yelocity. 
Since the arc FF is supposed small, we haye 
FF^%t, 
areaPi8fi>'=«. 
Draw 5 Y perpendicular on the chord PjP'produoed. Then 
APi8fP'= \ (base) x (altitude) 

^\FFy.BY\ 
... U=^\oty.8Y^ 
or A = ^.i8y. 




Fig. 187. 

But when the arc FF is infinitesimally small, PFis the 
tangent at P, and 8Yv& therefore the perpendicular from 8 
on the tangent at F. If this perpendicular be denoted by|>, 
we have therefore 

n^\vp (L), 

or (areal Td. about S) 

= \ (velocity) x (perp. from i9 en tangent). 

CoBOLLABT. — For plancts moving in circular orbita 
of radU r, r , A = Jrr, and A'= K^. 
But r:r'=r-»:r'-»; 

A:A'=r»:r'»; 
hence the areal velocity of a planet moving in a circular orbit 
is proportional to the square root of the radius. 
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412. Fbopositiok I. If a particle mores in suoh a 
maimer that its areal velocity about a fixed point is 
constant, to prove that the resultant force on the 
particle is alwajrs directed towards the fixed point. 
[Hewton's Dednction from Kepler's Second £aw.] 

Let a body be moying in the curye PQ in sach a way that 
its areal Telocity abo^ 8 remains constant. Let r, v' be 
the yelocities at P, Q, and let PF, QP, the corresponding 
directions of motion, intersect in B. Drop 8Tf ST perpen- 
dicular on PF, QT. 

Since the areal yelocities at P and Q are equal, 
.-. v.8Y=ff.8T. 
But Sr= BR sin SRT^ 

8T= SB sm SET. 
••• 1^ sin i8fPF=r' sin iSiZF. 




Fio. 188. 

i,0., Component yelocity at P perpendicular to 8Jt 

= component yel. at Q perp. to 8R. 

Therefore, as the particle moyes from P to Q, its yelocity 
perpendicular to B8 is unaltered, and theiefore the total 
change of yelocity is parallel to E8. 

This is true whether the arc PQ be large or smalL But if 
the arc PQ be taken infinitesimcdly small, the ayerage rate 
of change of yelocity oyer PQ measures the acceleration at 
P, and P coincides with P. 

Therefore the direction of the acceleration of the partiole 
at any point of its path always passes through 8^ and there- 
fore the force acting on the particle also alwap passes 
through 8. 
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418. ConTSnely, if the force on the particle always paeeee through 9, 
the areal velocity about 8 remains constant. For in passing from P 
to Qt the direction of motion is changed from PR to RQ, and the 
same change of yelocity conld therefore be produced bj a suitable 
single blow or instantimeons impulse acting at R. And since the 
force at every point of PQ alwajs passes through 8, this equivalent 
impulse must evidently also pass through B ; it must therefore act 
along R8. Hence the velocity perpendicular to iZfi is unaltered by 
the whole impulse, and is the same at P as at Q; therefore 




Fio. 189. 
9tiin8R7 ^ v' mnSRT $ 
therefore v.ST^f/.ST; 

therefore mreal vel. at P - areal veU at Q. 

414. PROPoenioir 11. A particle describes an ellipse 
under a force directed towards the focus ; to show that 
the force varies inversely as the square of the dis- 
tance. 

t Newton's Dednction from Kepler's First Law.] 
iAistiie constant areal velocitj, we havei by (i.), 
V = 2hfp. 

We will now express the kinetic energy of the particle in 
terms of r, its distance from the focus. Let its mass bo M. 

In the Appendix (Ellipse 11) it is proved that for the 
ellipse whose major and minor axes are 2a, 2b^ 

f^'- 8!n^ ft* \r ar 

Therefore •. = 1? = 1§'(^ .i \ 

p* b* \ r a r 

and kinetic energy at distance r 

= iif.. = iir^*' = irf?(f-i) (ii.). 
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If r is the velocity at distance r', we have, similarly, 

and therefore, for the increase of kinetic energy, 

iif.'^-iif.. = l^«(i,_l) (Hi.). 




Now the increase of kinetic energy is eqnal to the work 
done by the impressed force in bringing the particle from 
distance r to distance r . The resolved part of the di?placc- 
ment in the direction of the force is r—r. Hence if P' 
denote the average value of the force between the distances 
r and r', we have 

Workdone=:P'(r-r') = ^3ft;'^-iW = l^^(i-l\ 

Ov.); 



F = 



4Mh^a 



.(v.). 



Put /=r; then the average force P' becomes the actual 
force P at distance r. Therefore 



P (Force at distance r) = 



4}fh'a 



b^r' (^'i-). 

This is proportional to l/r*. 

Therefore the force varies inversely ob the square of the dis' 
tance. 

ASTBON. 2 A 
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415. PsoposmoK III. Having given that the squares 
of the periodic times of the planets are proportional 
to the cnbes of the semi-azes migor of their orbits, to 
oompare the forces acting on different planets. 
[Newton's Deduction from Kepler's Third Law.] 

Let T be the periodic time of any planet; th^ by 
hypothesis, the ratio 

H 

is the same for all planets. 

In the last proposition (vi.) we showed that the force at 
distance r is given by 

p _ 4Mh^a 

Let this be put = MGjr^^ where C is some constant ; then 

^=-^ (^O- 

Now in the period T the radius vector sweeps out the area 
of the ellipse, and this area is vab (Appendix, EUipse 13). 
Hence, since the areal velocity is A, we have 

hT=irah. 
Substituting the value of h from this equation in (vii.), we 
have 

But aVT* is the same for all the planets ; therefore C is con- 
stant for all the planets, and since the force 

i'=^ (i^). 

it follows that 

The forces an different planets are proportional to their 
masses divided hy the squares of their distances from the Sun, 

Or, as in § 408, Cor. 1, 

The absolute intensity of the Sun^s attraction (C) is the same 
for all the planets, 

CoROLLAiiX. — Let accented letters refer to the orbit of 
another particle revolving round a different centre of force of 
intensity C". Then, by (viii.), 

rc:r*c'^(^ia^. 
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416. Other Conse^uenoes of Kepler^s Laws. 

(i.) In § 150 we showed that, in consequence of Kepler's 
Second Law being satisfied by the Earth in its annual orbit, 
the Sun's apparent motion in longitude is iuTersely propor- 
tional to the square of the Earth's distance from it. Since 
the areal veloaty of any planet about the Sun always remains 
constant, it may be shown in like manner that its angular 
velocity is inversely proportional to the square of its disUnce 
from the Sun. 




Fio. 141. 

For, if the planet's radius vector revolves from SP to 8P 

in the time ty and if the arc FF' is very small, we have 

axeaSPr^^iSF^XAFSF' (§160), 

ttie angle being measured in radians ; 

. area^PP'__ ,op,^ ZP^ 
. . I i^^ X — ^ » 

i.0.f (areal velocity of P) = iSF^x (angular velocity of P), 
provided that the angular velocity is measured in radians pei 
unit of time. 

If n denote the angular velocity, h the areal velocity, and r 
the distance j8P, we have therefore 

And since A is constant, n is inversely proportional to r*. 

* (ii.) If the mass of the planet is K, its momentum is Mv along' 
PT, and the moment of this momentom about 8 is 

« Ku X fir = Mvp - 2/i3f. (§ 411.) 

This ia the planet* s angular momentiim^ and is constant, since h i# 
constant. 
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•417. Having giTen. in magnitade and dirdction, the velocity of a 
planet at any point of its orbit, to constract the ellipse described 
under the Sim's attraction. 

Let the attraction at distance r be C/r^ per anit mass, where is 
given. Suppose that at the point 
P of the orbit the planet is moving 
with velocity t; in the direction 
PT, We have 
V X iST a 2hf which determines K 

Also, from (vii.), 

- 4;i«a/6«. 

Substituting in (ii.), 



\ r a I 



(i.). 



Hence, bj considering the planet 
at P, we have 



w». 



\8P a) 



.(x.a). 




Now V, 0, and 8F are known ; lience the last equation determines 
the semi-axis major a. If r » 8P^ wo have 

2Gr 



2a = 



2C-rw** 



Let H be the other focus of the ellipse. Then it is known 
(Ellipse 8) that HP, 8P make equal angles with PT, Also BP + HP 
» 2a. Hence, we can construct the position of H bj making 
I TPI = Z TPS, and producing IP to a point H such that 

PH = 2a-SP. 

The ellipse can now be constructed as in Appendix (Ellipse 2). 

CoBOLLABT 1. — Siuoe 8P+HP — 2a, e(£uation (x.) gives 



D«- 



0,HP 
BP.a' 



GoROLLABT 2. — Substituting for h in terms of 0, we see from 
equation (iv.) that the work done when the body moves from dis- 
tance r to distance t^ is 



.MO(i-i).. 



* This result is also proved independenUj in manj treatises oo 
dynamics, but a fuller investigation would be out of place here. 
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Ilenoe the work done by a mass M in falling from distance 2a to 
distance r is 



- ^0[^ -i ) - JJft,» by (X i. 



» kinetic energy of the planet when at distance r. 

Therefore, if a circle be described about the centre of force 8, with 
radius equal to the major axis 2a, the yelocity at any point of the 
orbit is that which the planet would acquire by falling freely from 
the circle to that point under the action of the attracting force. 

GoBOLLA&T 8. — If the planet be rerolying in a circle, r ^ a, and 
therefore «• - O/r » O/a, as in •§ 408. 

OoROLLA&T 4.— If v» — 20/r, (x.) gfives 1/a — 0; /. a — oo . 

Hence the velocity is that acquired by falling from an infinite 
distance. In this case, the orbit is not an ellipse, but a parabola, a 
conic section satisfying the " focus and directrix ** definition of 
Appendix (1), but having its eccentricity equal to unity. 

If V* >20/r, the velocity is greater than that due to falling from 
infinity, a comes out negative, and the orbit is a hyperbola, a conic 
section satisfying the focus and directrix definition, but having its 
eccentricity e gpreater than unity. 

A few comets have been observed to describe parabolas and hyper- 
bolas about the Sun. In such a case the motion is not periodic; the 
comet g^radually moves away to an infinite distance, and is lost for 
ever, unless the attraction of some other heavenly body should 
happen to divert its course, and send it back into the solar system. 

Example.— To find how long the Earth would take to fall into 
the Sun if its velocity were suddenly destroyed. 

If the Earth's velocity were very nearly, but not quite destroyed, 
it would describe a very narrow ellipse, very nearly coinciding with 
the straight line joining the point of projection to the Sun. The 
major axis of this ellipse would be very nearly equal to the Earth's 
initial distance from the Sun, and therefore the Earth would have 
very nearly gone half round the narrow ellipse when it would 
oolUde with the surface of the Sun. 

Hence, if r denote the Earth's distance from the Sun, the semi- 
major axis of the narrow eUipse is ^, and the periodio time in this 
ellipse would be (J)^ years. The Earth would therefore ooilide 
with the Sun in 

J x(J)t years -ji^ years - ^ yean 
» ^ X 1-4142 days - 64| days nearly. 
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SjfiCTioN II. — NevoiorCi Law of Gravitation — Comparison of 
the Jf asses of the Sun and Planets. 

418. In the last section we showed that the Snn attracts any 
planet of mass Jf at distance r with a force Clf/f^y where C 
is a constant. If we assume the truth of Newton's Third 
Law of Motion (i,e,y that action and reaction are equal and 
opposite), the planet must also attract the Sun with an equal 
and opposite force Clf/t^. Since in the former case the 
force is proportional to the mass of the attracted body, and in 
the latter to the mass of the attracting body, it is reasonable 
to suppose that the attraction between two bodies is propor- 
tional to the mass of each. 

Moreover, the motions of the Tarious satellites, such as the 
Moon, confirm the theory that they revolve in their orbits 
under the attraction of their respective primary planets. 
From evidence of this character Newton, after many years of 
careful investigation, enunciated his £aw of VniTersal 
Gravitation, which he stated thus : — 

Every partiolo in the universe attraots every other 
partiole with a force proportional to the qnantitiee 
of matter in each^ and inversely proportional to the 
square of the distanoe between them. 

By quantity of matter is, of course, meant tnass^ and the 
word attracts implies that the force between two partides 
acts in the straight line joining them and tends to bring them 
together. 

If if, M' be the masses of two particles, and r the distance 
between them, the law asserts that either particle is acted on 
by a force, directed towards the other, of magnitude 
.MAP 
^-^^ 

where h has the same value for all bodies in the universe. 
The constant k is called the constant of gravitation. 

•419. Astronomical Unit of Mass.— Taking any fundamental 
nnits of length and time, it is possible to choose the unit of mass 
such that h = 1, This unit is called the astronomicaX wait of mass, 
Henoe, if If, If ' are expressed in astronomical units, the f oroe 
between the particles is equal to MM'/r^. It is, howeyer, nsoally 
more oonyenient to keep the nnit of mass arbitrary, and to retain 
the constant h. 
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420. Bemarks on the Law of Gravitation. — ^Newton's 
Law states that not only do tbo Sun, the planets and their 
satellites, and the stars, mutually attract one another, but 
every pound of matter on one celestial body attracts every 
other pound of matter, on either the same or another body. 
But it is well-known that two spheres attract one another 
in just the Fame way as if the whole of the mass of either 
were concentrated at its centre, provided that the spheres 
are either homogeneous or made up of concentric spherical 
layers, each of uniform density. Since the Sun and 
planets arc very nearly spherical, and their dimensions are 
very small compared with their distances, we see that their 
attractions may be very approximately found by regarding 
them as mere particles, instead of taking separate account of 
the individual particles forming them. 

Moreover, every planet is attracted by every other planet, 
as well as by the Sun. But the mass of the Sun, and con- 
sequently its attraction, is so much greater than that of any 
other member of the solar system, that the planetary motions 
are only very slightly influenced by the mutual attractions. 
Kepler's Laws, therefore, still hold approximately, but the 
orbits are subject to small and slow changes or perturbations. 

The Moon, on the other hand, is far nearer to the Earth 
than to the Sun ; hence the Moon's orbital motion is mainly 
due to the Earth's attraction. The chief effect of the Sun's 
attraction on the Earth and Moon is to cause them together 
to describe the annual orbit ; but it also produces pertur- 
bations or disturbances in the Moon's relative orbit (§ 272) 
with which we are not here concerned. 

The fixed stars also attract one another and attract the 
solar system, which in its turn attracts the stars. The 
proper motions of stars are probably due to this cause; 
but when we consider the vast distances of the stars, and 
remember that the attraction varies inversely as the square 
of the distance, it is evident that the relative accelerations 
are mostly too feeble to have produced any sensible changes of 
motion within historic times, and that countless ages must 
elapse before such changes can be discerned. 
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42 1 . Correction of Kepler's Third Law. — From the fact 
that a planet attracts the Sun with a force equal to that with 
the Sun attracts the planets, it may he shown that Kepler's 
Third Law cannot be strictly true, as a consequence of the 
law of gravitation. Not only will the planet move under 
the Sun*s attraction, but the Sun will also move under the 
planet's attraction. But since the forces on the two bodies 
are equal, while the mass of the Sun is very great compared 
with the mass of any planet, it follows that the acceleration 
of the Sun is very small compared with that of the planet, 
and hence the Sun remains very nearly at rest. 

We may, however, obtain a modification of Kepler's Third 
Law, in which the planet's reciprocal attraction is allowed 
for as follows : — 

Let iS, Jf be the masses of the Sun and planet; then the 
attraction betweeen them is 

, S3f 

K r-. 

This attraction, acting on the mass Moi the planet, produces 
an acceleration of the planet towards the Sun equal to 

The corresponding attraction on the mass 8 of the Sun pro- 
duces an acceleration, in the reverse direction, of 

Hence the whole acceleration of the planet relative to the 

Sun 18 k —^ — , 

r^ 

instead of kS/r^, as it would be if the Sun were at rest. 
Hence the absolute intensity of the planet's acceleration 
towards the Sun is k (S-^M), and this depends on the values 
of both If and S. Let now T be the periodic time, r the 
planet's mean distance from the Sun, or the semi-axis major 
of the relative orbit ; then, by § 408 (for a circular orbit), of 
§ 415 (for an elliptical orbit), 

k{S-i-M)T' = 4nY 
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If IT be the mass of another planet, we haye in like manner 
for iU orbit h (/S+i/') T'* = 4ir«r«. 

Therefore T'{S^M): T'^ {S -^ W) = r* : r\ 
the correct relation between the periods and mean distances. 

It is known that different planets have different masses. 
Hence, the fact that Kepler's Third Law is approximately 
true shows that the masses of the planets are smsdl compared 
with that of the Sun. 

422. Motion relative to Centre of Mass. — The 

mutual attractions of the Sun and planet haye no influence 
on the position of the centre of mass (commonly called the 
** centre of gravity ") of the solar system ; hence, in consider- 
ing the relative motions, that point may be treated as fixed. 
It is known from general dynamical principles that when a 
system of bodies are under the influence of their mutual 
reactions or attractions alone, the centre of mass of the whole 
system is not accelerated. But it may be interesting to prove 
independently that when two bodies, such as the Sun and a 
planet, attract one another, they both revolve about their 
centre of mass. 

Let us suppose (to take a simple case) the relative 
orbit circular and of radius (iSP =) r, the angular velocity 
being n. Then, if G' be the point about which the planet 
(P) and Sun {S) revolve, individually, we have 

n^xGP:= accel. of planet = kS/r^ ; 

n*xGS=: accel. of Sun = kM/t^. 

Hence MxGP= SxGS; 

which relation shows that G is the common centre of mass, 

as was to be proved. 

In the case of three or more bodies, such as the Sun and 
planets, the centre of mass is still the common centre about 
which they revolve, but the corresponding investigation is 
more difficult, owing to the effect of the mutual attractions 
of the planets in producing perturbations. 

It may be mentioned that the mass of the Sun is so large, 
compared with those of the planets, that, although the further 
planets are so very distant, the centre of mass of the whole 
solar system always lies very near the Sun. 
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423. Verifloationofth6 Theory of Gravitation for 
the Earth and Moon. — Before consideriiig the motions of 
the planets about the Sun, Newton investigated the orbital 
motion of the Moon about the Earth, with the view of dis- 
covering whether the Earth's attractive force, which retains 
the Moon in its orbit, is the same force as that which pro- 
duces the phenomenon of gravity at the Earth's surface. 

If we assume that the force varies inversely as the square 
of the distance, and that the Moon's distance is 60 times the 
Earth's radius, the acceleration of gravity at the Moon should 
be (-iji)* ffy where ff is the acceleration of gravity on the 
Earth's surface. 

But the acceleration ^ =32*2 feet per sec. per sec. ; 
.'. acccl. at Moon's distance = 32*2/3600 feet per sec. per sec. 

= 32-2 feet per min. per min. 

From the length of the lunar month and the Moon's dis- 
tance in miles, Newton calculated what must be the normal 
acceleration of the Moon in its orbit. At the time of his first 
investigation (1666) the Earth's radius and the Moon's dis- 
tance were but imperfectly known, and the Moon's normal 
acceleration, as thus computed, came out only about 27 feet 
per minute per minute. Some fifteen years later, the Earth's 
radius, and consequently the Moon's distance, had been 
measured with much greater accuracy, and, working with the 
new values, Newton found that the Moon's normal accelera- 
tion to the Earth agreed with that given by his theory. 

Taking the lunar sidereal month as 27*3 days, the Earth's 
radius as 3960 miles, and the radius of the Moon's orbit as 
60 times the Earth's radius, the angular velocity (n) of the 
Moon, in radians, per minute is 

2w 
27-3x24x60' 

The Moon's distance in feet (d) = 3960 x 60 x 5280. 

Hence the Moon's normal acceleration (n'i) in feet per 
minute per minute 

_ 3^ X 60 X 5280 x 47r« __ 2x110*Xt* 
(27-3)» X 24« X 60« (27-3)« x 10 

= 32 approximately, 
thus agreeing with that given by the law of gravitation. 
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ExiM PLB. — Having given that a body at the Earth's equator Iobcb 
1/289 of its weight in consequence of oentrifng^ force, 

(i.) To calculate the period in which a projectile could revolve in 
a circular orbit, close to, but without touching the Earth, and 

(ii.) To deduce the Moon's distance. 

(i.) The centrifugal force on the body would have to be equal to 
its weight, and would therefore have to be 289 times as great as that 
at the Earth's equator. 

Hence the projectile would have to move v^289, or 17 times as 
fast as a point on the Earth's equator, and would therefore have to 
perform 17 revolutions per day.* 

Therefore the period of revolution « -jV of a day. 

(ii.) Assuming the law of gravitation, the periodic times and dis- 
tances of the projectile and Moon must be connected by Kepler's 
Third Law. Hence, taking the Moon's sidereal period as 27i days, 
we have, if a « Earth's rad., d *» Moon's dist., 
d»:a»-(27i)«:(TV)«J 
A d» - o» X (17 X 27J)« - a»{JLiV^} • = a» . 216915-1 j 

.*. d - ax V215915 i -> 59'99a; 
.*. distance of Moon » 60 x Earth's radius almost exactly. 

424. Effect of Moon's Attraction.y-Moon'8 Mam. — 

If we take account of the Moon's attraction on the Earth we 
must introduce a correction analogous to that made in Kepler's 
Third Law (S 421). If M, m are the masses of the Earth 
and Moon, tne whole relative acceleration is 1c{M-\-my,d^^ 
instead of hMj^. But, if ^a is the acceleration of gravity on 
the Earth's surface, g^ = hMja^ ; 

.'.kz^gjfijM, 
and, if 2^ is the length of the sidereal month, then, hy § 421, 

4ir»rf» = k{M+m)T^ = g,a^ ^^ 2« 



This formula might he used (and has been used by Air}') 
to find m/My the ratio of the Moon's to the Earth's mass, in 
terms of the observed values of a, dy g^y T, It is not, how- 
ever, a very accurate method, owing to the smallness of miM, 

• RelativB to the Earth it woxild perform 16 or 18 revolutions per 
day, according to whether it was revolying in the some or the 
opposite direction to the Earth. 
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425. To find the ratio of the Sun's Mass to that 
of the Earth. 

Let 8f Mf m be the maFses of the Sun, Earth, and Moon, 
rf, r ttie distances of the Moon and Sun from the Earth, Ty Y 
the lengths of the sidereal lunar month and year respectively. 
Then, it k be the gravitation constant, the Earth's attraction 
on the Moon is = kMrn/d^, and its intensity is kM. 

The Sun's attraction on the Earth is = kSM/r^^ and its 
intensity is kS. 

Therefore, by §415, Corollary, 

Xif.T'=4ir-rf», kS.Y^ = 4ii^t*; 

whence the ratio of the Sun's to the Earth's mass may bo 
found. 

If we take account of the attraction of the smaller body 
on the larger, the whole acceleration of the Earth, relative to 
the Sun, is k {S-^3f+m)/f^ (since the Sun is attracted by 
the Moon as well as the Earth), and that of the Moon, relative 
to the Earth, is k {3f+m)/d^. Hence the corrected or more 
exact formula is 

8+M+m : 3r+w = ll : ^^. 

Since the Moon's mass is about j\ of that of the Earth, 
the first or approximate formula can only be used if the cal- 
culations are not carried beyond two significant figures. 

In this manner it is found that the Sun's mass is about 
331,100 times that of the Earth. 

Examples. 

1. To compare, roughly, the masses of the Earth and Sun, taking 
the Sun's distance to be 390 times the Moon's, and the number of 
sidereal months in the year to be 18. 

We have S : If - ^ : l«l 

... JEHL|^-?^=80»x 890 -861,000. 
mass of Earth 13^ 

To the degree of accuracy possible by this method, the Sun*8 
mass is therefore 850,000 times that of the Earth. 
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2. To find the ratio of the masses, taking the Moon's mass as ^ 

of the Earth's, and the number of sidereal months in the year as 13^. 

S + Jf+m 890^ 390»x8» 5338710 



If+m (18i)« 40« 16 

.% flf - 333668 (If + m) - 333668 (1 + A:) ^ « 337,787 If. 

426. To determine the mass of a planet whioh has 
one or more satellites. 

The method of the last paragraph is obviously applicable 
to the case of any planet which has a satellite. We require 
to know the mean distance and the periodic time of the 
satellite. The former may be easily found by observing the 
maximum angular distance of the satellite from its primary, 
the distance of the planet from the Earth at the time of 
observation having been previously computed. The periodic 
time of the satellite may also be easily observed. 

Let M'j m' be the masses of the planet and satellite, i' 
their distance apart, r' their distance from the Sun, T the 
period of revolution of the satellite, Y* the planet's period of 
revolution round the Sun. Using unaccented letters to re- 
present the corresponding quantities for the Earth and Moon 
we have, roughly, 

or, more accurately, 

k d'» r^ 

_ (S+M+m)Y* ^ (iif-hm)T*, 



^» 



•I 



whence the mass of the planet, or, more correctly, the sum of 
the masses of the planet and satellite, may be determined in 
terms of the mass of the Sun, or the sum of the masses of the 
Earth and Moon. We do not require to know the periodic 
time and mean distance of the planet from the Sun, since the 
above expressions enable us to express the required mass, 
M'-\'m\ in terms of the year and mean distance of the 
Earth, or in terms of the lunar month and the mean distance 
of the Moon. 
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Example.— *To find the mass of Urazias in terms of that of the 
San, having griven that its satellite Titania revolves in a period of 
8 days 17 hours at a distance from the planet » *U03 times the 
distance of the Earth from the San. 

Let M be the mass of Uranus, then we have 

and, by Kepler's Third Law, r'/F' is the same for Uranus as for the 
Earth. Henoe 

if.fi« (-003)' . 1» . 

(8d. 17h.)8*(865d.6h.)8' 

•• B VIOOO/ \8d.l7hJ 

27 (&r66y 

■ 10» \ 209 / 

Thus, the mass of Uranus is to that of the Sun in the ratio of 
1 to 21,058. 

*427. The Masses of Mercury and Venus (which have no satellites) 
could theoretically be found by determining their mean distances 
from the Sun by direct observation, and comparing them with 
those calculated from their periodic times by Kepler's Third Law. 
For, if If ifl the mass of such a planet, we have 

This enables us to find the sum of the masses of the Sun and 
planet, and, the Sun's mass being known, the planet^s mass could 
be found. 

This method is, however, worthless, because the masses of Mercury 
and Venus are only about gooiaoo ^^^ i6 ^0 Tns of *^** ^^ *^® Sun, 
and in order to calculate one significant %ure of the fraction IT 18 
it would be necessary to know aU the data correct to about seven 
significant figures, a degree of accuracy unattainable in practice. 

For this reason it is necessary to calculate the masses of these 
planets by means of the perturbations they produce on one another 
and on the Earth; these perturbations will be discussed in the next 
chapter. 
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428. Centre of Mass of the Solar System.— When 
the masses of the various planets haye been found in terms 
of the Sun's mass, the position of the centre of mass of the 
system can be found for any given configuration, and can 
thus be shown to always lie very near the Sun. 

EZAMPLSB. 

1. To find the distanoe of the centre of mass of the Earth and 
San from the centre of the Son. 

Here the mass of the Son is 881,100 times the Earth's mass, and 
the distance between their centres is about 92,000,000 miles. Hence, 
the centre of mass of the two is at a distance from the Son's centre 
of about 92000^ _ g^g ^^^^ 

831,100 + 1 

2. To find the centre of mass of IJranas and the Sun, and to show 
that it lies within the Sun. 

The distance of Uranus from the Sun is 19*2 times the Earth's 
distance, and its mass is 1/21053 of the Sun's. Hence the CM. is 
at a distance from the Sun's centre of 

92,000.aX)xl9-2 ^jj^^ ^ ^^ ^33 
21053 + 1 ' 

The Sun's semi-diameter is 433,200 miles ; hence the centre of mass 
of the Sun and Uranus is at a distance from the Sun's centre of 
rather less than \ the radius. 

3. In the case of Jupiter, the mean distance is 6*2 times that of 
the Earth, and the mass is 1/1050 of that of the Sun ; hence the 
CM. is at a distance 

5-2 X 92 000,000 ^^ggQ0Q^^^3 
1050 + 1 
This is just greater than the Sun's radius (483,200), showing that 
the centre of mass lies just without the SunV sui'face. 
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SBcnoK 1IL.—Ths EarWs Mass and Density. 

429. The so-oaUed ''Weight of the Earth'' really 
means the Earth's mass, and the operation called *' weighing 
theEarth," in some of the older text-books, means finding the 
mass of the Earth. In the last section we explained how to 
compare the masses of the Sun and certain plsmets with that 
of the Earth, and in the next chapter we shall give methods 
applicable to a planet having no satellites. But before the 
masses can be expressed in pounds or tons it is necessary to 
determine the Earth's mass in these units. The methods of 
doing this all depend on comparing the Earth's attraction 
with that of a body of known mass and distance ; and the only 
difficulty lies in determining the latter attraction, since the 
force between two bodies of ordinary dimensions is always 
extremely small. The following methods have been nseo. 
The first two are by far the best. 

(n By the "Cavendish Experiment," or the balance. 
(2) By observations of the influence of tides in estuaries. 
f3) By the "Mountain" method. 
(4) By pendulum experiments in mines. 

430. The '' Cavendish Experiment " owes its name to 
its having been first used to determine the Earth's mass by 
Cavendish, about the year 1798. The essential principle of 
the method consists in comparing the attractions of two heavy 
balls of known size and weight with the Earth's attraction. 
8ince the attraction of a sphere at any point is proportional 
directly to the mass of the sphere and inversely to the square 
of the distance from its centre, it is evident that by comparing 
the attractions of different spheres — such as the Earth and the 
experimental ball of metal — ^we can find the ratio of their 
masses. 

The comparison is effected by means of a torsion balance. 
Two equal small bolls Ay B are fixed to the ends of a light 
beam suspended from its middle point by means of a slender 
vertical thread or ** torsion fibre" (in his recent experiments, 
Professor C. V. Boys has used a fine fibre of spun quartz), so 
as to be capable of twisting about in a horizontal plane 
(the plane of the paper in Fig. 143). Two heavy metal balls 
(7, i>, are brought near the small balls A^ B (as shown in the 
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figure), and their attraction causes the beam to turn about 0, 
say from its original position of rest XX' to the position AB, 
As the beam turns the fibre twists ; this twisting is resisted by 
the elasticity of the fibre, which produces a couple, propor- 
tional to the angle of twist XOA, tending to untwist it again. 
Let us call this couple /x z XOAy where / is a constant 
depending on the fibre, called its " torsional rigidity" 

The beam AB assumes a position of equilibrium when the 
moments about of the attractions of the large spheres (7, J) 
on the balls -4, B^ just balance the ** untwisting couple " 
/x z XOA. The angle XOA being measured, and the 
dimensions of the apparatus being supposed known, the 
attractions of the spheres can now bo determined in terms of 
the torsional rigidity. 



Fio. 143. 

The value of /is found in terms of absolute units of couple 
by observing the time of a small oscillation of the beam when 
the balls A, B have been removed. [The beam will then 
swing backwards and forwards like the balance wheel of a 
chronometer (§ 204). The greater the torsional rigidity, the 
more frequently will it reverse the motion of the beam, and 
the more frequent will be the oscillations.*] 

Hence finally the attractions between tne known masses 
C, B and A, B are found in terms of known units of force, 
and by comparing these attractions with that of gravity the 
Earth's mass is found. 



* The student who hat read Bigid Dynamics should work oat the 
formula. 

ASTBOir. 2 B 
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In practice, instead of measaring the angle JtOA, the tnasses 0, 1) 
are sabseqaently placed on the reverso side of the beam, say with 
their centres at c, d, and they now deflect the beam in the reverse 
direction, say to ab. The angle measured is the whole angle aOA^ 
and this angle is tioice the angle XOA, if the positions CD and cd 
are symmetrically arranged with respect to the line XOX*. 

In the earlier experiments the beam AB Was six feet long, and the 
masses 0, D were balls of lead a foot in diameter. Quite recently, 
however, Professor C V. Boys, by the use of a quartz fibre for the 
suspending thread, has performed the experiment on a much smaller 
scale, the whole apparatus being only a few inches in size and being 
highly sensitive. He uses cylinders instead of spheres for the 
attracting bodies, and this introduces extra complications in the 
calculations. 

Although the above desciiption shows the general principle of the 
method, many further precautions are required to ensure accuracy. 
A full description of these would bo out of place hero. 

431. The oommon balance has also been used to deter- 
mine the Earth's mass. In this case the differences of weight 
of a body are observed when a large attracting mass is placed 
successively above and below the scale-pan containing it. 

Example. — To find the Earth's mass in tons, having given that the 
attraction of a leaden ball, weighing 3 cwt., on a body placed at a 
dist^ince of 6 inches from its centre is '0000000432 of the weight of 
the body. 

Let M be the mass of the Earth in tons. 

The mass of the ball in tons is = ^. 

The Earth's i-adius in feet = 3960 x 5280 = 20,900,000 roughly ; 
and the distance of the body from the ball in feet = J. 

Hence, since the attractions of the Earth and ball are proportional 
directly to the masses and inversely to the squares of the distances 
from their centres, 

.-. 0000000432 : 1 = A- : K . 

ay (20,900,000)^' 
. ^ ^ (20,900,000)= X ^ _ 8 X 209- X 10^ 
X -0000000432 5x432xlO-»o 

= l,209_^xlO«.i5681x3^j(^« 

5 432 2160 

= 6067 x IQis. 

Hence the mass of the Earth ia (roughly) 6067 million billioo 
tons. 
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432. To determine the Earth's Mass by observa- 
tions of the Attraction of Tides in Estuaries. — A 

method which admits of very great accuracy is that in 
which the mass of the Earth is found hy comparing it with 
that of the water hrought by the tide into an estuary. Con- 
sider an observatory situated (like Edinburgh Observatory) 
due south of an arm of the sea, whose general direction is 
cast and west. The direction of its zenith, as shown either 
by a plummet or by the normal to the surface of a bowl of 
mercury, is not the same at high tide as at low, because the 
additional mass of water at high tide produces an attraction 
which deflects the plummet and the nadir point northward, 
and hence displaces the zenith towards the south. Hence 
the latitude of the observatory is less at high tide than at 
low ; and the difference is a measurable quantity. The great 
advantage of this method is that the mass which deflects the 
plumb-line can be measured with great certainty ; for the 
density of the sea- water is exactly known (and, unUke that of 
the rocks in the next methods, is uniform throughout) and 
the shape and height of the layer of water brought in are 
known from the ordnance maps, and the tide measurements 
at the port. 

"^^433. In the Fendnlnm Method the values of y, the 
acceleration of gravity, are compared by comparing the oscil- 
lations of two pendulums at the top and bottom of a deep 
mine. The difference of the two values is due to the attrac- 
tion of that portion of the Earth which is above the bottom 
of the mine ; this exerts a downward pull on the upper pen- 
dulum, and an upward pull on the lower one. If the Earth 
were homogeneous throughout, the values of g at the top and 
bottom would be directlv proportional to the corresponding 
distances from the Earth s centre. If this is not observed to 
bo the case, the discrepancy enables us to find the ratio of the 
density of the Earth to that of the rocks in the neighbourhood 
of the mine. If the latter density is known, the Earth's 
density can be found, and knowing its volume, its mass can 
be computed. But this method is very liable to considerable 
errors, arising from imperfect knowledge of the density of the 
rocks overlying the mine. 
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•434. In the Mountain Hetliod the Earth's attraction is com- 
pared with that of a moantain projecting above its surface. Suppose 
a mountain rango, such as SchiehalUen in Scotland, running due B. 
and W. ; then at a place at its foot on the S. side the attraction of 
the mountain will pull the plummet of a plumb line towards the N., 
and at a place on the K. side the mountain will pull the plummet to 
the S. Hence the Z.D. of a star, as observed by means of zenith 
sectors, will be different at the two sides, and from this difference 
the ratio of the Earth's to the mountain's attraction may be found. 

In order to deduce the Earth's density it is then necessary to 
determine accurately the dimensions and density of the mountain. 
This renders the method very inexact, for it is impossible to find 
with certainty the density of the rocks throughout every part of the 
mountain. 

435. Determination of Densities. — Gravity on the 
SnrfiEU^e of the Son and Planets. — Whesa the mass and 
Yolume of a celestial body have been computed, its ayerage 
density can, of conrse, be readily found. By dividing the 
mass in pounds by the volume in cubic feet, we &nd the 
average mass per cubic foot, and since we know that the 
mass of a cubic foot of water is about 62^ lbs., it is easy to 
compare the average density with that of water. The deter- 
mination of densities is particularly interesting, on account of 
the evidence it furnishes regarding the physical condition of 
the members of the solar system. The Earth's density is 
about 5*58. 

Prom knowing the ratios of the mass and diameter of the 
Sun or a planet to that of the Earth, we can compare the 
intensity of its attraction at a point on its surface with the 
intensity of gravity on the Eartii. 

It may be noticed that attitustion of a sphere at its surface is pro- 
portional to the product of the density and the radius. 

For the attraction is proportional to mass •«- (radius)*, and the 
mass is proportional to the density x (radius)' ; .'. the attraction 
at the surface is proportional to the density x radius. 

Examples. 

1. To find the Earth's average density and mass, having given 
that the attraction of a baU of lead a foot in diameter, on a particle 
placed close to its surface, is less than the Earth's attraction in the 
proportion of 1 : 20,600,000, and that the density of lead is 11*4 times 
that of water. 
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Let D be the average density of the Earth. Then, since the radii 
of the Earth and the leaden ball are ^ and 20,900,000 feet respectively, 
and the attractions at their surfaces are proportional to thei» 
densities mnltiplied bv their radii, 

/. 1 : 20,500,000 = 11-4x1 : Dx20,900,000; 
.«. average density of Earth D » 6'7x}M « 5*6. 
Hence the average mass of a cubic foot of the material forming 
the Earth is 6*6 x 62*6 pounds. But the Earth is a sphere of volume 

in (20,900,000)3 cubic feet. 
Hence the mass of the Earth, with these data, 

- |irx209'xl0»x 5-6 X 62-5 pounds 

- 1338 X 10» pounds = 697 x 10»» tons. 

2. To calculate the mean density of the Sun from the following 
data: — 

Moss of B 830,000 . (mass of $) ; 
Density of «= 5-58 ; 

0*8 parallax = 8*8"; 0'b angpilar semi-diameter *= 10'. 
The radii of the Son and Earth being in the ratio of the Sun's 
angular semi-diameter to its parallax (§ 258), we have 

0*8 radius ^ 16' 960^ IQQI- 
®'s radius " 88" " 88 " ' 

/. volume of Sun - (1091)' . (voL of Earth) 

« 1,298,000 . (voL of Earth) roughly. 
But mass of Sun - 830,000 . (mass of Earth) ; 

... density of Sun ^ 380 ^ J^ , 

density of Earth 1298 3-9 "^ ^ 

/. density of Sun — 1'4, 

8. To find the number of poundals in the weight of a pound at the 
surface of Jupiter, taking the planet's radius as 43,200 miles and 
density 1} times that of water. 

Taking the Earth's radius as 8960 miles and density as 6'68, we 
have 

(gravity at surface of Jupiter) : (g^vity on Earth) 
- 1-38 X 43,200 : 5-58 x 3960. 
But at the Earth's surface the weight of a pound 
» 82-2 poundals ; 
therefore on the surface of Jupiter the weight of a pound 
^1:33x43200 ^ 

5-58 X 39G0 ^ 

m 83*7 poundals. 
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EXAMPLES.— Xin. 

1. Taking Neptune's period as 30 years, and the Earth's velocity 
as 91 miles per second, find the orbital velocity of Neptune. 

2. If we suppose the Moon to be 61 times as far from the Earth's 
centre as we are, find how far the Earth's attraction can pall the 
Moon from rest in a minute. 

8. If the Earth possessed a satellite reyolving at a distance of only 
6,000 miles from the Earth's surface, what would be approximately 
its periodic time, assuming the Earth to be a sphere of 4,000 miles 
radius P 

4. Assuming the distance between the Earth's centre and the 
Moon's to be 240,000 miles, and the period of the Moon's revolution 
28 days, find how long the month would be if the distance were 
cnly 80,000 miles. 

6. Calculate the mass of the Sun in terms of that of Mars, given 
that the Earth's mean distance and period are 92 x 10* miles and 
865i days, and the mean distance and period of the outer satellite 
of Mars are 14,650 miles and Id. 6h. 18m. 

6. Show that the periodic time of an asteroid is S^ years, having 
given that its mean distance is 2*305 times that of the Earth. 

7. Show that we could find the Sun's mass in terms of the Earth's, 
from exact observation of the periods and mean distances of the 
Earth and an asteroid, by the error produced in Kepler's Third Law 
in consequence of the Earth's mass. 

8. Show that an increase of 10 per cent, in the Earth's distance 
from the Sun would increase the length of the year by 5614 days. 

0. The masses of the Earth and Jupiter are approximately 
aaJooo *^^ Totny respectively of the Sun's mass, and their distances 
from the Sun are as 1 .* 5. Show that Kepler's Laws would give the 
periodic time of Jupiter too great by more than 2 days. 

10. Prove that the mass of the Sun is 2 x 10*^ tons, gfiren that 
the mean acceleration of gravity on the Earth's surface is 9*81 
metres per second per second, the mean density of the Earth is 
5*67, the Sun's mean distance 1*5 x 10^ kilometres, a quadrant of the 
Earth's circumference 10,000 kilometres, and taking a metre cube of 
water to be a ton. 
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11. Having giren that tho constant of aberration for the Earth 
is 20*49", and that the distance of Jupiter from the Sun is 5*2 times 
the distance of the Earth from the Son, oalcolato the constant of 
aberration for Jupiter. 

12. If the mass of Jupiter is -p^ of the mass of the Sun, show 
that the change in the constant of aberration caused by taking into 
account the mass of Jupiter is 0'004i'' nearly (see Question 11). 

13. Find the centre of mass of Jupiter and the Sun. Hence find 
the centre of mass of Jupiter, the Sun, and Earth, (1) when Jupiter 
is in conjunction, (2) when in opposition. (Sun's mass «■ 1,048 
times Jupiter's == 332,000 times Earth's. Jupiter's mean distance 
« 480,000,000 miles j Earth's = 93,000,000 miles.) 

14. If the intensity of gravity at the Earth's surface be 32186 
feet per second per second, what will be its value when we ascend 
in a balloon to a height of 10,000 feet f (Take Earth's radius =4,000 
miles and neglect centrifugal force.) Would tho intensity be the 
same on the top of a mountain 10,000 feet high ? If not, why not ? 

16. Show how by comparing the number of oscillations of a 
pendulum at the top and bottom of a mountain of known density, 
the Earth's mass could be found. 

16. How would the tides in the Thames affect the determination 
of meridian altitudes at Greenwich observatory theoretically f 

17. If the mean diameter of Jupiter be 86,000 miles, and hia mass 
816 times that of the Earth, find the average density of Jvpiter. 

18. If the Sun's diameter be 109 times that of the Earth, his mass 
830,000 times grater, and if an article weighing one pound on the 
Earth were removed to the Sun's surface, find in poondals what its 
weight would bo there. 

19. Taking the Moon's mass as Vt ^^^^ ^^ ^^® Earth, show that 
the attraction which the Moon exerts upon bodies at its surface is 
only about l-6th that of gravity at the Earth's surface. 

20. If the Earth were suddenly arrested in its course at an 
eclipse of the Sun, what kind of orbit would the Moon begin to 
describe ? 
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EXA.MINATION PAPER.— XIII. 



1. State reasons for supposing that the Earth mores ronnd tho 
Sun, and not the Snn round the Earth. 

2. State Kepler*s Laws, and give Newton's deductions therefrom. 

8. If the Sun attracts the Earth, why does not the Earth fall into 
the Snn P 

4. Show that the angular velooitiesof two planets are as the cubes 
of their linear velocities. 

6. State Newton's Law of Gravitation, and prove Kepler's Third 
Law from it for the case of circular orbits, taking the planets smalL 

6. Explain clearly (and illustrate by figures or otherwise) what 
is meant by a force varying inversely as the square of the distance. 

7. Are Kepler's Laws perfectly correct ? Give the reason for youp 
answer. What is the correct form of the Third Law if the masses 
of the planets are supposed appreciable as compared with the mass 
of the Sun P 

8. How can the mass of Jupiter be found ? 

0. Show that if a body describes equal areas in equal times about 
a point, it must be acted on by a force to that point. 

10. Find the law of force to the focus under which a body will 
describe an ellipse ; and if be the acceleration produced by the 
force at unit distance, T the periodic time, and 2a the major axis 
of the ellipse, find the relation between C, a, T. 
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FUllTHER APPLICATIONS OF THE LAW OP 
GRAVITATION. 

Bechon 1. — The Moon^s Mass — Concavity of Lunar Orbit. 

486. Tlie Earth's Displacement due to the Moon. — 

In Section II. of the last chapter we saw that when two 
bodies are under their mutual attraction they revolve about 
their common centre of mass. Thus, instead of the Moon 
revolving about the Earth in a period of 27^ days, both 
bodies revolve about their centre of mass in this period, 
although from the Moon's smaller size its motion is more 
marked. 

In this case both the Earth and Moon are under the 
attraction of a third body— the Sun — which causes them 
together to describe the annual orbit. But the Sun's dis- 
tance is so great compared with the distance apart of the 
Earth and Moon, that its attraction is very nearly the same, 
both in intensity and direction, on both bodies. To a first 
approximation, therefore, the resultant attraction of the Sun 
is the same as if the masses of both the Earth and Moon were 
collected at their common centre of mass. Hence it is strictly 
the centre of mass of the Earth and Moon, and not the centre 
of the Earth, which revolves in an ellipse about the Sun with 
uniform areal velocity, in accordance with the laws stated in 
§ 155. And, owing to the revolution of the Moon, the Earth's 
centre revolves round this point once in a sidereal month, 
threading its way alternately in and out of the ellipse 
described, and bein^ alternately before and behind its n^ca^ 
position. 
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This displacement of the Earth has been used for finding 
the Moon's mass in terms of the Earth's, by determining the 
common centre of mass of the Earth and Moon, as follows. 




Fig. 144. 

Let ^li M^y G^ (Fig. 144^ be the positions of the centres of the 
Earth and Moon, and their centre of mass, at the Moon's last 
quarter, ^2, M^, G^ and E^y M3, O^ their positions at new Moon 
and at first quarter respectively, 8 the Sun's centre. 

Then, at last quarter, E^ is behind ^„ andttie Sun's longi- 
tude, as seen from ^|, is less than it woiild be as seen from G^ 
by tiie angle E^SG^, At first quarter, -C, is in front of 6?„ 
and therefore the Sun's longitude is greater at E^ than at G^ 
by the angle G^SEy If, then, the observed coordinates of 
the Sun be compared with those calculated on the supposition 
that the Earth moves uniformly (».tf., with uniform areal 
velocity), its longitude will be found to be decreased at last 
quarter and increased at first quarter. 

From observing these displacements the Moon's mass may 
be found. For, knowing the angle of displacement EiSG^ 
and the Sun's distance, the length E^G^ may be found. Also 
the Moon's distance E^M^ is known. And, since G, is the 
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ccntro of mass of the Earth and Moon, 

mass of Moon : mass of Earth =zU^G^: O^M^ ; 
whence the mass of the Moon can be found. 

The Sun's displacement at the quarters could be found by 
meridian observations of the Sun's R. A. with a transit circle. 
The displacement of the Earth will also give rise to an 
apparent displacement, having a period of about one month, 
in the position of any near planet ; this could bo detected 
by observations on Mars, when in opposition, similar to those 
used in finding solar parallax (§ 339). 

From this and other methods it is found that the mass of 
the Moon is about 1/81 of that of the Earth. The Moon's 
density y as thus deduced, is about 3*44, or •{- of that of the 
Earth. 

Example. — To compare the masses of the Moon and Earth, having 
given that the San*s displacement in longitude at the Moon's 
quadratures is equal to f of the Sun's parallax. 

Since ^ E^SOi » } the angle subtended by Earth'« radius at 8, 
therefore Efii « } (Earth's radius). 

But EiMi = 60 (Earth's radius) ; 

.*. EiMi » 80 . EiOi ; 

and mass of Moon : mass of Earth ^EiOi : OiMi » 1 : 79; 
.'. the Moon's moss = 1/79 of the Earth's mass. 

437. Application to Determination of Solar Paral- 
lax. — If the Moon's mass be found by any other method, the 
above phenomena give us a means of finding the Sun's 
parallax and distance. For we then know jE*, O^ : G^M^ and 
Iheix^fore -£',(?i and the angle JE^SO^ is found by observation. 
Ihit the exact ratio of JE^SG^ to the parallax is known, for it 
is equal to that of JSJ G^ to the Earth's radius ; hence the Sun's 
parallax and distance can be found. Since the Moon's mass 
can be found with extreme accuracy by many different 
methods, this method is quite as accurate as many that have 
been used for finding the solar parallax. 

*4d8. Concavity of the Moon's Path about the Son.— The Moon, 
by its monthly orbital motion about the Earth, threads its way alter- 
nately inside and outside of the ellipse which the centre of mass of 
the Earth and Moon despribes in its ammal orbit about the Sun. 
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Hence tlie path described by ihe Moon in tbe ooarae of the je&r ii 
a wary curve, forming a series of about thirteen undulations about 
the ellipse. It might be thought that these undulations turned 
alternately their concare and convex side towards the Sun, but the 
Moon's path is really always concave; that is, it always bends 
towards the Sun, as shown in Fig. 145, which shows how the path 
passes to the inside of the ellipse without becoming convex. 

To show this it is necessary to prove that the Moon is always 
being accelerated towards the Sun. Let n, nf be the angular velo- 
cities of the Moon about the Earth and the Earth about the Sun 
respectively. Then, when the Moon is new, as at M^ (Fig. 145), its 
acceleration towards Gj, relative to G^, is n' . M^Of. But G| has a 
noi*mal acceleration n^Q^S towards B. Hence the resultant accelera- 
tion of the Moon Jf, towards 5 is W^Qt3-n^U%Q^ 



Fio. 145. 

Now, there are about 18^ sidereal months in the year ; therefore 
n ^ 18^'. Also E^S is nearly 400 times E^^ and therefore Q^ is 
slightly over 400 tiroes Q%^%. Therefore roughly 

n'*G,S : n^lf jG, - 400 : 182 ; .-. rT-G^S > n^G^Hf. 
Thus, the resultant acceleration of If} is directed towards^ not away 
from By even at Ifj, where the acceleration, relative to G^ is directly 
opposed to that of Gj. Therefore the Moon's path is ccnstantly 
being bent (or deflected from the tangent at Mj) in the direction of 
the Sun, and is concave towards the Sun. 

*489. Alternate Concayity and Convexity of the Path of a 
Point on the Earth. — In consequence of the Earth's diurnal rota- 
tion, combined with its annual motion, a point on the Earth's equator 
describes a wavy curve forming 865 undulations about the path 
described by the Earth's centre. In this case, however, it may be 
easily shown in the same way that the acceleration of the point 
towajrds the Earth's centre is greater than the acceleration of the 
Earth's centre towards the Sun. The path is, therefore, not 
always concave to the Sun, being bent away from the Sun in 
the neighbourhood of the points where the two component accelera* 
tions act in opposite directions. 
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Sectiok 11.— The Tides, 

In the last section we investigated the displacements due to 
the Moon's attraction on the Earth as a whole. We shall 
now consider the effects arising from the fact that the Moon's 
attractive force is not quite the same cither in magnitude or 
direction at different parts of the Earth, and shall show how 
the small differences in the attraction give rise to the tides. 

440. The lCoon'8 or Sun's Disturbing Force. — Let (7, 

Jf ho the centres of the Earth and Moon ; A CA! the Earth's 
diameter through M\ B^ S points on the Earth such that 
MC = MB = MF, Let M, m denote the masses of the 
Earth and Moon, a the Earth's radius, d the Moon's distance. 
The resultant attraction of the Moon on the Earth as a 
whole is hMmjCM}^ and the Earth is therefore moving with 
acceleration km/ CM* towaids the common centre of mass of 
the Earth and Moon, as shown in §§ 422, 424. 




Fio. 146. 
(i.) Now at the sublunar point A the Moon's attraction on 
unit mass is km/ AW and is greater than that at (since 
AM < CM). Hence the Moon tends to accelerate A more 
than C and thus to draw a body at A away from the Earth, 
with relative acceleration F, where 

^" ^^ OT~ cfJ "^cm^Taip 

— i^ a{^d-a) _z^2a 1— <?/2</ 
(P{d-ay d* (1 — «/<^) 

Since a/d is a small fraction, we have, to a first approximation, 

Fm2km?^zs2k^CA. 
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(ii.) At A' the Moon's attraction per unit mass is km/A'M^y 
and is less than that at C, since A'M > CM. Hence the Moon 
tends to accelerate C more than A\ and thus to draw the 
Earth aucay from A! with relative accelei-ation ^, where 

To a first approximation, therefore, 

Thus a hody either at A or ^' tends to separate from the 
Earth, as if acted on hy a force away from C, of magnitude 
approximately = 'Ihraji^ per unit mass. 




Fio. 147. 
(iii.) Consider now the effect of the Moon's attraction on a 
body at B, This produces a force per unit mass of kmjBM'^^ 
which may be resolved into components 
m ..CM , 



BM 



.X^naralleltoOJ/, 



and 



kJH^- X— along J? C. 
BM'BM ^ 



Since we have taken BM = CM, the first component is 
equal to km/CM^ ; that is, to the force at C, This component 
therefore tends to make a body at B move with the rest of 
the Earth, and produces no relative acceleration. Therefore 
the Moon tends to draw a body at B towards the Earth with 
relative acceleration /, represented by the second component ; 

thus fz^hm^^. 
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The point B is approximately the end of the diameter ^C^ 
perpenmcular to AC (since BMy CM, B'M are nearly parallel 
in the neighbourhood of the Earth). 

Hence ttie relative acceleration at 5 is approximately per- 
pendicular to CM^ and its magnitude 

Similarly at B' the Moon tends to draw a body towards C, 
with relative acceleration /= kma/d^. 

At either of these pointe, B, S, therefore, a body tends to 
approach the Earth, as if acted on by a force towards the Earth's 
centre, of magnitude kma/d^ per unit mass. Generally, the 
^loon's attraction at any point tends to accelerate a body, 
relatively to the Earth, as if it were acted on by a force depend- 
ing on the difference in magnitude and direction between the 
Moon's attractions at that point and at the Earth's centre. 

This apparent force is called the ICoon's disturbing 
force or tide-generating force. We see that the dis- 
turbingf orce produces a pull don gAA' and a squeeze along BB'. 

A similar consequence arises from the attraction of the Sun. 
The Sun's actual attraction on the Earth as a whole keeps the 
Earth in its annual orbit, but the variations in the attraction 
at different points give rise t^ an apparent distribution of 
force on the Earth which is the Snn's disturbing force or 
tide-generating force. 

441. To find approximately the Koon's or Sun's 
Disturbing Force at any point. 

Let be any point of the Earth. Draw OiV perpen- 
dicular on CM. Then the difference of the Moon's attractions 
at and JV tends to accelerate towards N, with a relative 
acceleration km.NO/d*[hj § 440 (iii.)]- Also, the difference 
of the attractions at iV, C tends to accelerate iTaway from C 
with a relative acceleration 2km. CNjd^ [by § 440 (i.)]. 

The whole acceleration of 0, relative to C, is compounded 
of these two relative accelerations. Therefore, if X, F be the 
components of the disturbing force at in the directions 
CN, NO, 
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442. Hence the following geometrical constructioii :— * 
On CN produced take a point Hsuch that 

Then the line OH represents the disturbing force at tn 
direction J and its magnitude is 

The Sun's tide-raising force may be found exactly in the 
same way. The force is everywhere directed towards a point 
on the diameter of the Earth through the Sun, found by a 
similar construction to the above. And if r, <S denote the 
Sun's distance and mass, the force is proportional to Sjf^ 
instead of mjd*. 

In all these investigations we see that the tide-raising force 
due to an attracting lody is proportional directly to its mass 
and inversely to the cnbe (not the square) of its distance. 

From this it is easy to compare the tide-raising forces due 
to different bodies acting at different distances. 

Examples. 

1. To oompare the tide-raising forces dae to the Sun and Moon. 
The masses of the Sun and Moon are respectively 831,000 and 

^ times the Earth's mass. Also, the Snn*8 distance is about 390 
times the Moon's. 

.'. Son's tide-raising force : Moon's tide-raising force 

« ^1£^ : ~ - 331 : ^^ » 331 X 8 : 13^ = 993 : 2197 
(390)3 81 3x3=* 

« 88 : 73 nearly = 8:7 nearly. 

Thus the Sun's tide-raising force is about three-sevenths of that 

of the Moon. 

2. To find what would be the change in the Moon's tide-raising 
force if the Moon's distance were doubled and its mass were in- 
creased sixfold. 

If /J^ be the old and new tide-raising forces at corresponding points, 

r-.f-i'-ji: ■••/'-}/• 

Therefore the tide-raising force would have three-quarters of itA 
present value. 

8. To compare the Moon's tide-raising forces at perigee and 
apogee. 

The greatest and least distances of the Moon being in the ratio ol 
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1 + A *o 1 —A* or 19 to 17 (§ 270), the tide-raising power at perigee 
ig greater than at apogee in the ratio of 19» : 17^ or 6859 : 4913, or 
ronghlj 7:6. 

4. To compare the maximum and minimum rallies of the Sun's 
tide-raising force. 

The eccentricity of the Earth's orbit being j^, these are in the 
ratio of (1 + A)* : (1— ^)', or approximately 1+A-l-A. or 
21 : 19. As before, the force is greatest at perigee and least at 
apogee. 

B 




443. The Equilibrium Theory of the Tides. — Let 

us imagine the Earth to be a solid sphere covered with an 
ocean of uniform depth. If we plot out the disturbing forces 
at different points of the Earth by the construction of § 442, 
we shall find the distribution represented in Fig. 148, the 
Unes representing the forces both in magnitude and direction. 
Here the disturbing force tends to raise the ocean at the 
sub-lunar point A and at the opposite point A\ and to de- 
press it at the points B, B', At iotermediate points it tends 
to draw the water away from B and ff^ towards A and A'. 

Hence the surface of the ocean will assume an oval form, 
as represented by the thick lino in Fig. 148, and there will 
be high water at the sublunar point A and the opposite point 
A\ low water along tlie circle of the Earth BB'y distant 90® 
from the sublunar point. Thus wo have the same tides 
occurring simultaneously at opposite sides of the Earth. 

It may be shown that the oval curve aha'V is an ellipse 
whose major axis is aa'. Tie surface of the ocean, therefore, 
assumes the form of the figure produced by revolving this 
ellipse about its major axis. This figure is called a prolate 
spheroid, and is tibus distinguished from an oblate spheroid, 
which is formed by revolution about the minor axis. 

2c 



Asmox. 
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But thougli this is the form which the ocean would assume 
if it were at rest, a stricter mathematical inyestigation shows 
that the Earth's rotation would cause the surface of the sea 
to assume a very different form. 

In fact, if the Earth were covered over with a auffiei&ntly 
shallow ocean of uniform depth, and rotating, we should really 
have low tide very near the suhlunar point A and its anti- 
podal point A\ and high tide at the two points on the Earth's 
equator distant 90° from the Moon (Fig. 149). 

If the Moon were to move in the equator, the equilihrium 
theory would always give low water at the poles. This 
phenomenon is uninfluenced hy the Earth's rotation, and since 
the Moon is never more than about 28° from the equator, we 
see that the Moon's tide-raising force has the general effect 
of drawing some of the ocean from the poles towards the 
equator. 

*444. A few other oonseqaenoes of the eqailibriam theory may 
also be enumerated. (1) Aooording to it the height of the tides, or 
the difference of height between high and low water at any place, is 
directly proportional to the tide-generating force, and conseqnently, 
with the results of Example 1 of f 442, the heights of the solar and 
Innar tides are in the proportion of 3 to 7. (2) Since the distortion 
of the mass of liqnid is rosistcd by gravity, the height of the tide 
depends on the ratio of the tide-producing force to (pravity, and 
therefore is inversely proportional to the intensity of gravity, and 
therefore to the donsity of the Earth ; if the density were halved, 
the height of the tides would be doubled. (8) If the diameter of 
the Earth were doubled, its density remaining the same, the inten- 
sity of gravity and the tide-producing force would both be doubled, 
since both are proportional to the Earth's radius. This would canae 
the ocean to assume the same shape as before, only all its dimensiona 
would be doubled. t Consequently the height of the tide would also 
be doubled, and it thus appears that the height of the tide is pro- 
portional to the Earth's radius. 

We thus have the means of comparing the tides which would be 
produced on different celestial bodies, for the above properties show 
that the height of tide is proportional to ma/Dcfif where a and D are 
the radius and density of the body under consideration, m, d the 
mass and distance of the distarbing body. 

*445. (Sanal Theory of the Tides. — ^As an illustration, 
let us consider what would happen in a circular canal, not 
extremely deep, supposed to extend round the equator of are- 

t Of course this is not a very strict proof. 
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TolTing globe. Then, in Fig. 149, it is olear that the direction 
of the disturbing force would, if it acted alone, cause the 
water in the quadrants AB and AB* to flow towards A ; 
and, in the quadrants A'B and A'B*, towards A\ Hence this 
force acts in the aams direction as the Earth's rotation in the 
quadrants B'A and BA\ and in the opposite direction in AB 
and A'B*. Hence, as the water is carried from ^ to j9, it is 
constantly being retarded, from ^ to ui' it is accelerated, 
from A' U) B" it is retarded, and from -B' to -4 it is again 
accelerated, the average velocity being, of course, that of 
the Earth's rotation. Hence the velocity is kast at B and 
B'f and greatest at A and A'. 



Moon 




Now, it is easy to see that when water moves steadily 
in a miifonn canal it must be shallow where it is swift and 
deep where it is slow. For, if wo consider any portion 
of the canal, say AB^ the quantity that flows in at one end 
A is equal to the quantity that flows out at the other 
end B. But it is evident that if the depth of the canal 
were doubled at any point without altering the velocity of 
the liquid, twice as much liquid would flow through the 
canal ; consequently, in order that the amount which flows 
through might be the same as before, we should have to halve 
the velocity of the liquid. This shows that where the canal 
IS deepest the water must be travelling most slowly. Con- 
versely, where the velocity is least the depth must be greatest, 
and where the velocity is greatest the depth must be least. 
Hence the depth is least at A and A^^ and greatest at B and 
B'i just the opposite to what we should have expected from 
the equilibrium theory. 
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In a canal constructed round any parallel of latitude the 
same would be the case ; and hence, if we could imagine a 
uniform ocean replaced by a series of such parallel canals, 
low tide would occur at every place when the Moon was in 
the meridian. 

This theory (due to Newton), though sounder than Laplace's 
equilibrium theory, is still not quite mathematically correct. 
The true explanation of the tides, even in an ocean of uniform 
depth, is far more complicated, and quite beyond the scope 
of this book. 




Fig. 150. 

446. Lunar Day and Lunar Time. — According to 
either hypothesis, the recurrence of high and low water depends 
on the Moon's motion relative to the meridian ; hence, in 
investigating this, it is convenient to introduce another kind 
of time, depending on the Moon's diurnal motion. 

The Innar day is the interval between two consecutive 
upper transits of the Moon across the meridian. 

In a lunation, or 29j mean solar days, the Moon performd 
one direct revolution relative to the Sun, and therefore per- 
forms one retrograde revolution less relative to the meridian. 
Thus 29^ mean days = 28| lunar days ; whence the mean 
length of a lunar day 

= (1 +^) mean solar days = 24h. 50m. 32s. nearly. 

The lunar time is measured by the Moon's hour angle, 
cx)nverted into hours, minutes, and seconds, at the rate of 16** 
to the hour. 
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*447. Semi-dinmal, Dinmal and Fortniglitly Tides. 

— It has been found convenient to regard the tides produced 
by the Moon^s disturbing force as divided into three parts, 
whose periods are half a day, a day and a fortnight, the 
** day " being the lunar day of the last paragraph. 

If we adopt the equilibrium theory as a working hypothesis, 
the lunar tide must be highest when the Moon is nearest to 
the zenith or nadir. Hence high tide takes place at the 
Moon's upper and lower transits, when its zenith distance and 
nadir distance are least respectively. But, for a place in N. 
lat. (Fig. 150) when the Moon's declination is N. ^ it describes a 
small circle Q'Il\ and its least zenith distance ZQ is less than its 
least nadir distance NH^ ; hence the two tides are unequal 
in height. This phenomenon can be represented by supposing 
a dinmal tide, high only once in a lunar day, combined 
with a semi-diurnal tide, high twice in this period. 

Again, the Moon's meridian Z.D. and N.D. go through a 
complete cycle of changes, owing to the change of the Moon's 
declination , whose period is a month. But after half a m onth, 
the Moon's declination will have the same value but opposite 
sign, and hence the diurnal circles QfHf, Q^IT, equidistant 
from the equator QRy are described at intervals of a fortnight. 
But NJi"= ZQ\ ZQ"= NR ; hence the two tides have the 
same heights. Tliis can be represented by supposing a fort- 
nightly tide of the proper height combined with the 
diurnal and semi-diurnal ones. 

In just the same way the smaller tides caused by the Sun 
may be artificially represented by combining a dinmal 
and semi-dinmal tide (the solar day being used) and a 
■iz-monthly tide. 

448. Spring and ITeap Tides. — Priming and Lagging 

—We have hitherto considered chiefly the tides due to the 
action of the Moon. In reality, however, the tides are duo 
to the combined action of the Sun and Moon, the tide-raising 
forces due to these bodies being in the proportion of about 
3 to 7 (Ex. 1 , § 442). We shall make the assumption that the 
height of the tide at any place is the algebraic sum of the 
heights of the tides which would be produced at that place by 
the Sun and Moon separately. 
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At new or fall Moon the Sun is nearly in the line AA\ 
and the tide-raising powers of the Sun and Moon both act in 
the same direction, and tend to draw the water from j5, ^ to 
Ay A \ hence the whole tide is that due to the ««m of the 
separate disturbing forces of the Sun and Moon. The tides 
are then most marked, the height of high water and depth of 
low water being at their maximum. Such tides are called 
Spring Tides. We notice that the height of the spring 
tide = 1 '\-\ or ^ of that of the lunar tide alone. 

B 




Mao» 



Fig. 151. 

At the Koon's first or last qnarter the Sun is in a 

line BB perpendicular to AJ!. Hence the Sun tends to draw 
the water away from A^ A' to B, B\ while the Moon tends to 
draw the water in the opposite direction. The Moon's action 
being the greater, preponderates, but the Sun's action 
diminishes the tides as much as possible. The variations 
are therefore at their minimum, although high water still 
occurs at the same time as it would if the Sun were absent. 
These tides are called ITeap Tides. The height of the 
neap tide is the difference of the heights of the lunar and 
solar tides, and is therefore ^ of that of the lunar tide. 

Hence spring tides and neap tides are in the ratio of 
(roughly) 10 to 4. 

For any intermediate phase of the Moon, the Sun's action 
is somewhat different. 

Between new Koon and first qnarter, the Sun is over 
a point iSj behind A. Here the Moon tends to draw the 
water towards A, A\ and the Sun tends to draw the water 
towards 8^ and the antipodal point By Therefore the com- 
bined action tends to draw the water towards two points Q, Q* 
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between A and 5\ and between A and 5, respectively, whose 
longitudes are rattier less than those of A and A' respectively. 
The resulting position of high water is therefore displaced to 
the west, and the high water occurs earlier than it would ii 
due to the Moon's influence alone. The tides are then said 
to prime. 

Between first quarter and fall Koon the Sun is over 
a point S, between JB' and -4', and the combined action of the 
Sun and Moon tends to draw the water towards two points 
J2, JR^j whoso longitudes are slightly greater than those of 
Af A\ The resulting high tides are therefore displaced east- 
wards, and occur later than they would if the Sun were 
absent. The tides are then said to lag. 

Between fall Koon and last quarter the Sun is over 
some point 5, between B and A\ but the antipodal point 5, 
is between A and B" ; hence the tide primes. 

Between last quarter and new Koon, when the Sun 
is at a point 84 between B and ^, it is evident in like manner 
that the tide lags. 

Hence Spring Tides occur at the syzygies (conjunction 
and opposition). 

Veap Tides occur at the quadratures. 
Ihm sysygy to quadrature, the tide primes. 
IVom quadrature to sysygy, the tide lags. 

The hoighU of the spriog and neap tides vary with the varying 
distances of the San and Moon from the Earth. Spring tides arc 
the highest possible when both the Son and Moon are in perigee, 
while neap tides are the most marked when the Moon is in apogee 
but the Sun is in perigee (because the Sun then pulls against the 
Moon with the greatest power, as far as the Sun's action is con- 
cerned). Both the spring and neap tides, and also the priming and 
lagging, are on the whole most marked when the Sun is near perigee, 
t.«., about January. 

It may be here stated, without proof, that, taking the Sun's and 
Moon's tide-raising forces to be in the proportion of 3 to 7, the 
maximum intexral of priming or lagging is found to be about 
fil minutes. 
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449. Establishment of the Fort. — ^Botli the equilibrium 
and canal theories completely fail to represent the actual tides 
on the sea, owing to the irregular distribution of land and 
water on the Earth, combined with the varying depth of the 
ocean. These circumstances render the prediction of tides 
by calculation one of the most complicated problems of prac- 
tical astronomy, and the computations have to be based largely 
on previous observations. In consequence of the barriers 
offered to the passage of tidal waves by large continents, 
lunar high tide does not occur either when the Moon crosses 
the meridian, as it would on the equilibrium theory, or 
when the Moon's hour angle is 90°, as it would on the canal 
theory. But this continental retardation causes the high 
tide to occur later than it would on the equilibrium theory, 
by an interval which is constant for any given place. Tlus 
interval, reckoned inlunar hours, is called the Establishment 
of the Fort for the place considered. Thus the establish- 
ment of the port at London Bridge is Ih. 58m., so that lunar 
high water occurs Ih. 58m. after the Moon's transit, i,e.^ 
when the Moon's hour angle, reckoned in time, is Ih. 58m. 

The same causes affect the solar tide as the lunar, hence 
the Sun's hour angle (or the local apparent time) at the solar 
high tide is also equal to the estabU^iment of the port. 

The actual high tide, being due to the Sun and Moon con- 
jointly, is earlier or later than the lunar tide by the amount 
of priming or lagging. By adding a correction for this to 
the establishment of the port, the lunar time of high water 
may be found for any phase of the Moon ; and we notice in 
particular that at the Moon's four quarters (syzygies and 
quadratures), the lunar time of high water is equcd to the 
establishment of the port. And, knowing the lunar time of 
high water, the corresponding mean time can be found, for 

(mean solar time)— (lunar time) 

= (mean Q's hour angle)— ( ([ 's hour angle) 
= ( ([ 's R.A.)-(mean 0'b R.A.) 
[since K.A. and hour angle are measured in opposite directions]. 

Now the Moon's R.A. is given in the Nautical Almanack 
for every hour of every day in the year. Also the mean Sun's 
H.A. at noon is the sidereal time of mean noon, and is given 
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in the Nautical Almanack. Hence the mean Sun's E.A. 
[which = (sideroal time) — (mean time)] is easily found for 
any intermediate time. 

Hence the mean time of high water can he readily found. 

The cstahlishments of different ports, and the times of high 
water at London Bridge, are given in the Nautical Almanack. 

•450. If only a very rough oalcalation is required, we may proceed 
as in §§ 86, 40. We assume the Moon*8 B. A. to increase uniformly { 
we shall then have 

(Ca E.A.) - (0*8 R.A.) = ( <[ *s elongation) ; 
.*. (solar time) « (lunar time) + ( <C 's elongation). 
Knowing the Moon's age, its elongation may be found, as in § 40, 
and this must be converted into time, at the rate of Ih. to 15°. We 
then have (time of high water) 

a (establishment) + (amount of lag.) + ( C 's elongation in time)^ 

Example. — To find, roughly, the time of high water at the Moon's 
first quarter, at London Bridge. 

Here there is no priming or lagging. Hence the lunar time, or 
t 's hour angle at high water, is equal to the establishment, or Ih. 
58m. Also the Moon's elongation is 90**. Hence the Sun's hour 
angle, in time, « Ih. 58m. + 6h., and high water occurs about 7h. 58m. 

•451. Tidal Constants.— The excess of the establishment of the 
port at any place, over that at London Bridge, expressed in mean 
time, is sometimes called the Tidal Constant of that place. 

If we assume the amount of priming or lagging to be the same 
at both places, the tidal constant is the difference between the times 
of high water at London Bridge and the given place. Hence, 
knowing the tidal constant and the time of high water at London 
Bridge, the time at any other place can bo found. 

Tables of tidal constants, and of the heights of the spring and neap 
tides at different places, are given in WhitaJeer*9 Almanack, 

Example. — To find the times of high water at Cardiff and Ports- 
mouth on January 25, 1892, the tide intervals from London Bridge 
being •f4h. 58m. and — 2h. 17m. From the Almanack we find 
times of high water at London Bridge are 

Jan. 24. Jan. 25. 

9h. 15m. aft. 9h. 58m. mom., lOh. dim. aft. 
Add 4h. 58m. 4h. 58m. 4b. 58m. 



.'. Times at Cardiff are 

(Jan. 25) 2h.ldm.mom. 2h. 51m. aft. 
Again, subtract from first line 2h. 17m. 2h. 17m. 



times at Portsmouth are (Jan. 25) 7h. 86m. mom., 8h. 14m. aft 
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452. The Masses of the Sun and Moon can be com- 

pared by observing the relative heights of the solar and lunar 
tide, the relative distances of the Sun and Moon being known. 
Or, if the ratio of the masses be supposed known, the dis- 
tances could be compared by this method. In this manner 
Newton (a.d. 1687) found the masses of the Moon and Earth 
to be in the proportion of 1 : 40 nearly. D. Bemouilli 
(1738) found 1 : 70, and Lubbock (1862) found 1 : 67-3. 
The two last make the Moon's mass a little too great. Newton 
makes it double what it ought to be. 




Pig. 162. 

453. Eifeots of Tidal Friction. — Retardation of 
Earth's Botation. — ^Acceleration of Moon's Orbital 
Motion. — All liquids possess a certain kind of friction, 
known as ** viscosity," which tends to resist their motion 
when they are changing their form, and to convert part of 
their kinetic energy into heat. Owing to this friction between 
the Earth and the oceans, the Earth, in its diurnal rotation, 
tends to carry the tidal wave round slightly in front of the 
point underneath the Moon, taking the positions of high water 
forward from the line H' CM to J!CA, The Moon, on the 
contrary, tends to draw the water back from A^ A\ tho dis- 
turbing forces AH^ A'H' forming a couple, which is resisted 
only by the Earth's friction. Hence the ocean exerts an 
equal motional couple on tho Earth, and this couple tends to 
diminish the angular velocity of the Earth's diurnal rotation, 
and thus increase its period. 

Therefore tidal friction tenth to gradually lengthen the day. 
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But if the Moon exerts a couple on the Earth, tending to 
retard it, the Earth must exert an equal and opposite couple 
on the Moon, tending to accelerate it. That it really does so 
is manifest from Pig. 152. The portion of the ocean heaped 
up at.i^, heing nearer the Moon, exerts a greater attraction than 
that at A\ in addition to which the angle CM A is very 
slightly greater than CMA\ Hence the resultant of the 
attractions of equal masses of water at A and A' acts on M 
in a direction slightly in front of MC^ and tends to pull the 
Moon forward. This tends to increase the Moon's arcal 
Telocity. (Compare § 413.) Since the arcal velocity of a 
body revolving in a circle varies as the square root of the 
radius (§ 411, Cor.), the Moon's distance must be gradually 
increased by this means, and hence also its periodic time.* 

Therefore tidal friction tends to increase the Moon^e distance 
and to lengthen the month. 

Still the final effect of tidal friction must be to equalize 
the lengths of the day and lunar month. The angular 
velocities of the Earth and Moon both decrease, but the 
effect of the couple, in producing retardation, is far more 
considerable on the Earth than on the Moon. 

The Btadent who has not read Rigid Dynamics may iUastrate this 
statement by the oomparatiye ease with which a snmll top can be 
spun with the fingers, and the great difficulty of imparting an equal 
angular velocity to the same body by whirling it round in a circle 
at the end of a string of considerable length. The top represents 
the Earth, and the body on the long string the Moon. 

In Rigid Dynamics it is shown that when a system of bodies are 
revolving under their mutual reactions, their angular momentum, or 
moment of momentum about their centre of mass, remains constant. 
Hence the decrease in the Earth's angular momentum is equal to 
the increase in that of the Moon. Kow the angular momentum 
of a particle revolving in an orbit is twice the product of its mass 
into its areal velocity, and this is also approximately true of the 
Moon. Hence, since the Moon's distance from the common centre 
of mass is far greater (about sixty times as great) than the distance 
of any point on the Earth from its axis of rotation, it is evident 
that the same change in angular momentum produces far more effect 
on the angular velocity of the Earth than on that of the Moon. 

* This increase of the distance more than counterbalances the 
tendency to increase the Moon's actual velocity. For the cctoal 
velocity is inversely proportional to the square root of the distance 
(§ 409), and therefore diminishes as the distance increases. 
Simiiurly, the angular velocity is decreased. 



Digitized by 



Google 



^90 A8TtU)K0ltt. 

It tlms appears that, after the lapse of probably many 
millions of years, tidal friction will equalize the periods of 
rotation of the Earth and Moon, and the day and month will be 
of equal length, eacb being probably about 1,400 bours long. 
The Earth will then always turn the same face towards the 
Moon, just as the Moon now does towards the Earth ; hence 
there will be no lunar tides, and the retardation duo to lunar 
tidal friction will no longer exist. 

The solar tides will, however, still continue to exist, pro- 
vided that there is any water left on the Earth. The effect 
of solar tidal friction will be to retard the Earth's rotation, 
thus further lengthening the day ; and this again will retard 
the Moon's orbital motion, and diminish its areal velocity. 
The Moon will, therefore, approach the Earth, and will 
ultimately fall into the Earth ; and finally, the Earth will 
always turn the same face towards the Sun, so that there 
will always be day over one hemisphere and night over the 
other. 

This theory of the probable future history of the Earth is 
due to Professor G. H. Darwin. It is certain that the effect 
of tidal friction on the Earth's rotation must be very small ; 
hence a veiy long period must necessarily elapse before any 
perceptible increase in the length of the day can be detected. 
The records of history affoi-d no data sufficiently accurate to 
furnish conclusive evidence of such a lengthening, but there 
are somfi grounds for believing that the sidereal day is in- 
creasing in length by about '006 of a second in 1,000 years. 

Moreover, the Earth is gradually cooling, and consequently 
is shiinking ; and this shrinkage, by bringing the particles of 
the Earth nearer to the axis, causes an increase of the angular 
velocity of rotation.* It is quite possible that an increase of 
this nature is at the present time either whoUjr or partially 
counteracting the retardation due to tidal friction. 



* For, according to the principleB of Rigid Dynamios, the angalar 
momentnin of the Earth » (its angalar Telocity) x (its moment of 
inertia). And if the angalar momentum remains constant, and the 
moment of inertia decreases through shrinkage, the angular velooity 
must increase. 
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^ 454. The Moon's Form and Botation. — The theory of 
tidal friction affords a simple explanation of how it is that the 
Moon always turns the same face to the Earth. Bememher- 
ing that the Earth's mass is 81 times the Moon's, hut that its 
radius is ahout four times as great, the Earth's tide-raising 
force at a point on the Moon would he ahout 81/4, or over 
twenty times as great as the Moon's on the Earth. Although 
there are now no oceans on the Moon, still we have some 
evidence that water may once have existed on its surface. 
Furthermore, the large volcanic craters with which its sur- 
face is dotted prove that the Moon was at one time filled 
with molten lava, and that it was prohahly wholly in a liquid 
or viscous state at an earlier period of its history. At that 
time the huge tides on the Moon, ever following the Earth, 
must, hy their friction, have gradually equalized the Moon's 
period of rotation with its period of revolution ahout the 
Earth, in just the same way as if the Moon were surrounded 
hy a friction helt attached to the Earth. This continued till 
the Moon always turned the same face to the Earth. 

If the Moon was then not quite solid, the Earth's tide- 
raising force, which had then hecome constant, must have 
drawn it out into the form demanded hy the equilihrium 
theorjr, namely, to a first approximation, a prolate spheroid, 
with its longest diameter pointed towards the Earth. 

It may easily he seen, from the expressions in § 440, that the 
tide-raising force of a body is slightly greater at ttie point 
just under it than at the opposite point (when we do not 
only consider approximate values). Hence the Moon is not 
quite spheroidal, but is more drawn out on the side towards 
the Earth than on the remote side. Its form is, therefore, 
that of an egg, the small end being towards the Earth. This 
result of theory cannot, of course, bo confirmed by direct 
observation, the remote side being invisible ; but Hansen, by 
the theory of perturbations, has shown that the Moon's 
centre of mass is further from the Earth than its centre of 
figure, thus furnishing independent evidence in favour of 
the theory. 
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*455. Application to Solar System. — Since the Sim's 
tide-raising force on different planets yaries inversely as the 
cnbe of their distance, the solar tides are far greater on the 
nearer planets than on those more remote. It is, therefore, 
qnite natural to suppose that the effects of tidal friction may 
have produced such a great retardation in the rotations of 
Mercury, and possihly also Venus, that one or both of these 
bodies already turn the same face towards the Sim, while the 
Earth, and the remoter planets, must necessarily take a much 
longer time to imdergo the necessary retardation, and it 
would be very unnatimd to expect Neptune, for example, 
always to turn the same face to the Sun. Thus Professor 
SchiapareUi's recent researches on the rotations of Mercury 
and Yenus are in support of the theory of tidal friction. 



Section III. — Precession and Nutation, 

456. In § 141 we stated that the plane of the Earth's 
equator is not fixed in space, but that its intersections with 
the ecliptic have a slow retrograde motion. This phenome- 
non, which is known as Precession, is due to the fact that the 
Earth is not quite spherical, and that, in consequence of its 
spheroidal form, the Sun's and Moon's attractions exert a dis- 
turbing couple on it. 

457. The Sun's and Moon's Disturbing Couples 
on the Earth. 

Let the plane of the paper in Fig. 153 contain the Earth's 
polar axis PP', and the Moon's centre Jf, say at the time 
when the Moon's south declination is greatest. 

Inside the Earth inscribe a sphere FAP'A', touching its 
surface at the poles. Then we may (for the sake of illustra- 
tion) regard the protuberant portion of the Earth outside this 
sphere as a kind of tide firmly fixed to the Earth, and the argu- 
ments of the last section (§ 453) show that the variations in the 
Moon's attraction at different points give rise to a distribution 
of disturbing force identical with the tide-raising force, tending 
to draw this protuberant part with its longest diameter QR 
pointing towards the Moon. The Moon's attraction on tiie 
matter inside the inscribed sphere passes exactly through the 
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Earth's centre 0> and produces no such conple ; bnt the dis- 
torbing forces at -4, A\ which are represented by ASj A'H\ 
form a conple on the protuberant parts, AQ^ A!Ry tending 
to turn the diameter A' A towards CM, The same is true of 
the disturbing forces at any other pair of opposite points of 
the Earth in the quadrants HCK^ H CK\ Of course there 
are couples in the two other quadrants tending in the reverse 
direction, but they have less matter to act on, and are there- 
fore insufficient to balance the former couples. 




Fio. 158. 



"When the Moon is at the opposite point of its orbit, %.$.^ at 
its greatest N. declination, it is again in the line CH% and 
again tends to draw the Earth's equatorial plane towards the 
Ime HH', For any intermediate position of the Moon the 
couple is smaller, and it vanishes when the Moon is an the 
equator ; still, on the whole, the Moon^B disturbing fores alwayi 
tends to draw the plane of the EartKe equator towards the plane 
of the Moon* s orbit. 

Similarly, the Sun^s disturbing force always tends to draw 
the plane of the Earth* s equator towards the ecliptic. 

Since the Moon's nodes are rotating (^ 278), the plane of the 
Moon's orbit is not fixed ; but it is inclmed to the ecliptic at 
a small angle (5^), while the plane of the equator is inclined 
to the ecliptic at a much larger angle (23^^). The average 
effect of &e Moon's disturbing couple is thus to pull the 
Earth's equator towards the plane of the ecliptic. This ten- 
dency is increased by the Sun's disturbing couple ; and the 
two are proportional to the Sun's and Moon's tide-producing 
forces, f.tf., as 8 : 7 roughly. For this reason, the resulting 
phenomenon is sometimes called luni-solar precession. 
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*458. Effect of the Couple on the Earth's Aziau — 

If the Earth were without rotation, the tendency of this 
couple would he to hring the plane of the equator into coinci- 
dence with the ecliptic, with the result that the equator 
would oscillate from side to side of the ecliptic, like a pendu- 
lum under gravity. But the rapid diurnal motion of the 
Earth entirely alters the phenomena. 

Let CE he a semi-diameter of the Earth, perpendicular to 
CF and CM. The processional couple would, alone, produce a 
slow rotation in the direction PQM\ i.^., ahout CR* If 
now the Earth's rotation he represented in magnitude and 
direction by CP^ measured along the Earth's axis, this addi- 
tional rotation must he represented by a very short length. 
ClUy measured along CR. 




Pig. 154. 

Take PP\ equal and parallel to CR* ; then, since PP^ is 
very small, CP' is of almost exactly the same length as CP, 
But angular velocities, and momenta ahout lines which repre- 
sent them in magnitude, are compounded by the same law aa 
forces, velocities, &c. [cf, § 387 (iii.)] ^^9 the same lines of 
corresponding magnitudes. 

Hence, the resultant axis of rotation is shifted from CP to 
CP', in a direction perpendicular to the plane of the acting 
couple, 

A full explanation of what follows would be impossible 
without a close acquaintance with Kigid Dynamics. But it is 
evident that a body flattened at the poles will spin more 
readily about the line CP than about any other line drawn in 
its substance. Hence it is easy to understand that the polar 
axis CPis fV*^//* deflected towards CP\ and thus moves per- 
pendicular to the acting couple. 
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This motion can be illustrated by that of a rapidly spinning 
top, or of a gyroscope, the phenomena of which can readily bo 
investigated by experiment. 

469. Precession of a Spinning Tov^^Smperiment 1. 

Let a top be set spinning rapidly abont its extremity, in the oppo- 
site direction to the hands of a watch, as seen from above, the top 
being erapported at a point on its axis below its centre of gravity. 
The weight of the top, acting vertically throngh the centre of gravity, 
tends to npset the top by pnlling irs axis out of the vertical. Bat if 
the top is spinning snfficiently rapidly, we know that it will not fall, 
the only effect of gravity being to make it " reel," i.e., to canse its 
axis of rotation to describe a cone abont the vertical through the 
point of support, revolving slowly in the counter-clockwise direction. 
This slow revolution may be called the precession of the top, and 
the experiment shows that when a top is acted on by a couple (such 
as that due to its weight) tending to pull its axis away from the 
vertical, it processes in the same direction in which it is spinning. 

Experiment 2. — Now suppose the top suspended from its nppef 
extremity, being thus supported above its centre of gravity. The 
couple due to the weight and the reaction of the support, now tends 
to draw the axis of the top towards the vertical. In this case the 
axis of the top will be found to slowly describe a cone in the opposite 
direction ; that is, the top now processes in the opposite direction to 
that in which it is spinning. 

Experiment 3. — Suppose the top supported as in Experiment 1. 
If we give the top a push away from the vertical, its axis will not 
more in this direction, but its processional motion will increase. If 
we give a push in the direction of precession, its axis will approach 
the vertical. If we push the axis in the direction of the vertical, it 
will not move towskrds the vertical, but its rate of precessional motion 
will be increased, i.e., the top will acquire an aidditional increased 
precessional motion. If we push it in the direction opposite to 
that of precession, the axis will begin to move away from the vertical. 
In every case the axis of the top moves in a direction perpendicular 
to the direction of the force acting on it, and therefore a couple 
acting on a very rapidly spinning top produces displacement of the 
axis in a plane perpendicular to the plane of the couple.* 

[If we push the top by pressing the side of a pencil against its 
axis, it thus always moves in the direction in which the amis would 
roll along the side of the pencil. Of course the displacement of the 
axis is not due to rolling, as may easily be shown by repeating the 
same experiment with a gyroscope, tlus time pushing one of the 
hoops carrying the top instead of touching the top itself ; here no 
such rolling is possible.] 

• These experiments may easily be performed by the reader wiib 
any good-sized cop. 

ASIBOK. 2 D 
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460. Precession of the Earth's Axis. — On the celestial 
sphere, let P, K be the poles of the equator and ecliptic 
respectively. The Sun's disturbing couple and the mean 
couple due to the Moon tend to pull the Earth's equator 
towards the ecliptic, or to puU the polar axis P towards the 
axis of the ecliptic K, Hence the Earth behaves like a top 
suspended from above its centre of gravity, and the polar 
axis slowly describes a cone about the axis of the ecliptic, 
revolving in the opposite direction to that of the Earth's 
rotation, t.^., in the retrograde direction.* The pole P there- 
fore slowly describes a small circle FF^ about JT, the pole of 
the ecliptic, with angular radius PJT, equal to the obliquity 
of the ecliptic, t.tf., 23° 27'. As the pole revolves from P to 
P' it carries the equator from tQ^ to t'Q^', thus carry- 
ing the equinoctial points T and €^ slowly backwards along 
the ecliptic. The average angle T T ', or FKF% described in 
a year, is 50-2", and P therefore performs a complete revolu- 
tion about iT in 26,800 years (§ 141). 

* See also Fig. 154. If JT be pole of eoliptio ( Of nearly perpen* 
dionlar to CIO it is evident that as P travels towards P' it moves 
in the retrograde direction about JT. 

t Pt and ITT are each 90°; .*. T is pole of arc KPi .*. Z TJBTP is 
a right angle. Similarly, r'KP' is a right angle i 

.-. IPKP' - Z tKt' « arc T T', 
since T T'£k is a great drcU, whoso pole is K, 
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The position of the ecliptic is not affected by precession. 
Hence the celestial latitude xR of any star x remains constant^ 
and its celestial long ittde xRiJ^creases hy the amount of pre- 
cession TT\ that iSf at the rate of 50-2'* per year, 

A star's declination and right ascension are, however, con- 
tinually changing. This change is, of course, due to the 
motion of the equator, and not of the star. Thus, as P moves 
to F\ the N.P.D. of the star x decreases from Fx to F% and 
its R.A. changes from tFx to t'F'x, (The circles 
T-P, T'-P', scF^ xF' are not represented, in order not to com- 
plicate the figure unnecessarily. The reader should draw a 
figure, inserting them.) 

The declinations of some stars are increasing, of others 
decreasing. 

461. To apply the Corrections for Precession.-' 

The changes in the decl. and R.A. of a star in one year are 
always small, except in the case of the Pole Star, which is 
so near the pole that a slight displacement of the pole pro- 
duces a great change in the K.A. With this exception, the 
rates of change of the decl. and R.A. of a star remain sensibly 
constant for a considerable period. Hence, if the coordi- 
nates are observed on any given date, and their rates of 
variation are known, their values at any other date may be 
found by adding or subtracting corrections obtained by mul- 
tiplying these rates of variation by the elapsed time. 

The rates of variation may bo regarded as constant so long 
as the interval of time is small compared with the period of 
rotation of the pole. They are therefore sensibly uniform for 
several years. 

The moat convenient plan, in correcting for precession, is to 
calculate the right ascensions and declinations of all stars for 
the same date or epoch. 

Per this purpose, the time of the vernal equinox in the year 
1900 is now frequently chosen as the standard epoch of refer- 
ence. "When the R.A. and decl. of a star are known, their 
rates of variation can be calculated by Spherical Trigonometry 
in terms of the known rate of precession, and the correction 
con then be applied. 
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It would, of coui-so, be possible to proceed Bomewbat differ- 
ently, namely, from tbe decl. and R. A. to find tbe star's lat. 
and long. Tbe long, could tben be increased by tbe amount 
of tbo procession, namely, 60-2' x (tbe number of years 
elapsed) ; and from tbe new lat. and long, tbe new decL and 
R.A. could be found ; but tbe calculations would be longer. 

For tbe purpose of facilitating observations of time, latitude 
and longitude, and instrumental errors, tbe declinations and 
rigbt ascensions of certain brigbt stars are calculated at 
intervals of ten days in tbe Nautical Almanack ; these stars 
are tbe clock stars of § 54. 

Tbe effects of aberration, as well as of precession and nuta- 
tion, are taken into account, tbe tabulated coordinates being 
those of tbe apparent and not tbe true positions of tbe star. 
Such stars can therefore be used to determine clock error and 
other errors, without applying any further correction. 



462. Various ZSifects of Precession. 

Since tbe R.A. and decl. of a star depend only on the 
relative positions of tbe star and equator, their variations due 
to precession are just tbe same as they would be if the equator 
and ecliptic were fixed, and tbe stars had a direct motion of 
rotation, of 60*2^ per annum, about the pole of the ecliptic. 

If we make this supposition, the stars will describe oirdes 
about iT in a period of 25,800 years. 

(i.) If a star's distance Kx from the pole of the ecliptic i» 
less than the obliquity t, or its latitude (J) greater thazL 
90°— », it will describe a circle ax^a'x^ (Fig. 156), of radius 
90°— J, not enclosing tbe pole P, and its greatest and least 
N.P.D. wiU be 

Fa: = f +(90°-7), Pa = f-(90°-./). 

Also the star's R.A. will fluctuate between tiie values- 
tPx^ and T-P^,. Now T is the pole of FK; hence KFt 
is a right angle, and tP£^= 270°; therefore the mATimnnv 
and minimum R.A. are 270°-hJrPa?i, and 270°— -ffP^j. 
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(ii.) If, on the other hand, the star's latitude is <90^ — », 
it will describe a circle hyh'y enclosing the pole P. Its 
greatest and least N.P.D. w5l be 

Py = (90^ -/)+», PJ = (90^-/)-». 

The star's R.A. will continually increase from (P to 360®. 

In either case the star's N.P.D. will increase as its longitude 
increases from 90*^ (at a or h) to 270® (at a' or h% and will 
decrease over the other half of the path. 




The Pole Star will, after a time, move away from the pole, 
and its place will be then occupied in succession by other 
stars whoso latitude is very nearly = 90®— i = 66® 33'. If 
J, L bo the latitude and longitude of such a star, it will be 
nearest the pole in an interval of (90®— X)-T-50-2*year8, and 
its N.P.D. will then be (90®-/)-t. 

That precession has shifted the equinoctial points from the 
constellations Aries and Libra, into Pisces and Virgo, has 
already been mentioned. Since there arc twelve signs of the 
zo<liac, the equinoctial points shift from one " sign " into the 
next in 25,800/12 years, t.*., about 2,150 years. 
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463. Effects on the Climate of the Earth's Hemi- 
spheres.— Wc have seen (§ 132) that the fact of the Earth 
being in perihelion near the winter solstices renders the 
climate of the Earth's northern hemisphere more equable, but 
makes the seasons more marked in the southern hemisphere. 
Owing, however, to precession, combined with the progrea- 
siye motion of the apse line (§ 153), the reverse will be the 

. 180x60x60 1AC4C m, • i.1. 

case m , or 10,545 years. The summer m the 

50-22 + 11-25' ' ^ 

northern hemisphere will then be hotter, but shorter, and the 

winter colder and longer. On the whole, the climate will be 

colder, as the Earth's radiation will be more rapid during the 

heat of summer, and therefore a larger proportion of the beat 

received from the Sun will be lost before the winter. 

In a recent paper. Sir Eobert Ball has shown that the ice 
ages, of which we have geological evidence, can probably be 
accounted for in this manner. The eccentricity of the Earth's 
orbit is not constant, but is changing very slowly, and is 
decreasing at the present time. When the orbit had its 
greatest eccentricity and the winter solstice coincided with 
aphelion, the autumn and winter were 199 days long, spring 
and summer being only 166 days long. At this time the 
climate of the northern hemisphere must have been so exceed- 
ingly cold that the whole of northern Europe, including 
Germany and Switzerland, was ice-bound. When aphelion 
coincided with the summer solstice a similar effect took place 
in the southern hemisphere, but the northern hemisphere was 
wanner and more genial than it is now, spring and summer 
being 199 days long, and autumn and winter only 166 days 
long. Thus, at the time of greatest eccentricity there must 
have been long ages of arctic climate, oscillating from one 
hemisphere to the other and bask in a period of 10,500 years, 
alternating with more equable, and, perhaps, almost tropical 
climates. 



464. Nutation of the Earth's Axis. — In treating of 
precession, we have supposed the Earth's poles to describe 
small circles uniformly about the poles of the ecliptic. This 
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they would do if the Son's and Moon's disturbing couples on 
the Earth were always constant in magnitude, and always 
tended to pull the Earth's poles directly towards the poles of 
the ecliptic. But the couples, so far from being constant, 
are subject to periodic variations, in consequence of which 
the Earth's poles really describe a wavy curre (shown in 
Fig. 157), threading alternately in and out of the small 
circle which would be described under precession alone if the 
couple were constant. This phenomenon is called Vutation, 
because it causes the Earth's poles to nod to and from the 
pole of the ecliptic. 




Nutation is really compounded of several independent 
periodic motions of the Earth's axis ; the most important of 
these is known as Lunar Vntatioii, and has for its period 
the time of a sidereal revolution of the Moon's nodes, t.$., 
about 18 years 220 days. The effect of lunar nutation may 
be represented by imagining the pole F to revolve in a small 
ellipse about its mean position J9 as centre, in the above period, 
in tiie retrograde direction, while p revolves about JT, the 
pole of the ecliptic, with the un^orm angular velocity of 
precession of 50*2" per annum. The major and minor axes 
of the little ellipse are along and perpendicular to Kp re- 
spectively, their semi-lengths being pa = 9" and ph = 6*8" 
respectively. The angle pKh = hp/BmKp (Sph. Geom. 17) 
s 6-8"cosec 23^ 27' :=: 17*1" nearly. 
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465. General Effects of Lunar Nutation.— In con- 
sequence of lunar nutation, the obliquity of the ecliptic is 
subject to periodic variations. For this obliquity is ^nal 
to the arc XP, and as F revolves about its mean position 
from one end to the other of the major axis of the little 
ellipse, the arc JTP becomes alternately greater and less than 
its mean value Kp^ by 9". Thus the greatest and least values 
of the obliquity of the ecliptic differ by 18", and the obliquity 
fluctuates between the values 23^ 27' 20" and 23° 27' 2" once 
in about 18 J years. 




Again, when the pole is at an extremity of the minor axis 
J, it has regreded further than its mean position p by the 
angle pKh^ which wo have seen is about 17*1". Hence, also, 
the first point of Aries has regreded 17-1" further than it 
would have gone had its motion been uniform. Similarly, at 
V it has regreded 17'1" less than it wiuld have done if 
moving uniformly. Hence the first point of Aries oscillates 
to and fro about its mean position through an arc of 34*2" in 
the period of 18| years, while its mean position moves through 
an angle 18| x 60-2", or about 15' 37". 

The angular distance between the true and mean positions 
of tlie first point of Aries is called the EqvMtion of ih4 
Equinoxes, It is, of course, equal to the angle f?irP. 

Mutation does not affect the position of the ecliptic ; hence 
the latitudes of stars are unaltered by it. Their apparent 
longitudes are, however, increased by the equation of the 
equinoxes. Both this cause and the varying obliquity of 
the ecliptic produce variations }n a starts ^-.A. aijd 4eol* 
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466. Discovery of iriitation. — ^Nntation was discovered 
by Bradley soon after his discovery of aberration, while con- 
tmuing his observations on the stwr y Draconis and on a small 
star in the constellation Camelopardus, by its effect on the 
declinations of these stars. The peculiarity which led him 
to separate nutation from aberration was their difference of 
period. The period of the former phenomenon is about 19 
years, while that of the aberration displacement is only a 
year. Had the observed variations in declination been due 
to aberration alone, the declination would always have had 
the same apparent value at the same time of year, but such 
was not the case. 

Newton had, sixty years previously (1687), proved the 
existence of nutation from theory, but had supposed that its 
effects would be inappreciable. 

467. To correct for ZTntation, the coordinates of a star 
are always referred to the mean position of the ecliptic, ♦.tf., 
the position which the ecliptic would occupy if its pole were 
at Pf the centre of the little ellipse. Hence, since the 
apparent decl. and R.A. of a star x are measured by 90^ -^Px 
and T A; (= 270°+ JTP^r), the corrected ded. and R.A. are 
90^^px and 270^-\-irpx, If the star's position is specified 
by its celestial latitude and longitude, the only correction 
required is to increase the longitude by the equation of the 
equinoxes. 

*468. BesseFs Day Numbers.— If tlie declinatioDS and right aicen- 
sion of stars have been tabulated for a certain date, their apparent 
yalnes for any other date, as affected by precession, nutation, and 
aberration, can be fonndby adding certain small corrections to the 
tabulated valaes, and it is found that these may be put into the 
form Change of R. A. « i4a + Bb + Cc + Dd, 

Change of decl. = Aa' + Bb* + Cc* + Dd', 

where A, B, Ot B are constants, whose values depend only on the 
date, and are the aame for all aiars ; while a, h, c, d, a\ h', e', d! 
depend only on the coordinates of the star, being aXxoayt conetant for 
the same star, and independent of the time of observation. 

The four quantities i4, B, 0, B are called BesseVs Bay Numhere^ 
and their logarithms are g^ven in the Nautical Almanack for every 
day of the year. The logarithms of the eight constants a, 6, c, d, 
a\ b% c\ d\ have been tabulated for many thousands of stars in the 
%U^ catalogues of the Bo^al Astronoiji^ical Society. 
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469. ThjtAoBl Cause of Nutation. — ^If the Moon were 
to move exactly in the ecliptic, the average couples exerted 
by the Moon as well as the Sun would both tend to pull the 
Earth's pole directly towards JT, the pole of the ecliptic. 
But the Moon's orbit is inclined to the ecliptic at an angle 
of 5° ; hence, if X be its pole, KL = 6% and the Moon's 
average disturbing couple tends to pull the pole F towards 
L instead of JT. When we consider the Sun's action also, 
the resultant of the two couples tends to pull the pole towards 
a point JT* which is intermediate between JT and X, bat 
nearer to L (because the Moon's disturbing couple is about 
2 J times the Sun's). Hence the pole P moves o£E in a direc- 
tion perpendicular to SP, and not to KP. In consequence 
of the rotation of the Moon's nodes, Z, and therefore also JET, 
revolves in a small circle about P in the period of 1B|^ years 
(see Fig. 159). 

Let Z,, X„ Z„ Z^, Z^ be the positions of Z, and P„ P„ P,, 
P^, Pj the positions of P, when the angle PJTZ is 0% 90% 
180°, 270°, 360° respectively, J?",, Zfi the positions of -ffcor- 
responding to Z,, Z^. Then at P^ and P, the couple is 
directed towards if, and therefore P is then moving perpen- 
dicular to KP, At P, the couple is directed towards H^, and 
the pole P, moves perpendicularly to Zr^P,, thuspassingfromthe 
inside to the outside of the small circle described by its mean 
position. Similarly, at P^ the pole, by moving perpendicularly 
to Zr^P4, passes back from the outside to the inside of the 
small circle which it would describe if the couple were 
always directed towards JT. Thus the wavy form of the 
curve described by P is accounted for. And smce the whole 
space PxKP^ or L^KL^^ traversed in a revolution of Z, is very 
small, the period of oscillation is almost exactly that of 
revolution of the Moon's nodes. 

Again, the Moon's couple depends on the angular distance 
PLy and is greater the greater this distance (as may easily be 
seen by § 457). Hence the resultant couple, and therefore 
also the processional motion, is least at Pj and greatest at P,. 
This accounts for the variable rate of motion of P, whidi 
gives rise to the equation of the equinoxes^ 
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* 470. Solar and Monthly Nntations.— Tho variations in the inten- 
sitj of the Snn's and Moon's disturbing couples during their orbital 
revolutions g^ve rise to two other kinds of nutation. Let us first 
consider the variations in the Sun's disturbing couple, which pro- 
dnce Solar Nutation. It appears from § 457, that the couple vanishes 
when the Sun is on the equator, and that it is greater the greater 
the Snn's declination. Also it is readily evident from Fig. 153 that 
the couple in general acts in a plane through the Sun and the 
Earth's poles, tending to txim the poles more nearly perpendicalar 
to the direction of the Sun. This shows that the couple is not 
really directed towards the pole of the ecliptic (though this is its 
average direction for the year) except at the solstices (Fig. 160). 

Kow at the vernal equinox, when the Sun is at T , the couple 
vanishes, and therefore the Earth's tendency to precession, duo to 
the Son, vanishes. Between the vernal equinox and the summer 
solstice, when the Sun is at S|, the couple is along SiP away from 
5i, and this tends to make the pole process along P(?' perpendicu- 
larly to B{P, At the summer solstice the couple along OV is a 
maximum, and tends to produce precession along PO perpendicular 
to JTP. At Bi the couple along ^gP tends to moke the pole preccss 
in the direction PG". At the autumnal equinox, £i, the couple, and 
therefore the velocity of solar precession, vanishes. At B-^ the Sun's 
declination is negative, and the couple tends to draw P ioward* 8^ ; 
hence the Eai*th again tends to process along P0\ At the winter 
solstice the direction of precession is again along PG, and the pro- 
cessional velocity again a maximum. Finally, at B4 the direction 
of precession is a^in along P0'\ 
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Hence the variations in tlie Sun's declination caase the pole to 
thread its way in and out of the circle it wonld describe nnder 
nniform precession once every six months, and to cause the velocity 
of revolution about K to fluctuate in the same period. This gives 
rise to the nutation known as Solar Nutation, whose period is half a 
tropical year. In the case of the Moon the corresponding 
phenomenon is known as Monthly Nutation, and its period is half 
a month ; the explanation is exactly the same. 

The variations in the obliquity of the ecliptic due to these two 
causes are small, because, owing to the comparatively small period in 
which they recur, the pole has not time to oscillate to and from K 
to any great extent. Moreover, the couple, and therefore the rate of 
motion of P, decreases as the inclination of PG' to PQ increases. 
When the Sun is at T or ^ the displacement, if it existed, would be 
along PK, in the most advantageous direction for producing nutation, 
but at this instant the couple vanishes. 

The solar nutation only displaces the pole about 1*3'' to or from 
K, and the displacement due to monthly nutation is imperceptible. 
The effects on the equation of the equinoxes are more apparent. 
Under the Sun's action alone, the pole would come to rest ivtic^ a 
year, viz., at the equinoxes^ and under the Moon's action its rate of 
motion would vanish twice a month, viz., when the Moon crossed 
the equator. At all other times the couples tend to produce retrc 
grade — never direct — motion of the pole about JC. Hence the pro- 
cessional motion can never vanish unless the Sun and Moon should 
happen to cross the equator simultaneously. 



Section IV. — Lunar and Planetary Perturhaiions. 

471. In consequence of the universality of gravitationy 
every body in the solar system has its motion more or less 
disturbed by the attraction of every other body. Kepler's 
Laws (with the modification of the Third Law given in § 421) 
would only be strictly true if each planet, were attracted 
solely by the Sun, and each satellite described its relative 
orbit solely under the attraction of its primary. Hence the 
fact that these laws very nearly agree with the results of 
observation shows that the mutual attractions of the planets 
are small compared with that which the Sun exerts on each 
of them, and that, in the orbital motion of a satellite, by far 
the greater part of the relative acceleration is due to the 
attraction of the primary. 
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472. Lnnar Perturbations. — We have seen, in Section 
I., that the Moon's motion consists of two component parts, a 
monthly orbital motion relative to the Earth — or, more strictly, 
relative to the centre of mass of the Eai-th and Moon — and 
the annual orbital motion of this centre of mass in an ellipse 
about the Sun. If the acceleration of the Sun's attraction 
were the same in magnitude and direction at the Moon as at 
the Earth, it would be exactly the acceleration required to 
produce the latter component, and the relative orbit about 
the Earth would be determined by the Earth's attraction 
alone. This is very nearly the case, owiog to the great dis- 
tance of the Sun. But the small differences of the 
accelerations caused by the Sun's attraction on the Earth and 
Moon tend to modify the relative motion of these two bodies, 
by giving rise to perturbations (§ 272). The relative 
accelerations thus produced may be represented by a distri- 
l)ution of dtBtwling force due to the Sun, just in the same 
^ay that the relative accelerations of the oceans, which cause 
the tides, are determined by distributions of disturbing force 
due to the Sun and Moon. And since the Sun's distance ia 
nearly 400 times the Moon's, the expressions for the dis- 
turbing force, corresponding to those investigated in §441, 
are sufficiently approximate to account for the more impor- 
tant lunar perturbations. 

Fig. 161. 

Let 5, -E*, M denote the centres of the Sun, Earth, and 
Moon. Drop MK perpendicular on ES^ and on EK produced 
take KHzzz 2EK, Then, if S denote the mass and r the dis- 
tance of the Sun, the Sun's disturbing force produces at Jlf a 
relative acceleration along MH of magnitude kS . MH/t^, 
its components being k, S,MK/r* along i^/T and 2k. S.EKji^ 
.parallel to EK. 

This force tends to accelerate the Moon towards the Earth 
•at quadrature (iff), and away from the Earth at conjunction 
•ftnd opposition (ITq, M^. At any other position it accelerates 
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the Moon towards a point (^i) in the line ES, and thus 
makes the Moon tend to approach the Sun, if its elongation 
(M^JES) is less tlian 90°; but it accelerates the Moon 
towards a point (iZ,) away from the Sun if its angle of 
elongation from the Sun be obtuse. 

473. The Botation of the Moon's Nodes. — ^Let CZ 

represent the ecliptic, N^M^N^ the great circle which the 
Moon would appear to describe on the celestial sphere if there 
were no disturbing force acting upon it, and let H, between 
JV, and iV/on the ecliptic, represent either the Sun's position 
on the celestial sphere or that of the point antipodal to it. 
Then the reasoning of the last paragraph shows that the dis- 
turbing force acts in the plane HEM^, and therefore has a 
component at M^ directed along the tangent to the great 
circle M^H, 



Now let lis suppose that the Moon is revolTing under the 
Earth's attraction alone, but that on arriving at ^ it is 
acted on by a sudden impulse or blow directed towards IT, 
Clearly the effect of such an impulse is to bend the direction 
of motion inward, from M^N^ to M^N^^Budi the Moon will then 
begin to describe a great circle M^N^^ which, if produced both 
ways, will intercept the ecliptic at points iVj, N^ behind iV^, 
Ni. The inclination of the orbit to the ecliptic will also be 
diminished slightly if J/j is within 90° of If^ ; for the exterior 
angle MN^R > MNJECy since the sides of the triangle 
M^N^N^ are each less than 90^. But when the Moon comes 
to J/i, let another impulse act towards R. This will deflect 
the direction of motion from J/^iVj' to M^N^, and the Moon 
will now begin to describe the great circle N^M^^^ whose 
nodes iV^, N^ are still further behind their initial positions. 
The inclination of the orbit to the ecliptic will, however, be 
increased this time. 

It is easy to see that the same general effect takes place 
when the Moon is acted on by a continuous faree^ always 
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tending towards the ecliptic, instead of a series of impulses. 
Such a force continuously deflects the Moon's direction of 
motion, and draws the Moon down so that it returns to 
the ecliptic more quickly than it would otherwise. Hence 
the Moon, after leaving one node, arrives at the next hefore 
is has quite described 180°, and the result is an apparent 
retrograde {never direct) motion of the nodes, combined with 
periodic, but small, fluctuations in the inclination of the 
orbit. 

*474. The retrograde motion of the Moon's nodes is, insomerespecfcfl, 
analogous to the precession of the equinoxes, and, al thoagh the analogy 
is somewhat imperfect, the former phenomenon gives an illnstratioti 
of the way in which the latter is produced. If the Earth had a 
string of satellites, like Saturn's rings, closely packed together in a 
circle in the plane of the equator, the Sun's disturbing force, ever 
accelerating them towards the ecliptic, would, as in the case of the 
Moon, cause a retrograde motion of the points of intersection of all 
of their paths with the ecliptic, and this would give the appearance 
of a kind I'f retrograde Tprecession of the plane of the rings. If the 
particles, instead of being separate, were united into a solid ring, the 
general phenomena would be the same. And it is not unnatural to 
expect that what occurs in a simple ring should also occur, to a 
greater or less degree, in the case of other bodies that are somewhat 
flattened out perpendicularly to their axis of rotation, such as the 
Earth, thus accounting for the precession of the equinoxes. (Of 
course this is only an illustraiiony not a rigorous proof; in fact^ if 
the Earth were quite spherical it would behave very differently.) 

s _ ^ /i 1 1 ^ ^ 

♦. .^^ ji, j^kvak, a^Hi ^ 

Fig. 163. 

*475. Perturbations due to Average Talae of Badial Disturbing 
Force. — Let d be the Moon's distance. Then, when the Moon is in 
conjunction or opposition, the Sun's disturbing force acts avoay from 
the Earth, and is of magnitude 2Jc8d/f* (Fig. 163). When the 
Moon is in quadrature the disturbing force acts towards the Earth, 
but is only half as great. Hence, on the average, the disturbing 
force tends to pull the Moon away from the Earth. 

In consequence, the Moon's average centrifugal force must be 
rather less than it would be at the same distance from the Earth if 
there were no disturbing force, and the effect of this is to molw th$ 
month a little longer than it would be otherwise for the same dis* 
tance of the Moon. 
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MoreoTer, tbe disturbing force increases as the Moon's distance 
increases, but the Eartb's attraction diminisbes, being proportional 
to tbe inverse square of tbe distance ; tbis bas tbe effect of making 
tbe wbole average acceleration along tbe radius vector decrease tnore 
rapidly as the distance increases tban it would according to tbe law 
of inverse squares. Tbe result of tbis cause is the progressivs 
motion of the apse line. It is difficult to explain tbis in a simple 
manner, but tbe following arg^uments may give some idea of bow 
tbe effect takes place. At apogee tbe Moon*s average acceleration 
is less, and at perigee it is greater tban if it followed tbe law of 
inverse squares and bad the same mean value. Hence, wben tbe 
Moon's distance is greatest, as at apogee, tbe Eartb does not puU 
tbe Moon back so quickly, and it takes longer to come back to its 
least distance, so tbat it does not reacb perigee till it bas revolved 
tbrougb a little more than lS(f. Similarly, at perigee tbe greater 
average acceleration to tbe Eartb does not allow the Moon to fly 
out again quite so quickly, and it does not reacb apogee till it hsis 
described rather more than 18(f. Hence, in each caee, tbe line of 
apsides moves forward on tbe wbole. 

*476. Yariation, Evection, Annnal Equation, Parallaetie 
Inequality. — When the Moon is nearer tban tbe Eartb to tbe Sun 
(Jtf], Fig. 162), tbe Moon is more attracted than tbe Esurtb, and 
therefore tbe disturbing force is towards tbe Sun (§ 472). Ita 
effect is, therefore, to accelerate tbe Moon from last quarter to con- 
junction, and to retard it from conjunction to first quarter. Wben. 
tbe Moon is more distant than the Eartb from tbe Sun (M^ Fig. 163), 
it is less attracted tban tbe Eartb, and therefore the disturbing^ 
force is away from the Sun. Thus tbe Moon is accelerated from 
first quarter to full Moon, and retarded from full Moon to last 
quarter.t Hence we see that the Moon's motion in each ease 
must be swiftest at conjunction and opposition, and slowest at tbe 
:|uadratures. Tbis phenomenon is known as tbe Yariation. 

The force towards the Earth is greatest at tbe quadratures, and 
least at the conjunction and opposition, since at tbe former tbe Sun 
pulls tbe Moon towards, and at the latter away from tbe Earth. 
Either cause tends to make the orbit more curved at tbe quadratures 
and less curved at the syzygies. For, if v is tbe velocity, R tbe 
radius of curvature, then v^/R » normal acceleration. Hence R is 
greatest, and tbe orbit therefore least curved, when v is gpreatest^ 
and tbe normal acceleration is least. The effect of this cause would 
be to distort the orbit, if it were a circle, into a slightly oval onrve, 
which would be most flattened, and therefore narrowest (oompare 



t These retardations and accelerations are closely analogons to 
those of tbe water in an equatorial canal (§ 445). 
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Mgamenti of §§ 114^ 115), at the points towards and opposite the 
Snn ; most ronnded, and therefore broadest, at the points distant 
Wf from the Snn. 

Of coarse the Moon's undisturbed orbit is not really oircnlar, bat 
elliptic, and far more elliptic than the oral into which a circular 
orbit would be thos distorted. But a distortion still takes place, and 
giyes rise to periodical changes in the eccentrioitj, depending on the 
position of the apse line, and known as evection. 

The Sun's disturbing force is greatest when the Sun is nearest, 
and least when the Sun is furthest. These fluctuations, between 
perihelion and aphelion, g^ye rise to another perturbation, called the 
anTlUftl equation, whose most noticeable effect consists in the con- 
sequent variations in the length of the month (§ 475). 

If, instead of resorting to a first approximation, we employ more 
aociurate expressions for the 8un*s disturbing force on the Moon, it 
is evident that this force is greater when the Moon is near con- 
Junction than at the corresponding position near opposition ; just 
as the disturbing force which produces the tides is really greater 
under the Moon than at the opposite point. Hence the Moon is 
more disturbed from last quarter through new Moon to first quarter 
than from first quarter through full Moon to last quarter. Hence 
the time of first quarter is slightly accelerated, and that of last 
quarter retarded. This is called the Moon's Parallactic Inequality. 
Its amount is proportional to IcSd^jr*^ instead of IcBdji^ (like the 
other perturbations). For many reasons this perturbation is of 
conciderable use in determinations of the Sun's mass and distjinoe. 

477. Flaaatary Perturbations. — The Sun's mass is so 
great, compared with the masses of the planets, that the 
orhital motion of one planet about the Sun is but slightly 
affected by the attraction of any other planet. The mutual 
attractions of the planets, and their actions on the Sun, give 
rise to small planetary perturbations, which cause each 
planet to diverge slowly ^m its elliptical orbit, besides 
accelerating or retarding its motion. 

Since the orbital motions of the planets are all usually 
referred to the Sun as their common centre or " origin," and 
not to the centre of mass of the solar system, the perturba- 
tions of one planet, due to a second, depend, not on the actual 
acceleration produced by the latter, but on the differences of 
the accelerations which it produces on the former planet and on 
the Sun. 

As in the case of the Moon, the force which produces this 
difference of accelerations is called the disturbing farei, 

ASTBOK. 2 b 
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H78. G«om6trical Congtroction for the Distnibing Force.— The 
approximate ezpressioiiB, inyestig^ed in § 472, for the Snn'e die- 
tnrbing force on the Moon, are inapplicable to the distorfoing force 
of one planet on another, becaoee the distance of the dUtuHnng hodj 
from the Son is no longer yery larg^ compared with that of the 
dUturhed body. We most, therefore, adopt the following oon- 
stmction (Fig. 164) : — 

Let P, Q be two planets, of masses If, JT; 3 the Son. Then the 
planet P prodnces an acceleration JcMlPdf on Q along QP, and an 
acceleration kM/PS* on 8 along 8P. To find the acceleration of Q, 
relatiye to S, due to this oaose, take a point T on PQ snoh that 
PT:P8^P8^: PQ*. Then the accelerations of 8, Q, dne to P, are 
hM . 8PI8P^ and hM . TPI8P^ respectively. Hence, by the triangle of 
accelerations, the acceleration of Q, relative to i9, is represented in 
magnitude and direction by hM.T8l8P*, Therefore the disturbing 
force per unit mass on Q, dne to P, is parallel to Tfl, and of inagni« 
tudefcJf.rS/5P«. 




Fio. 164. 



Similarly, if we take a point T^ on QP snoh that QV: Q3 
— Qfif : QP*, the disturbing force per unit mass on P, due to ^ is 
parallel to rs, and is of magnitude UT . r S/i6fQ*. 

The disturbing force on Q, due to P, and that on P, due to Q, ar« 
not equal and opposite, becMse they depend on the planets' attrao- 
tions on 8, as weU as on their mutual attractions. 

When PQ - P8, the points Q, T evidently coincide, and the dis- 
turbing force on <} is along the radius vector Qflf. When PQ < PS, 
Pr>PQ, BO that the disturbing force on Q tends to pull Q about 8 
(as in Fig. 164) toioards P, and when PQ>PB, the disturbhur fotoe 
tends to push Q about 8 away from P. 



Digitized by 



Google 



FUraUER APPLICATIONS OF THE LAW OP GRAVITATION. 



418 



Similarly, when QP » Q8, the disturbing force on P is along PS. 
When QP<QS it tends to pnll P about 8 totvards Q, and when 
QP> Q8, it tends to push P about £f away from Q, 

*479. Periodic Perturbations on an Interior Planet.— Let ns con- 
sider, in the first place, the perturbations produced by one planet 
E on another planet F, whose orbit is nearer the Sun ; as, for 
example, the perturbations produced by the Earth on YenuB, by 
Jupiter or Mars on the Earth, or by Neptune on Uranus. 

Let At B he the positions of the planet, relative to E, when in 
heliocentric conjuncfcion and opposition respectively ; U, XT points 
on the relative orbit such that EU = ETJ* ^ E8, (These points are 
near, but not quite coincident with the positions of greatest elonga- 
tion.) Then, if we only consider the component relative acceleration 
of V perpendicular to the radius vector FS, this vanishes when the 
planet is at 17 or [T, as shown in the last paragraph. 




Fio. 166. 

The tangential aoceleration also vanishes at A and B. Over the 
arc U'AU the relative acceleration is towards 2?, therefore the planet's 
orbital velocity is aocelerated from U^ to A; similarly it is retarded 
from ii to 17. 

Again, at a point V^ on the aro UBU', the relative acceleration ia 
away from the Earth, and this accelerates the planet's orbital 
velocity between U and B, and retards it between B and U\ 

It follows that F is moving most swiftly at A and B, and most 
■lowly at U and U\ Hence, if we neglect the eccentricity of the 
orbit, we see that the planet, after passing Ay will shoot ahead of the 
position it would occupy if moving uniformly; thus the disturbing 
force displaces the. planet forwards during its path from A to near 
U. Somewhere near 17, when the planet is moving with its least 
velocity, it begpns to lag behind the position it would occupy if 
moving uniformly; thus from near U to B the disturbing force dis- 
places the planet hackwardB. Similarly, it may be seen that from B 
to near U' the planet is displaced forwards^ and from near V io A 
it is displaced hachwardi. 
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The principal effect of the oomponent of the diBturbing force 
along the radius vector, is to cause rotation of the planet's apsides, 
as in the case of the Moon. The direction of their rotation depends 
on the direction of the force, and is not always direct. The ecoen- 
tricity of the orbit is also affected by this cuuse^ as in the phenome- 
non of lunar evectionf and the periodic time is slightly changed. 

Owing to the inclination of the planes of the orbits of £, F, the 
attraction of Ej in general, giyes rise to a small component perpen- 
dicular to the plane of Ps orbit, which is always directed t<yuHird$ 
the plane of E'a orbit. This component produces rotation of the Une 
ofnodeSf or line of intersection of the planes of the two orbits. This 
rotation is always in the retrograde direction^ and is to be explained 
in exactly the same way as the rotation of the Moon's nodes. 

It is thus a remarkable fact that since all the bodies in the solar 
system (except the satellites of Uranus and Neptune) rotate in the 
direct direction, all the planes of rotation and revolution, and all 
their lines of intersection (i.e., the lines of nodes,.and the lines of 
equinoxes) in the whole solar system, with the above exceptiousy 
have a retrograde motion. 




A 

Pig. 166. 

•480. Periodic Perturbations of an Exterior Planet.-The accele- 
rations and retardations produced by a planet E on one J, whoso 
orbit is more remote from the Sun, during the course of a synodio 
period, may be investigated in a similar manner to the corre- 
sponding perturbations of an interior planet, assuming the orbits to 
bo nearly circular. 

If S/ is less than 28E there are two points if, N on the relative 
orbit at which E^ ^ EN ^ ES. At these points the disturbing 
force is purely radial, and it appears, as before, that the planet J is 
accelerated from heUocentrio conjunction A to M, and from helio- 
centric opposition Bio N; retarded from NtoA, and from if to B. 

If 8J > 2SE, then E8<EAi hence the attraction of E is greater on 
the Sun than on /, and the disturbing force therefore always accele- 
rates the planet J towards B, Thus the planet's orbital velocity 
increanes from il to B, and decreases from Bio A, and it is greatest at 
B and least at A, Therefore from Bio A the planet is displaced in 
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adranoe of its mean positioD, and from Ato B falls behind its mean 
position. 

The effects of the radial and orthogonal components of the dis- 
turbing force in altering the period and causing rotation of the apse 
line, and regression of the nodes, can be investigated in the same 
way for a superior as for an inferior planet. 

*48l. Ineqaalities of Long Period.— If the orbits of the planets 
were circular (except for the effects of portarbations),and in the 
same plane, their mutual perturbations would be strictly periodic, 
and would recur once in every synodic period. Owing, however, to 
the inclinations and eccentricities of the orbits, this is not the case. 
The mutual attractions of the planets produce small changes in the 
eccentricities and inclinations, and even in their periodic times, 
which depend on the positions of conjunction and opposition relative 
to the lines of nodes and apses. Neglecting the motion of theso 
latter lines, the perturbations would only be strictly periodic if the 
periodio times of two planets were commensurable ; the period of 
recnrrence being the least common multiple of the periods of the 
two planets. But when the periodio times of two planets are nearly 
hut nvt quite in the proportion of two small whole numbers, inegaali- 
ties of long Feriod are produced, whose effects may, in the courso 
of time, become considerable. 

Thus, for example, the periodio times of Jupiter and Saturn nro 
very nearly hut not quite in the proportion of 2 to 5. If the proper* 
tionality were exact, then 5 revolutions of Jupiter would take the 
same time as 2 revolutions of Saturn ; and, since Jupiter would thus 
gain three revolutions on Saturn, the interval would contain 8 
synodic periods. Thus, after 8 synodic periods had elapsed from 
conjunction, another conjunction would occur at exactly the same 
place in the two orbits, and the perturbation^ would be strictly 
periodical. 

But, in reality, the proportionality of periods is not exact; the 
positions of every third conjunction are very slowly revolving in 
the direct direction. They perform a complete revolution in 
2,640 years. But there are three points on the orbits at which con- 
junctions occur, and these are distant very nearly 120" from one 
another. It follows that when the positions of conjunction havo 
revolved throngh 120", they will again occur at the same points on 
the orbits, and tho perturbations will again be of the same kind as 
initially. The time required for this is one-third the above period, 
or 880 years, and consequently Jupiter and Saturn are subject to 
long-period inequalities which recur only once in 880 years. 

Again, the periodic times of Venus and the Earth are nearly in 
the proportion of 8 to 13 j consequently 5 conjunctions of Venus occur 
in almost exactly 8 years, thus giving rise to perturbations having 
a period of 8 years. But the proportion is not cxact,ancl,conBe(iueutly, 
there are other mutual perturbations having a very long period. 



Digitized by 



Google 



416 AffTRONOMT. 

One of the most important secular perturbations is the alternate 
increase and decrease in the eccentricity of tho Earth's orbit. This, 
at the present time, is becoming fn^adually more and more circular, 
but in about 24,000 years the eccentricity will be a minimum, and 
will then once more begin to increase. The effects of this cause on 
the climate of the Earth's two hemispheres have already been 
considered (§ 463). 

482. Gravitational Methods of Finding the Sun's 

Distance. — The Earth's perturbations on Mars and Venus 
furnish a good method of Ending the Sun's distance. For 
the magnitude of these perturbations depends on the ratio of 
the Earth's mass, or rather the sum oi the masses of the 
Earth and Moon (since both are instrumental in producing 
the perturbations), to the Sun's mass. Hence, if iS, if, m 
denote the masses of the Sun, Earth, and Moon, it is possible, 
from observations of these perturbations, to find the ratio of 
(M-^-m) : 8. 

But, if r, J be the distances of the Sun and Moon from the 
Earth, Tand Fthe length of the sidereal lunar month and 
year, we hare, by Kepler's corrected Third Law, 
(if+m) T* : (S+If+m) r« = <?» : f»; 
whence the ratio of r to c? is known. If, now, the Moon's 
distance d be determined by observation in any of the ways 
described in Chapter YIII., or by the gravitational method 
of § 423, the Sun's distanco r may be immediately found. 

This method was used by Leverrier in 1872. From obser- 
vations of certain perturbations of Ycnus he found the values 
8'853" and 8*859" for the Sun's parallax, while the rotation 
of the apse line of Mars j^ave the value 8 "866". 

The perturbations of Encke's comet were used in a similar 
way by Von Asten, in 1876, to find the Sun's parallax, the 
value thus obtained being rather greater, viz., 9*009". 

The lunar perturbations also furnish data for determining 
the Sun's distance, the principal of these being the parallactic 
inequality of the Moon (§ 476). Several computations of the 
Sun's parallax have thus been made, the results being B'G" 
by Laplace in 1804, 8-95" by Leverrier in 1858, 8-838" by 
Ncwcomb in 1867. See also § 487 for tho determination of 
the parallax from the apparent monthly displacement of the 
Sun. 
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483. Determination of Masses. — The mass of any 
planet which is not furnished with a satellite can be deter 
mined in terms of the Sun's mass by means of the perturba- 
tions it produces on the orbits of other planets. The 
amount oi these perturbations is always proportional to the 
disturbing force, and this again is proportional to the mass 
of the disturbing planet. In this manner the mass of Venus 
has been found to be about 1/400,000 of the Sun's mass, and 
that of Mercury about 1/5,000,000. 

484. The DiscovMry of ITeptnne. — ^The narrative of the 
discovery of Neptune is one of the most striking and remark- 
able in the annals of theoretical astronomy, and forms a fitting 
conclusion to this chapter. 

In 1795, or about 14 years after its discovery, the planet 
TJranus was observed to deviate slightly from its predicted 
position, the observed longitude becoming slightly greater 
than that given by theory. The discrepancy increased till 
1822, when Uranus appeared to undergo a retardation, and 
to again approach its predicted position. About 1830 tLe 
observed and computed longitudes of the planet were equal, 
but the retardation still continued, and by 1845 Uranus had 
fallen behind its computed position by nearly 2'. 

As early as 1821, Alexis Bouvard pointed out that these 
discrepancies indicated the existence of a planet exterior to 
Uranus, but the matter remained in abeyance imtil 1846, 
when the late Mr. (afterwards Prof.) Adams, in Cambridge, 
and M. Leverrier, in Paris, independently and almost simul- 
taneously, undertook the problem of determining the position, 
orbit, and mass of an unknown planet which would give rise 
to the observed perturbations. Adams was undoubtedly the 
first by a few months in performing the computations, but 
the actual search for the planet at the observatory of Cam- 
bridge was delayed from pressure of other work. Meanwhile 
Leverrier sent the results of his calculations to Dr. Galle, 
of Berlin, who, within a few hours of receiving them, turned 
his telescope towards the place predicted for the planet, and 
found it within about 52' of that place. Subsequent exami- 
nation of star charts showed that the planet had been pre- 
viously observed on several occasions, but had always been 
mistaken for a fixed star. 
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It will be seen from § 479 that the acceleration of TJramis 
up to 1822, and its subsequent retardation, are at once 
accounted for by supposing an exterior planet to be in helio- 
centric conjunction with the Sun about the year 1822. But 
Adams and Leverrier sought for far more accurate details 
concerning the planet. At the same time the data afforded 
by the observed perturbations of Uranus were insufficient to 
determine all the unknown elements of the new planet's 
orbit, and therefore the problem admitted of any number of 
possible solutions. In other words, any number of different 
planets could have produced the observed perturbations. 
To render the problem less indeterminate, however, both 
astronomers assumed that the disturbing body moved nearly 
in the plane of the ecliptic and in a nearly circular orbit, 
that its distance and period were connected by Kepler's 
Third Law, and that its distance from the Sun followed 
Bode's Law. The latter assumption led to considerable 
errors, including an erroneous estimation of the planet's 
period by Kepler's Third Law. For when Neptune was 
observed, its distance was found to be onlv 30*04 times the 
Earth's distance, instead of 38*8 times, as it would have been 
according to Bode's Law. Nevertheless, the actual planet 
was subsequently found to fully account for all the observed 
perturbations of ITranus. 

The discovery of Neptune affords most powerful evidence 
of the truth of the Law of Gravitation, and so indeed does 
the theory of perturbations generally. The fact that the 
planetary motions are observed to agree closely with theory, 
that computations of astronomical constants (such as the 
Sun's and Moon's distances), based upon gravitational methods, 
agree so closely with those obtained by other methods, when 
possible errors of observation are taken into account, affords 
an indisputable proof that the resultant acceleration of any 
body in the solar system can always be resolved into com- 
ponents directed to the various other bodies, each component 
being proportional directiy to the mass and inversely to the 
square of the distance of the corresponding body. Such a 
truth cannot be regarded as a fortuitous coincidence ; it can 
only be explained by supposing every body in the universe 
to attract every other body in accordance with Newton's Law 
of Universal Gravitation. 
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EXAMPLES.— XrV. 

1. If the Son's parallaz be 8*80", and the Sun's displacement at 
first qnarter of Moon 6-62'', oalcnlate the mass of the Moon, the 
Bartlrs radins being taken as 8,963 miles. 

2. Supposing the Moon's distance to be 60 of the Earth's radii, 
and the Snn's distance to be 400 times that of the Moon, while his 
mass is 26,600,000 times the Moon's mass, compare the effects of 
the Snn and Moon in creating a tide at the equator, in the eyent of 
a total eclipse occurring at the equinox. 

8. If the Barth and Moon were only half thoir present distance 
from the Son, what difference would this make to the tides ? Cal- 
culate roughly what the proportion between the Sun's tide-raisng 
power and the Moon's would then be, assuming the Moon's distance 
from the Earth remained the same as at present. 

4. Taking the Moon's mass as i^ of the Earth's, and its distance 
as 60 times the Earth's radius, show that the Moon's tide-raising 
force increases the intensity of gravity by 1/17,280,000 when the 
Moon is on the horizon, and that it decreases the intensity of gravity 
by 1/8,640,000 when the Moon is in the zenith. 

6. Gompare the heights of the solar tides on the Earth and on 
Mercury, taking the density of Mercury to be twice that of the 
Earth, its diameter '38 of the Earth's diameter, and its solar distance 
*38 of the Earth's solar distance. 

6. Explain how the pushing forward of the Moon by the tidal 
wave enlarges the Moon's orbit. 

7. Show that, owing to precession, the right ascension of a star 
at a greater distonce than 23^^ from the pole of the ecliptic will 
undei^go all possible changes, but that a star at a less distance than 
23^* will always have a right ascension greater than twelve hours. 

8. Prove that for a short time precession does not alter the decli- 
nations of stars whose right ascensions are 6h., or 18h. 

0. Exhibit in a diagram the position of the pole star (R.A. 
» Ih. 20m., decl. « 88^ 40^) relative to the poles of the equator and 
ecliptic, and hence show that owing to precession its RJL is increas* 
ijig rapidly, but that its polar distance is decreasing. 

10. Describe the disturbing effects of Neptune on Uranus for a 
sliort time before and after heliocentric conjunction, pointing out 
when Uranus is displaced in the direot» and when in the retrograde 
direction. 
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EXAMINATION PAPER.— XiV. 

1. Show that the Moon's orbit ib eYerywhere conoaye to the 8iui. 

2. Show that the tide-raising force of a heavenly body u aearlj 
proportional to its (mass) -f (distance)*. 

8. How is it that we have tides on opposite sides of the Earth at 
once? 

4. Explain the prodncUon of the tides on the eqnilibriam theory. 

6. Define the terms spring tidBf neap tide, priming and lagging, 
estahlishment of the port, lunar time, 

6. What is meant by the expression ''Lnni-solar Preoesskm"? 
Describe the action of the Sun and of the Moon in causing the 
Precession. 

7. Give a general descHption of Precession. Does precesaion 
change the position of (a) the equator, (b) the ecliptic among the 
stars? 

8. Describe nutation. What is the canse of Lunar Nutatioii? 
What is meant by the equation of the equinowes f 

9. Give a brief account of the disooTeiy of Neptnne. 

10. Explain how the retrograde motion of the Moon's nodes is 
caused bv the Sun's attraction on the Earth and Moon. 
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NOTE I. 

DiAOEAH FOR SoUTH LaTITXTDES. 

In order to familiarize the student with astronomical 
diagrams drawn under different conditions, we subjoin a figure 
showing the principal circles of the celestial sphere of an 
observer in South latitude 45^ at about 19h. of sidereal time 
{QWHr = 270°-hl5° = 19h.). The figure shows also the 
Sun's daily paths at the solstices ; also the arcs T-K ^ QM, 
and Mvj which measure the R.A. and N. decl. of the star x. 




Nadir 
Fig 169. 



NOTE II. 

TlTE PnOTOCHRONOORAPH. 

Quite recently photography has been applied to recording 
transits, as on alternative} for the methods explained in 
Chap. II., §§ 49, 50. The image of the observed star is 
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projected on a Bensitized plate placed in trout of the transit 
circle, and, owing to the diiim^ motion, it moves horizontally 
across the plate. The plate is made to oscillate slightly in a 
yertical direction, hy means of clockwork, say once in a 
second, and this motion, combined with the horizontal motion 
of the image, causes it to describe a zigzag or wavy streak on 
the plate. The star's position at each second is indicated by 
the undulations, and the position of these is capable of being 
measured with great exactness. 



NOTE ni. 

Note on § 104. 

It may be proved, by Spherical Trigonometry, that 

sin nP= sin a:P sin nxP, or sin / = cos <? sin na:P , 

. cos' i coaF iM?P = cos' <f— cos' i sin' wa:P= cos" i — sin'/ 

= co8((?+0cos(<?— 0> 
JOT 



•*• acceleration t = 



15 -/(cos* i- sin'/) 



15 v'{cos(<i+Ocos(rf-0} 
The same formula is applicable to §§ 135, 190. 



8eci«. 
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APPENDIX. 



PROPERTIES OF THE ELLIPSE. 

For the benefit of those readers who have not studied 0<niio 
Sections, we subjoin a list of those properties of the ellipse which 
are of astronomical importance. The proofs are g^ven in books on 
Conic Sections. 
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Fio. 168. 

1. Definition. — A conic sectioii is a ourre such that the distance 
of eyerj point on it from a certain fixed point is proportional to iu 
perpendicular distance from a certain fixed straight line. 

The fixed point is called the foCOB, the fixed line is called the 
directriXy and the constant ratio of distances is called the ecoan- 
tricity. 

If this constant ratio or eccentricity is less than unity, the curve 
is called an ellipse. In this case the curve assumes the form of a 
closed oval, as shown in the figure. 

If fif is the focus, and if from J., P, X, P', A!^ ^., any points on 
the curve, perpendiculars XZ, Plf, ^., be drawn on the directrix, 
and if the eccentricity be 0, the definition requires that 
§^ gP QL aP" dA' , 
Ax'' PM" Lk" FM' " A'X " ' 
and that « is less than unity. 

The other conic sections, the parabola and hyp^rhcla^ aie defined 
by the same property, save that in the former « ■■ 1, and in the 
latter « >1 ; but they are of little astronomical importance^ except 
M representing the paths described by non-periodic comets. 
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2. An ellipse has two foci (each focus haying a corresponding 
directrix), and the snm of the distances of anj point from the two 
foci is constant. 

Thns in Fig 169, £f, Hare the two foci, and the snm BP-t-PH Im 
the same for all positions of P on the cnrve. 

From this property an elh'pse maj easily be drawn. For, let two 
small pins be fixed at B and H, and let a loop of string 8PE be passed 
oyer them and ronnd a pencil-point P ; then, if the pencil be moved so 
as to keep the string tight, its point P will trace ont an ellipse. 
For fiP + PH + H5 - constant, and .*. 8P + PH'^ constant. 

8. For all positions of P on the ellipse, 8P is inyerselj propor- 
tional to 1 + « cos A8Pt so that 

fiP (1 + e cos ASP) - I - constant, 
e being the eccentricity and 8A the line through 8 perpendicnlar 
to the directrix. 




4. The line Joining the two foci is perpendicnlar to the diirectrices. 

The portion of this line (-4^')» bounded by the cnrve, is called the 
major axis or axis major. Its middle point is called the centre, 
and the cnrve is symmetrical abont this point. 

The line BCB', drawn through the centre perpendicular to AOA' 
and terminated by the curve, is called the minor axis or &xis minor. 
The lengths of tho major and minor axes are usually denoted by 
2a and 2& respectively. 

6. The extremities A, A* of the major axis are called the apses 
or apsides. Since, by (2), 8P + HP is constant, therefore, taking 
Patiloril', 8P + HP = 8A + HA = 8A' + HA' 

^k(8A + UA + 8A' + HA') evidenUy 
= ^i4' - 2a. 
Taking Pat B,SB + flB = 2a; 

/. 8B (evidently) = UB^a^CA. 
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6. The occentrioity ■■ OS/CA ; /. 05 = « . OA^ and 

6» - 0B» - fiB«- CS« (Buo. I. 47) - a«-aM - a« (1 -«=) , 
.-. •»-(a«-6»)/a«. 
Hence also 
flfi4-.0ii-CS-a(l-#) and SA' = Oil' + OS = a(l + e). 

7. The latus rectum is the chord L8U drawn through the foons 
perpendicular to the major axis AA\ Its length is 22, whero 
I*- a (1— «=*). Also I is the constant of (8), for when P coincides 
with L, A8P » OOP; .-. cos ASL = 0, and SL - I. [Fig. 16a] 

8. The tangent TPT and normal PQg, at P, bisect respective!/ 
the exterior and interior angles {8?!^ 8PH) formed by the lines 
SP, HP. 

9. If the normal meets the major and minor axes in O, g, 

PGlPg^OB^lCA^ (sb«:a«). 

10. If 8T, drawn perpendicular on the tangent at P, meets HP 
prodnoed in J, then endently 8P ^ IP; 

.'. HI - 8P + HP = 2a [by (2)]. 
If HT is the other focal perpendicular on the tangent, it is known 
that rectangle 8T . HT* « constant » h*. 

11. Belation betvreen the focal radius sp and the focal perpen* 
dicolar on the tangent st. 

Let 8P - r, Sr - p. 

Then cos TIP » cos T8P - p/r. 

By Trigonometrr, 

S£n-Ifl*+Ifl'-2.Ifi.Iff.cosfiIF| 
/. 4aV-4!|/«+4a«-8i)axp/r| 
,^ a«(l~s«) 2a ^^ 

This may also be proTed from the similaritj of the triangles 
8PT, HPT, which gives 8T : HT - 8P : HP ; 

.'. aT» : ST.HT - aP : HP and 3T. Hr - 6« (10) ; 
.% p' : 6' = r : 2a-r. 

12. If a circular cone (i.e., either a right or oblique cone on a 
circular base) is cut in two by a plane not intersecting its base, tbo 
ourre of section is an ellipte. More generally, the form of a circlo 
represented in perspective, or the oy^ shadow cast by a spherical 
globe or a circular disc on any plane, are elliptet, A circle is a 
particular form of elUpse for the case where 6 » a and •*. « » 0. 

13. The area of the elUpee is vah. 
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TABLE OF ASTRONOMICAL CONSTANTS. 

(Approximate values, calculated, when yariable» for the Spring 
Equinox, A.D. 1900.) 



The Celestial Sphere. 

Latitude of London (Greenwich Observatory), 61* 28' 81", 

„ Gambndge Observaiorj, 62^ 12^ St". 

ObUquity of EcUptic, 28^ 27' 8". 

Optical Constants. 

Coefficient of Astronomical Befraotion, 67^. 

Horizontal Befraotion, SS'. 

Coefficient of Aberration, 20*408''. 

Velocity of Light in miles per second, 186,330. 

„ „ „ metres „ 200,800,000. 

Bqnatkm of Light, 8m. 18s 

Tiifi Constants. 

Sidereal Day in mean solar units — 1—1/866^ dajs • 28h. 60m. 4'ls. 

Mean Solar Day in sidereal units - 1 + 1/866} days « 2tt. 8m. 66*6s. 

Tear, Tropical, in mean time, 865d. 6h. 48m. 46*61s. 

„ Sidereal, „ 865d. 6h. Om. S-OTs. 

„ Anomalistic, „ 866d. 6h. 18m. 48'OOe. 

„ Civil, if the number of the year is not divisible by 4^ 

or if it be divisible by 100, but not by 400, 866 days. 

In other cases, 866 „ 

Month, Sidereal, 27-82166d. - 27d. 7h. 43m. ll-4s. 

„ Synodic, 20-58050d. » 20d. 12h. 44m. 808. 

Metonic Cycle, 236 Synodic Months - 60d0'60d 

a 10 tropical years (all but 2 hours). 

Period of Rotation of Moon's Nodes (Sidereal), 6703'301d. » 18*60 yr. 

„ „ » (Synodic), 846-644d. 

» 346d. 14ih. 
M w It Apsides (Sidereal), 8232'675d. « 8*86 yr. 

„ H I* ,» (Synodic), 411-74d. 

Saros 223 Synodic Months - 6586'20d. - 18*0006 yr. 

- 18 yr. 10 or 11 days. 
-■ 10 Synodic periods of Moon's Nodes (very nearly^ 
= 16 „ „ „ Apsides (nearly). 

Equation of l%ne, Maximum due to Eccentricity, 7m. 

9, „ n Obliquity, IQm. 
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427 



Bqnafcorial Radins, 
Polar „ 

Mean „ 

Eqaatorial Oironmferenoe, •{ 360 x 60 



Thi Earth. 

8068*296 miles. 

8949*791 „ 

89591 „ 

22,902 

21,600 geographical milefc 
\ 4 X 10^ - 40,000,000 metres. 
ElUpticit7 or Compression, 1-1-298. 

EcoeDtricity, •0826. 

Densitj (Water - 1), 5-68. 

Mass, 6067 x 10" tons. 

Mean Acceleration of Grayiiy in ft. per sec. per sec, 82*18. 
Batio of Centrif Qgal Force to Gravity at Equator, 1 •*• 289. 

A}centrioit7 of its Orbit, 1+60. 

Annual Progressiye Motion of Apse Line, 11*25", 

„ Betrograde Motion of Eqninoxes (Precession), 50*22", 
Period of Precession, 26,696 years. 

„ Nntotion, 18*6 „ 

Greatest change in Obliquity dne to Nutation, 9*28''. 

Equation of Equinoxes, 16' 87". 

Thi Sun. 



Mean Parallax, 




8*80". 


„ Angular Bemi-diameter, 




16' 1". 


„ Distance in miles, 




92,800,000. 


Diameter in miles, 




866,400. 


„ in Earth's radii, 




109. 


Density in terms of Earth's, 




*. 


„ (taking water as 1), 




1*4. 


Mass in terms of Earth's, 




824,489. 


Period of Axial Rotation, 




25d. 6h. 87m. 


The Moo^. 




Mean Parallax, 




67' 2707". 


„ Angular Semi-diameter, 




IS' 84". 


„ Distance in miles, 




288,840. 


„ „ in Earth's radii. 




60*27. 


„ „ in terms of Sun's 


distance. 


1/389. 


Diameter in miles, 




2,162. 


„ in terms of Earth's, 




8/11. 


Density in terms of Earth's, 




•61. 


„ (taking water as 1), 




8*4. 


Mass, in terms of Earth's, 




1/81. 


Eccentricity of Orbit, 




1/18. 


Inclination of Orbit to Ecliptic, 




6^8'. 


Ecliptic Limits, Lunar, 




12* 6' and 9" 80'. 


„ Solar, 




18** 31' and 15*» 21 


Tide-raising force in terms of Sun>« 


7/8. 


AirrBON. 


2f 
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ANSWERS. 



Note. — Where only rough values of the astronomical data are 
giyen in the questions, the answers can only be regarded as rough 
approximations, not as highly accurate results. It is impossible to 
calculate results correctly to a greater number of significant figures 
than are given in the data employed, and any extra figures so 
calculated will necessarily be incorrect. As the use of working 
examples is to learn astronomy rather than arithmetic, it is ad- 
visable to supply from memory the rough values of such astronomi- 
cal constants as are not given in the questions. These valuea will 
thus be remembered more easily than if the more accurate values 
were taken from the tables on pages 426, 427, though reference to 
the latter should be made until the student is familiar with them. 

I. Examples (p. 83). 

1. Only their relative positions are stated; these do not completely 

fix them. 

2. 6 P.M., 6 A.M. ; on the meridian. 8. On September 19. 
8. (i.) Early in July ; (ii.) middle of June — the Sun passes it about 

June 26. 

10. 804° = 20h. 16m.; at 8h. 13m. P.M. 

11. Near the S. horizon about 10 p.m. early in October. 

12. 88° 27', 51° 33', 28° 5', or if Sun transits N. of zenith 8° 27', 

81° 33', 58° 5'. 

I. Examination Paper (p. 84). 

7. 80°. 8. 61° 68' 37", 15** 4' 2V, 9. 6h. 48m. 16s. (roughly). 
10. The figure should make Oapella slightly W. of N., altitude about 

15*; a Lyrm a little S.E. of zenith, altitude about 76°; 

a Bcorpii slightly W. of S., altitude about 12°; a Ur$m Uaj<yri$ 

N.W., altitude about 60^. 
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II. Examples (p. 61). 

6. Direct. 7. Interval » 12 sidereal hoars. 9. 2"" 29' 58-5*. 

11. 12" 39' 9*. 12. 17b. 29m. 52-428. 

II. Examination Paper (p. 62). 

6. Positive. 10. Im. 2*528., +0*7lf. 

III. Examples (p. 84). 

2. 4,267 ft. 

3. a^N., L^-9(fW. and o^S., 2i'' + 90PW., if X** - W. longitude 

g^ven place. 
5. Idnu 6. 39*8 miles. 7. 896a 

8. 6084 ft. 10. 49^ 6'' per hour. 

Miscellaneous Questions (p. 85)« 
a. N.P.D. - 86^, hour angle = 30^ W. 
3. Because declination circle has not been defined* 
5. 22h.40m., 9h.20m., 14h.0m., 19h. 36m. 10. 62*. 

III. Examination Papbe (p. 86). 

1. 24,840 miles, 3,953 miles. 

2. 3-285 ft., 6,084 ft, 1*69 ft. per second. 3. 60*7 ft. 
5. 8,437,700 fathoms, 6,366,200 metres (roughly), l,851'85i metres. 

9. See § 97, cor. 

lY. Examples (p. 118). 
5. 45^ 7. Star, 6h. 15m. 26358. ; Sun, Oh. 13m. 51*908. 

10. 8481 : 3721, or 29 : 31 nearly. 

lY. Examination Paper (p. 114). 

3. See §§ 130, 151. 

8. Oh. 36m. 2126s. (Note that the clock has a losing rate of 
3m. 22-058. on sidereal time; it gives solar time approxi* 
mately.) 

y. Examples (p. 137). 

1. Betrograde. 8. -3*9m. 6. 347 centuries exactly. 

7. Star's hour angle - 4h. 11m. 38., N.P.D. = 53°. 

8. October 28, 15h. 39m. 2732s. 

10. 12h. 27m. 13*268. at Louisville - 18h. 9m. 1326 at Greenwich. 
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Miscellaneous Questions (p. 188). 
8. Eastward. 5. Use Figs. 47, 50. 6. See §430. 

7. Soo § 161. 8. lib. 59m. 15*98. | - lm.7'4a. 

8. 866-25 : 865*25 or 1465 : 1461. 

y. Examination Papeb (p. 189). 

4. — 10m. ; morning 20m. longer. 5. See § 172. 

8. (i.) 7h. 1dm. 5s. ; (ii.) 7h. 12m. 48s. 8. June 26. 

10. 1824, 1852, 1880, 1920. 

YI. Examples (p. 151). 
8. 8,963 miles. 

4. From 50°9'4r to 40*' 59' 55* (refraction at altitude 5'-9'4r 

by tables). 

5. 44'' 53' 28*. 8. 84** 33'; 377 milos or 327 nautical mflea. 

VI. Examination Paper (p. 152). 
4. 462*. 7. 44'' 68' 5 f. 10, Ih. 12m. 

VII. Examples (p. 188). 

1. 8r49'. 2. 5r44'2fiA)9'. 

4. 50'*54'58-6* or 60" 43' 23*6" according as star transits N. or S. 

of zenith. 

5. 44" 55', or, if corrected for refraction (c/. Ex. 2, p. 168), 

44^ 53' 54". 

8. 5^33', 88^27', 61° 5V. 8. -10m., i.e., 10m. fast. 

8. 12** 30'. 10. Ih.Om. 11. 2^32'. 12. 2T. 

13. See §237. 18. Lat. » oos' ^^ « 8r 54' nearly. 

VIII. Examples (p. 217). 

2. 92,819,000 (see Ex. 2, p. 195). 

3. At 6 p.m. ; about same length as Midsummer Sun, t.e., 16|h. 

4. See § 26 k 6. 8' 48*. 8. Use § 266. 

7. lOd. 4^h. at noon. 

8. Gibbous, bright limb turned slightly below direction of W. 

Hour angle = 30% docl. =■ 0. 
10. (L) No harvest moon ; (ii.) Phenomena practically unaltered. 



Digitized by 



Google 



ANSWERS. 431 

VIII. Examination Paper (p. 218). 
4. See § 260. 7. 71° 33*. 9. When we have a solar eclipse. 

IX. Examples (p. 236). 

1. 231^8. 

2. Favonrable if moon passes from N. to S. afc ecliptio on March 21. 
4. 4m. 888. 5. Length = (Earth's radius) -r sin (S-P). 

7. 6h. 32m. if month unaltered j or, by § 329, a lanation = aboat 

10 days, and then time -« 2h. 10m. 

8. 40 Earth's radii « 158,000 miles (roughly). 

9. Total Solar. 10. r 28' (c/. § 291). 

IX. Examination Paper (p. 237). 

6. 850,000, 230,000, and 5,800 miles (roughly). 

7. See §§ 292, 295-207. 9. No. 

10. In Fig. 93 take if on wn produced, such that sin s3f — xml{p - P). 

X. Examples (p. 265). 

1. 291*96 days, or, if conjunctions are of the same kind, 583*92 days, 
a. 40°. 3. 19 : 6, or nearly 3 : 1. 4. lO^h., 1201i. 

6. p + P-» with notation of § 290. 6. 888 million miles, 164 yrs. 

7. 6 months ; l/i or '63 of Earth's mean distance. 8. 398 days. 

9. } of a year » 137 days. 

10. Stationary at heliocentric conjunction only, never retrograde. 



X. Examination Paper (p. ! 

3. 1^ years — 378 days. 

4. See §§ 323, 824. The alterations in Yenus's brightening ore 

really not inconsiderable (see Ex. 8, p. 205). 
6. Most rapid approach at quadrature ; Telocity that with which the 
Earth would describe its orbit in synodic period. 

9. 287 dayi. 

10. Draw the oircnlar orbits about 0, radii 4, 7, 10, 16, 62 (§ 304). 

The heliocentric longitudes (measured from T ) are roughly 
M follows: 9153°, 9175', ® 220*, ^20^, 1^ 211^ The 
C should be drawn close to $ at an elongation $ <( •90' 
1^ first quarter. 
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XI. Examples (p. 811). 

2. 432,000 miles. 3. 2,250 miles. 

6. 9,282,000 and 92,820,000 miUion mil as respectively. 

7. 87*8 billion miles " 378 x 10" miles. 

8. 6 : » = 16 : 1 roughly. 

10. It will always appear half-way between its actual direction and 

a point on the ecliptic 90° behind San. Path is roughly a 
small circle of angular radius 45^ 

11. 4° 35'. 

13. (i.) On ecliptic 90^ from Sun. (ii.) In same or opposite direc- 

tion to Sun. Effects greatest along great circles distant 90^ 
from these points. 

14. (i ) At either pole of ecliptic, (ii.) In ecliptic. 

16. Jan. 21, 10-25" Eastwards; Feb., 17-76*E.; Mar., 20-50* E. ; 
April, 17-75* E. ; May, 10-25" E. j June, 0* j July, 10-25" 
Westwards; Aug., 17-75" W. ; Sept., 2050" W.; Oct., 17-75" W.; 
Nov., 10-25" W, ; Dec, 0". 

18. 973,800 miles. 

MiSCBLLANEODS QUESTIONS (p. 813). 

5. 16** E. 6. In the autumn. 

7. I7d. 6h. ; star is on equator, hour angle 60° E. 8. 1 : 'Z? I 7. 

9. 24h. 50m. 808. mean units — 24h. 64m. 86s. sidereal units. 

10. At the equinoxes. 11. See § 376. 

XII. Examples (p. 835). 

1. 12A/e sidereal hours » 16h. 58m. 6s. sidereal time. 

2. Pendulum revolving in direction of hands of watch will have 

less velocity in S. hemisphere. 
7. Increased (i.) 69° 54' 61" j (ii.) 60° 15' 2T\ 12. 109 lbs. 



XII. Examination Paper (p. 836). 

3. By observing deviation of a projectile ( § 890), or by § 837 or § 889. 

4. 10 ^^3 = 27-7157 sidereal hours * Id. 3h. 38m. mean time. 

§. 8'3G8 cm. per sec. per sec. i ^J^. 8. See ^ 89^, 
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XIII. ExAMPLSS (p. 868). 

1. 2*97 miles per seo. 2. 15^ ffc., or, if g = 82*2, 16*676ft. 

3. 6h.35m. 4. 6-39 days. 5.2,959,000. 11.8-98". 

13. The distances from the centre of the San are 457,679 miles, 

457,679 -I- 278 miles, and 457,679-281 miles ; but these results 
can only be considered as approximate. 

14. 32*156 greater, owing to attraction of mountain. 

17. '253 of Earth's density ; 1*416, taking water » 1. 

18. 894 poundals. 

20. At first a hyperbola under the Earth's attraction. After going 
some distance this attraction would become insensible, and 
the Moon would describe an ellipse about the Sun rather 
more eccentric than the Earth's present orbit. 

XIV. Examples (p. 419). 

*• ^' 2. 2 : 6. 

80-34 

3. 24 : 7, by Ex. 1, § 442 Oor., or 16 : 6, using result of last example. 

6. Tide on Mercury is higher in proportion 1 : '2888, or 46 : 13, or 

7 : 2 nearly. 
10. Direct shortly before, retrograde shortly after. 

XIV. Examination Papjcr (p. 420)« 

7. (a) Yes; (6) No. 
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(The numberi refer to the pages throughout,) 



A.berration of Light, 295; cor- 
rection for aberration deter- 
mined, 298 ; its general effect 
on the celestial sphere, 299; 
comparison with annaal paral- 
lax, 800; to show that the 
aberration onrre of a star is an 
ellipse, 801 ; its discovery by 
Bradley, 302 ; the constant de- 
termined by observation, 802 ; 
relation between the coefficient 
of aberration and the equation 
of light, 804 ; relation between 
the coefficient of aberration 
and the Sun's parallax, 810. 

diurnal, 806 ; its effect on 

meridian observations, 809 ; 
determination of its coefficient 
by observations of the azimuths 
of stars on the horizon, 810. 

planetary, 306. 

Altazimuth, 64. 

Altitude, 8. 

Angular diameter, 8. 

distance, 8. 

measure, its conversion to 

time, 14. 

velocities of planets, to com- 
pare, 342. 

Annual equation, 411. 

Anomalistic year, 127. 

Aphelion, 111. 

Apogee, 106, 210. 

Apparent area, 105, 109; of 
Moon's phase, 204. 

midnight, 24. 

motion of a planet, 258. 

noon, 24. 

solar day, 24. 

solar time, its disadvantaircs, 

115. 



Apparent Sun, 117. 

Apse, 106. 

Moon's, 210. 410. 

line, 106, 111, 210; deter- 

mination of its position, 109; 
its progressive motion, 109, 211, 
414. 

Arctic and Antarctic circles, 88. 

Areal velocity, 843 ; relation be- 
tween areal velocity and actual 
(linear) velocity, 344. 

Aries, first point of, 7; to find, 
99, 100; retrograde motion of 
(see Preeeeeion). 

Aristabchub: his method of 
finding the Sun's distance, 205. 

Asteroids, 240. 

Astronomical dock, 13, 86. 

diagrams: their practical 

application, 28. 

telescope, 86. 

terms, table of, 12. 

Astronomy defined, Ij its prac- 
tical uses, 158. 

Descriptive, Gravitational, 

and Physical, defined, 1. 

Autumnal equinox, 21. 

Azimuth, 8. 

Bar, double, 78. 

Base line, measurement of, 78. 

Bbssel : his method of determin- 
ing the annual parallax of a star, 
290 ; his day numbers. 403. 

Binary stars, 292. 

Black drop, 279. 

Bode's Law, 239. 

Bradley : his discovery of aber- 
ration, 802 ; his discovery of 
nutation, 403; his determinv 
lion of refraction^ ^^. 
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Calendar, Julian, 128 1 Gregorian 
correction, 128. 

-^— month, 200. 

Gardinal points, 7. 

Gabsini: his formnla of refrac- 
tion, 146. 

Cavendish : his experiment for 
finding the Earth's mass, 862. 

Celestial equator, 6. 

-^— horizon, 6. 

latitude, 10. 

longitude, 10. 

^— meridian, 6. 

poles, 6. 

sphere, 2. 

Centre of mass, 356. 

Centrifugal force, 824 ; its effects 
on the acceleration of falling 
bodies, 825 } loss of weight of 
a body due to it, 826. 

Geres, 241. 

Chronograph, 43 ; photo-, 421. 

Chronometer, 160; its error and 
rate, 161. 

Circle, of position, 187 ; transit, 38. 

Circnmpolar stars, 16; determi* 
nation of latitude bj, 167. 

Civil Year, 128. 

Clock, astronomical, 13, 86. 

error and rate, 44, 45. 

stars, 46, 398. 

Golatitude, 11. 

Collimating Eyepiece, 40. 

Collimation, error, 46. 

line of, 89. 

Golnres, 23. 

Compass, points of, 9. 

Conjunctions, 200, 246. 

Coordinates : their use explained, 
8 ; advantages of the different 
systems, 11 ; table of, 12 ; 
transformation of, 16. 

Culmination, 16. 

Day, apparent solar, 24 { explana- 
tion of gain or loss of a day in 
going round the world, 72. 



Day and night, relative lengths, 
89-92. 

lunar, 882. 

mean, 117. 

numbers, Bessel's, 403. 

perpetual, 92. 

sidereal, 13. 

Declination, 9, 10; name of, 9; 
expressed in terms of latitude 
and meridian Z. D., 15 ; deter- 
mination of the Sun's, 23; 
method of observing, 51. 

Declination Circle, 9, 5o. 

Dklisle: his method of deter- 
mining the Sun's parallax, 271. 

Density of a heavenly body: its 
determination, 366. 

Dip of horizon; defined, 78; its 
determination, 74^ 76; its effect 
on tho times of rising and 
setting, 76, 422. 

Direct motion, 22. 

Disappearance of a ship at sea, 76. 

Diurnal motion of the stars, 6. 

aberration, 808. 

Double bar, 78. 

Earth : early observations of its 
form, 68; general effects of 
change of position on it, 64; 
its rotation, 64; measurement 
of its radius, 67; A. B. Wal- 
lace's method of finding its 
radius, 77; ordinary methods 
of finding its radius, 78; its 
exact form, 81 ; determination 
of its equatorial and polar 
radii, 82 ; its exact dimensions, 
82; its mean radius, 88; its 
ellipticity or compression, 83 ; 
its eccentricity, 83 ; its zones, 
88 ; determination of the eccen- 
tricity of its orbit, 107; its 
phases, 206; its place in the 
solar system, 240 ; its rotation, 
815; arguments in favour of 
its rotation, 316; dynamical 
proofs of its rotation, 817. 
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Earth {continued) t general 
effects of its oentrifogal force, 
824; ita figure, 828; eyidenoe 
in favoor of its annual motion 
round the San, 837; yerifioation 
of the law of gravitation, 856 ; 
its so-called "weight," 862 ; the 
Cavendish experiment, 862 ; 
the mountain method of finding 
its mass, 866; its mass deter- 
mined by the common balance, 
864; its mass determined bj 
observations of the attraction 
of tides in estuaries, 865 ; the 
pendulum method of finding its 
mass, 865; its displacement 
due to the Moon, 871 ; its rota- 
tion retarded by tidal friction, 
888 ; precession of its axis, 896 ; 
nutation of its axis, 4O0. 

Earth's way, 299. 

Eclipses, 219 et aeqq.; different 
kinds of lunar E., 220 ; effects 
of refraction on lunar £., 150, 
221 ; different kinds of solar E., 
222 ; determination of greatest 
or least number possible in a 
year, 229 ; of Jupiter's satellites, 
241 ; their retardation, 298. 

Ecliptic, 7, 20, 99, 111 ; its obli- 
quity, 11 ; determination of its 
obUquity, 26, 104. 

Ecliptic limits, 226, 228. 

Ellipse, properties of, 428. 

Elongation, 200, 244 ; changes of 
E. of planet, 244, 246. 

Equation, Annual, 411. 

of equinoxes, 402. 

of light, 298 ; its relation to 

the coefficient of aberration, 
804. 

of time, 117; due to un- 
equal motion, 118 ; due to ob- 
liquity, 119; its graphical 
representation, 121 j it vanishes 
four times a year, 122; its 
maximum values. 128 ; its de- 
terminatiop, 124. 



Equation, personal, 46. 
Equator, celestial, 6. 

terrestrial, 64. 

Equatorial, 66 ; its use, 57. 
Equinoctiad colure, 23. 

pointe, 7, 20, 23. 

time, 134. 

Equinoxes, 20, 21, 23 ; precession 

of, 103. 
Evection, 411. 

Fathom, 67. 

First point of Aries, 7, 20; its 
determination, 100. 

First point of Libra, 7, 20. 

Flamsteed : his method of deter- 
mining the first point of Aries, 
100 ; advantages of the method, 
102. 

FoucAUiiT : his pendulum experi- 
ment, 318 ; his gyroscope, 821 ; 
. his determination of the velo- 
city of light, 298. 

Full Moon, 203. 

Geocentric latitude, 88, 112. 

longitude, 112. 

lunar distances, 180. 

parallax : its general effects, 

192 ; correction for, 192. 
Geodesy, 77. 
Geographical latitude, 88. 

mile, 67. 

Gibbosity of Mars, 262. 
Gibbous Moon, 203. 
Globes : their use, 8. 
Gnomon, 25, 125. 
Golden Number, 215. 
Gravitation: Newton's law of, 

352 ; remarks, 858 ; verifioadon 

for the Earth and Moon, 856. 
Gravity : to compare its intensity 

at different places, 829, 384; 

to find its value, 884. 
Grkgort, Pope: his correction 

of the Julian Calendar, 128. 
Gy^roscope or Gyrostat, 321, 895, 
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Hallkt: his method of deter- 
mining the San*B parallax byob- 
Berving a transit of YenoB, 271. 

Harvest Moon, 216. 

Heliocentrio latitude, 112. 

longitude, 112. 

Heliometer, 69. 

Horizon, oelestial, 5; artifioial,159. 

visible, 6, 73-76. 

dip of, 73. 

Horixontal paraliaz, 191. 

point, 60. 

Hour angle, 9 ; expressed in time, 
IS; its connection with right 
ascension, 15. 

circle, 66. 

Instruments for meridian obser- 
vations, 86 ; for ex-meridian 
observations, 64; for geodesy, 
78-80; for navigation, 153. 

Introductory Chapter on Spheri- 
cal (Geometry, i.-vi 

Julius Casab : his calendar, 128. 

Juno, 241,269. 

Jupiter, 241 ; its satellites, 241. 

Kater*8 reversible pendulum, 329. 

KxPLER: his laws of planetary 
motion, 106, 111, 263 ; verifica- 
tion of his first law, 107, 254 1 
verification of the second law, 
106, 264 ; deductions from the 
second law, 109; verification 
of the third law, 266 ; Newton's 
deductions from his laws, 339, 
846,346,348; his third law for 
circular orbits, 340 ; correction 
of the third law, 864. 

Knot, 68. 

Known star, 16, 45. 

Lagging of the tides, 388-5. 

Latitude of a place defined, 10; 
phenomena depending on 
change of latitude, 66 ; change 
di^e to ship's motion, 72 



Latitude (continued) : determi- 
nation by meridian observa- 
tions, 162; determination by 
ex-meridian observations, 169. 

oelestial, 10. 

geocentric, 83, 112. 

geographical, 83. 

heliocentric, 112. 

parallel of, 71 j length of 

any arc of a g^ven parallel, 71. 

Leap year, 128. 

Libra, first point of, 7. 

Light, refraction of, 140; its velo- 
city, 293; aberration of, 296 
to find the time taken by the 
light from a star to the Earth, 
806. 

Light-year, 806. 

Local time: its determination, 
171. 

Log-line : its use in navigation, 
68. 

Longitude, celestial, 10. 

geocentric, 112. 

heliocentric, 112. 

terrestrial, 69 ; phenomena 

depending on change of terres- 
trial longitude, 70 ; change due 
to ship's motion, 72 ; its deter- 
mination at sea, 177; the 
method of lunar distances, 179; 
clearing the distance, 179 ; its 
determination by celestial 
sig^ials, 181 ; its determination 
on land, 182 ; its determination 
by transmission of chronome- 
ters, 182; by chronograph, 184; 
by terrestrial signals, 186; by 
Moon-culminating stars, 186; 
by Captain Sumner's method, 
187, 

Loop of retrogpression, 261. 

Lunar distances, determination of 
longitude by, 179. 

geocentric, 180. 

mountains: determination of 

their height, 207. 

Lunation, 27. 
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Man, 240; Kepler's observatioo a 
on Mars, 254 ; its pai-allax used 
to determine that of tho Sun, 
268. 

Mass, astronomical unit of, 362. 

Mean noon, 1 17. 

solar day, 117. 

solar time, 117; its deter- 
mination at a given instant of 
sidereal time, 132. 

Sun, 116, 117. 

time, 116. 

Mercury, 239 ; its period of rota- 
tion, 264; frequency of its 
transits, 282; its mass, 860, 417. 

Meridian, celestial, 6. 

line : its determination, 175. 

prime, 69. 

terrestrial, 64. 

Meteors : their motion, i. 

.Motonic cycle, 216. 

Metre, 67. 

Micrometers, 58. 

Midnight, apparent, 24. 

Mile, geographical, 67. 

nautical, 67. 

Moon : its motion, 27 ; its age, 27 ; 
its position defined by its centre, 
53; illusory variations in its 
size, 149 ; method of taking its 
altitude by the sextant, 158; 
determination of its parallax, 
196 ; its distance, 197 ; its dia- 
meter determined, 199; its 
elongation, 200 ; determination 
of its synodic period, 201 ; its 
phases, 202; relation between 
phase and elongation, 204 ; its 
use in finding the Sun*s dis- 
tance, 205; its appearance 
relative to the horizon, 206; 
determination of tho height of 
lunar mountains, 207 ; its orbit 
about the Earth, 209; eccen- 
tricity of its orbit, 210; its 
nodes, 210 ; its perturbations, 
210, 407; retrograde motion 
c£ its nodes, 211, 408, 409. 



Moon (continued) : progressire 
motion of its apse line, 211,410 ; 
its rotation, 212 ; its librationt, 
218; general effects of libra* 
tion, 214 ; its eclipses, 219-221 ; 
determination of its geocentric 
distance consistent with an 
eclipse, 224; its gpreatest lati- 
tude at syzygy consistent with 
an eclipse, 226 ; synodic revo- 
lution of its nodes, 228; its 
occultations, 232; verification 
of the law of gravitation, 356 ; 
effect of its attraction, 357 ; it:i 
mass, 357 ; concavity of its patli 
about tho Sun, 874 ; its disturb- 
ing or tide-generating force, 
375, 377; its orbital motion 
accelerated by tidal friction, 
388; its form and rotation, 
391; its disturbing couple oo 
the Earth, 892 ; the rotation of 
its nodes, 408; its other in* 
equalities, 410, 411. 

Nadir, 5. 

point, determination of, 49. 

Nautical mile, 67. 

Neptune, 243 ; its discovery, 417. 

New Moon, 27. 

Newton, Sir Isaao: his deduc- 
tions from Kepler's laws, 839, 
345, 346, 348 ; his law of oni* 
versal gravitation, 852. 

Nodes, 27, 210; their retrograde 
motion, 211. 

North polar distance of a oiroom- 
polar star, 17. 

Number of eclipses in ^ear, 229. 

Nutation, lunar, 401 ; its general 
effects, 402 ; its discovery, 403 ; 
to correct for, 403 ; its physical 
causes, 404. 

monthly, 406. 

solar, 405. 

Obliquity of ecliptic, 11 1 its do* 
termination, 26. 
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Obserratory, 35. 
Occnltations, 232. 
Offing, 78. 
Opposition, 200. 



Parallactic ineqaality, 411. 

Parallax, 179, 191 ; geocentric 
parallax, 191; horizontal paral- 
lax, 191; general effects of 
and correction for geocentric 
parallax, 192 ; relation between 
horizontal parallax and dis- 
tance of celestial body, 194; 
compared with refraction, 195; 
parallax of Moon determined, 
196 ; parallax of planet deter- 
mined, 198; relation between 
parallax and angular diameter, 
199; determination of the 
Sun's parallax, 268 et eeqq.; 
annnal parallax defined, 283; 
to find the correction for 
annual parallax, 284; relation 
between the parallax and dis- 
tance of a star, 285 ; its general 
effects on the position of a star, 
286; determination of the an- 
nnal parallax of a star, 290. 

Pendnlom, Foucault's, 318 ; Cap- 
tain Eater's reversible, 329; 
oscillations of a simple pen- 
dulum, 830 ; to find the change 
in the time of oscillation due 
to a yariation in its length or 
in the intensity of gravity, 
830; to compare the times of 
oscillation of two pendulums of 
nearly equal periods, 333 ; pen- 
dulum method of finding the 
Earth's mass, 865. 

Perigee, 106, 210. 

Perihelion, 111. 

Perpetual day : determination of 
its length, 97. 

Personal equation, 46. 

Phases of Moon, 202 } of planet, 
251| 262. 



Perturbations, lunar, 210, 407; 
rotation of nodes, 408 ; due to 
average value of radial disturb- 
ing force, 409 ; variation, evec- 
tion, annual equation and 
parallactic inequality, 410, 411. 

planetary, 411 ; periodical, 

413, 414 ; inequalities of long 
period, 416 ; secular, 416. 

Photography, stellar, 60, 421. 

Planet: its position defined by 
centre, 63; determination of 
its parallax, 198; its occulta* 
tion, 235 j definition, 238 ; in- 
ferior and superior planets, 
244 ; changes in elongation of 
a inferior planet, 244; to find 
the ratio of the distance from 
the Sun of an inferior planet 
to that of the Earth, 246; 
changes in elongation of a 
superior planet, 247; to com- 
pare the distance from the Sun 
of a superior planet with that 
of the Earth, 248 ; determina- 
tion of the synodic period of an 
inferior planet, 24^; relation 
between the synodic and side- 
real periods of a planet, 250 ; 
phases of the planets, 251, 252 ; 
motions relative to stars, 258 ; 
transits of inferior planets, 
271; its aberration, 806, 807 { 
to compare the velocities and 
angular velocities of two planets 
moving in circular orbits, 842 ; 
having given the velocity of a 
planet at any point of its orbit, 
to construct the ellipse de- 
scribed under the Sun's attrac- 
tion, 860 ; to find the mass of a 
planet which has one or more 
satellites, 869; its perturba- 
tions, 411; masfiOB determined, 
417. 

Points of the compass, 0« 

Polar distance, 9. 

point : its determination, 61, 
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Pole, oelestial, 6. 

— terrestrial, 64. 

Port, establishment of the, 886. 

Precession of the equinoxes, 108, 
892. 

Earth's axis, 896. 

— a spinning-top, 895. 

Inni-solar, 898 ; to apply the 

corrections for, 397 ; various 
effects of, 898; its effects on 
the climate of the Earth's 
hemispheres, 400. 

Prime yertioal, 7. 

Prime vertical instrument : deter- 
mination of latitude bj its use, 
170. 

Priming of the tides, 888-6. 

Quadrature, 200. 

Radiant) 4. 

Beading microscope, 40. 

Befraction, 140; laws of B., 
140; relative index of B., 140; 
general description of atmo- 
spherical B., 141; its effect 
on the apparent aJtitnde of a 
star, 141 ; law of successive 
B., 142; formula for astro- 
nomical B., 142 ; Oassini's for- 
mula, 145; coefficient found 
by meridian observations, 146 ; 
othermethods of determination, 
147; its effects on rising and 
setting, 148; effects on dip and 
distance of horizon, 149 ; effects 
on lunar eclipses and occulta- 
tions, 150, 221 ; comparison of 
B. with parallax, 196. 

Betrograde motion, 22, 258. 

Bight ascension, 10 ; expressed in 
time, 14 ; connection with hour 
angle, 15. 

BosifBB : his method of finding 
the velocity of light, 293. 

Rotation of Earth, 64, 815; of 
Moon,212; of Moon's nodes, 211, 
408; of Sun and planets, 264. 



Saros of the Chaldeans, 281. 

Satellito, defined, 238; their obe- 
dience to Kepler's laws, 257. 

Saturn, 242 ; phases of its rings, 
252. 

Seasons, 94 ; effect of the length 
of day on temperature, 94; 
other causes affecting tempera- 
ture, 94 ; unequal length of, 109. 

Secondary, iii., 238. 

Sextant, 154 ; its errors, 157 ; 
determination of theindex error, 
157 ; method of teking altitudes 
at sea, 158 ; method of taking 
altitudes of Sun or Moon, 168. 

Sidereal day, 13. 

month, 200 ; ite relation to 

the synodic month, 200. 

noon, 13. 

period, 200, 260. 

time, 13, 25 ; ite disadvan- 
tages, 115; its determination 
at a given instent of mean solar 
time, 181 ; ite determination at 
Greenwich or in any longitude, 
133. 

year, 127. 

Solar day, apparent, 24. 

system, tabular view of, 248 

its centre of mass, 361. 

time, 24 ; ite disadvantages, 

115. 

Solstices, 21, 28. 

Solstitial colure, 28. 

points, 28. 

Southing of stars, 16. 

Spectrum analysis, 60. 

Stars : independence of their di* 
rections relative to observer's 
position on the Earth, 4 ; their 
diurnal motion, 6, 13; culmi- 
nation, 16; southing, 16; oir- 
oumpolar stars, 16 ; rising and 
setting, 18 ; time of transit, 19 ; 
to show that a star appears to 
describe an ellipse, owing to 
parallax, 287; owing to aber- 
ration, 801. 
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stars, morning and evening, 25. 

Stationary points, 258 ; their de- 
termination, 262, 263. 

Sub-solar point, 187. 

Summer solstice, 21. 

and winter, causes of, 94. 

SUMNSB, Captain : his method of 
finding longitude, 187. 

Sundial, 126 ; geometrical method 
of graduation, 126. 

Sun: its annual motion, 7; its 
ft.Ti-nnft.1 motion in the ecliptic, 
20; its motion in longitude, 
right ascension and declination, 
20, 21; its variable motion in 
right ascension, 22; determi- 
nation of its right ascension and 
declination, 23, 24 ; its position 
defined by its centre, 63; its 
diurnal path at different sea- 
sons and places, 88; to find 
length of time of sunrise or 
sunset, 98 ; observations of its 
relative orbit, 105 ; its apparent 
area, 105, 109; its apparent 
annual motion accounted for, 
110; illusory variations in size, 
149 ; method of finding its alti- 
tude by the sextant, 158 ; diffi- 
culty of finding its parallax, 197 ; 
its distance determined by 
Aristarchus, 205 ; solar eclipses, 
219, 222, 234 ; description, 238 ; 
its period of rotation, 264 ; de- 
termination of its distance from 
the Earth, 268 et ieqq. ; its paral- 
lax determined by observation 
of the parallax of Mars, 268; 
parallax by observations on the 
asteroids andYenus, 209; paral* 
lax determined by observations 
of the transit of Yenus, 271 et 
seqq. ; advantages and disadvan- 
tages of Bailey's and Delisle's 
methods, 280 ; relation between 
o«)efficient of aberration. Sun's 
parallax, and velooity of light, 
806. 



Sun (continued) t to find the ratio 
of its mass to the Earth's, 358 1 
gravity on its surface, 366 ; its 
parallax determined by observa- 
tions of lunarand solardisplaoe- 
ments of the Earth, 873; its 
disturbing or tide-generating 
force, 375, 377 ; its mass com- 
pared with that of the Moon, 
from observations of the rela- 
tive heights of the solar and 
lunar tides, 388 ; its disturbing 
couple on the Earth, 392; g^vi- 
tational methods of finding its 
distance, 416. 

Synodic month, 200. 

period, 200, 250. 

Syzygy, 200. 

Telescope, astronomical, 87. 

Terrestrial equator, 64. 

longitude, 69. 

meridian, 64. 

pole, 64. 

Theodolite, 79. 

Tidal constants, 887. 

friction, 888 ; application to 

the solar system, dl&2. 

Tides, 875 ; equilibrium theory of 
their formation, 879; canal 
theory, 880; semi - diurnal, 
diurnal, and fortnightly tides 
due to the Moon, 883; semi-diur- 
nal, diurnal, and six-monthly 
tides due to Uie Sun, 883 ; spring 
and neap tides, 883; their 
priming and lagging, 888- 
885; establishments <S ports 
886. 

Time: its reduction to droular 
measure, 14 ; relation between 
the different units, 129, 184« 

equinoctial, 184. 

local : its determination by 

method of equal altitudes, 171, 
172. 

lunar, 882. 

Trade winds, 32a 
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Transit, 14 ; eye and ear xnefchod 
of taking transits, 42 ; of Yenas, 
271-282 ; of Mercury, 282. 

circle, 38 ; corrections re- 

qnired for right ascension, 44 ; 
corrections required for decli- 
nation, 49. 

Triangulation, 79. 

Tropics, 88. 

Tropical year, 127. 

True Sun, 117. 

Uranus, 24?. 

Variation, 410. 

Venus, 240; its period of rota- 
tion, 264; observations of its 
transit used to determine the 
Sun* 8 parallax, 271 ; determi- 
nation of the frequency of its 
transits, 281 ; its mass, 360, 
417. 

Velocity, angular, 842. 

area!, 343. 

of light, 293. 

Velocities of planets compared, 
342. 



Vernier, 157. 
Vernal equinox, 20. 
Vertical, 7. 

circle, 7. 

prime, 7. 

Vesta, 240. 

Wallace, Alpbed Bussbll : hit 
method of finding the Earth's 
radius, 77. 

Waning and waxing Moons, 203. 

Winter solstice, 21. 

Year, 20. 

anomaJistio, 127. 

civil, 128. 

leap, 128. 

sidereal, 127. 

synodic, 128. 

tropical, 127. 

Zenith, 6. 

distance, 8. 

point, 51. 

sector, 8Ca 

Zodiac, 25. 
I 
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THB UNIVERSITY TUTORIAL 8ERIS8. 



TCbc TDlnfvcreiti? tutorial Scrfea^ 



Gtrmal Editor: Wm. Bbiggs, LL.D.,M.A.,B.8c.,F.0.8.,.F.R.A.S. 
cubical Editor: B. J. Hates, H.A. 



The object of the TJniveesitt Tutobial Sebibb is to provide 
candidates for exanmiationB and learners generally with text-hooks 
which shall convey in the simplest form sound Instruction in accord- 
ance with the latest results of scholarship and scientific research. 
Important points are fully and clearly treated, and care has been 
taken not to introduce details which are likely to perplex the be- 
ginner. 

The Publisher will be happy to entertain applications from School- 
masters for specimen copies of any of the books mentioned in this 
list. 



SOME PRESS OPINIONS. 

**Thi8 aeries is suooessful in hitting its mark and supplying much help to 
students in places where a guiding hand u sorely needed. "—Jot«r»« of Edueatton. 

" Many editors of more pretentions books might study the methods of the * Uni- 
versity Tutorial Series* with profit."— G^orJiow. 

*«The * University Tutorial Series' is favourablv known for its practical and 
workmanlike methods.*'— Pu&Kc Schools Year Book, 

**The series is eminently successful."— ^e^o^or. 

*'The classical texts in this series are edited by men who are thoroughly masters 
of their cxtdt.**—Saturdaff Review. 

" This series of educational works has been brought to a high level of effidency.** 
^Educational Titnet. 

" This useful series of text-books."— iTo^vrtf. 

•* Any books published in this aeries are admirably adapted for the needs of the 
large class of students for whom they are ioX&tii.e^/*— Cambridge Review. 

** Olearnees in statement and orderliness in arrangement characterise the publiea^ 
tions of the Univerrity Tutorial Press."- Oa/ord Magazine. 

*' All books which issue from the ' University Tutorial Press* are both scholarly 
and practical.'*— Westminster Review. 

** This series has won a high reputation for the practical and sdentlfic »wn!tMff 
it provides for students."- /'rac^M'a/ Teacher. 

'« Such text-books are immeasurably superior to the heavy tomes, overburdened 
with extraneoxis matter, witu which boys of a previous generation were familiar." 
— School Guardian, 

•^e intrinsic merits of the text-books in the University Tutorial Series (Uni- 
!?^*L9?!r*?P^^®°*^ College Press) have carried the series far beyond the limits 
of Its tutorial teys^em.**^ Schoolmaster. 
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TSB UmrESSITT TUTORIAL 8BRIS8. 3 

fDatbematic0 an^ HDecbanica* 

Algebra, The Hew Matrienlation. Adapted to London Matricu- 
lation, and containing a Section on Uraphs. By R. Deakin, 
M.A., late Headmaat^ of Stourbridge Grammar School. 38. 6d. 

Algebra, The TntoriaL Adyakcbd Ooubsb. By Wic. Baieos, 
LL.D., M.A., B.Sc., and G. H. Bbtak, Sc.D., F.R.S. 6s. 6d. 

Graph! : The Ghntphioal Representation of Algebraic Functions. By 
G. H. Fbench, M.A., and G. OSBOBN, M.A., Mathematical 
Masters of the Leys School, Cambridge. 

Arithmetie, The Tutorial. By W. P. Workman, M. A., B.Sc., Head- 
master of Kingswood School. (With or without Answers.) 48. 6d. 
^Destined to supenede all other socondary treatiaes on the labjeot."— IPm<- 

Arithmetie, The 8ehool. By W. P. Wohucan, M.A., B.Sc. (With 
or without Answers.) Ss. 6d. 
.** The bookie of a Tery higpli order of maiV*— School World. 

Arithmetie, The Junior. Adapted from the Tutorial Arithmetie by 
R. H. Ghopb, B.A. (With or without Answers.) 28. 6d. 
^^-Bxo^XlmX:*— Educational Times. 

Arithmetie, OUve's Shilling. Edited by Wm. Briqos, LL.D., M.A., 
B.Sc., F.R.A.S. Is. With Answers, Is 3d. 

Arithmetie, The Primary . Edited by Wm. Briogs, LL.D., M.A., 

B.Sc., F.R.A.S. An Introductonr Course of Simple and In- 
struotiTe Arithmetical Exercises. In Three Parts. Parts I. and 
n., 6d. Part in., 9d. 

** Clear and practical.'*— ^irardtara. 

** Thoroughly sidted for oie in elementary sehoola generally."— AsAoo/ Guardian, 

Aatronemy, Elementary MathematieaL By G. W. 0. Barlow, M.A., 
Lend, and Camb., B.Sc. Lend., and G. H. Brtak, Sc.D., M.A., 
F.R.S. Second BditioHf with Answers. 6s. 6d. 

Book-keeping, Praetieal Leetons in. Adapted to the requirements of 
the Society of Arts, London Chamber of Commerce, Oxford and 
Cambridge Locals, etc. ByT. C.Jackson, B.A., LL.B. Ss.ed. 

Book-keeping, Junior. By T. C. Jacksok, B.A., LL.B. Is. 6d. 

The Bight Line and Oirele (Coordinate Geometry). By Dr. 
Brioos and Dr. Brtav . iTtird JSditum, 3s. 6d. 
*< It is thoronghly eonnd throughout, and indeed deala with some difficult pointa 
with ft oleameas and accuracy that has not, we believe, been iurpaseed.'*— ir<fiM;a/ion. 

Coordinate Geometry (The Conie). By J. H. Guacr, M.A. Camb., 
and F. Rosenbrrg, M.A., B.Sc. Second Edition. Ss. 6d. 
"The chapters on srstems of oonios, envelopes, and harmonjo section are a 
nlnable addition to scholarship students."— tfuoramn. 
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4 THE UNIVERSITY TUTORIAL SERIES, 

Aatbematfcs and abccbmicS'-<fontinued. 

DTiuuBies, The Tutorial. By Wm. B&ieos, LL.D., M.A., B.Sc., 
and Q. H. Betan, Sc.D., F.R.S. Second Edition. 38. 6d. 
"In eyery imj most suitable for the use of beginners, the initial difficoltied 
being fully explained and abundantly illustrated."— JVmmo/ of Education, 

Xnelid. By Rupert DKAKiir,M.A.Lond.andOxon. With Problems 
in Practical Geometry and an Introdacto^ Coarse of Drawing? 
and Measurement. Bookf I., II., If. Booka I.-IY., 8f. 6d. 
Bookiy.,yi.,ZI., lf.6d. 

flaomatry, Thaoretieal and Praetical. By W. P. Worxmak, M.A., 

B.So., and A. Q. Cracknell, M.A., B.Sc., F.C.P. 
PaBT I. Ck)ntaiD8 the matter of Endid, I., in. (1-34), IV. (1-9). 
(With or without Answers.) 2s. 6d. PAST ZI. (In pi^eparation.) 
This work is also published in Sections as follows : 
Beotion I. Introdnetory Conrsa. 9d. 
Section n. Plane Bectilinear Fignrei. (Euclid, I.) Is. 6d. 
Section in. The Circle. (Euclid, HI. 1-34, IV. 1-9.) Is. 
Section IT. Bectangle-Theoremi and Polygons. (Euclid, II., 
m. 36-37, and IV. 10-16.) [Ready in June,) Is. 
** Shows on ererr page Che ddll and oaze with which the material has been put 
tomihar,"Schoof World, 
** One of the best books on modem lines.**— Oj/or4< Magazine. 

Xatricnlation Geometry. (Being Sections I.-IV. of O^omttrp, 
Thsoretical and Practical, and containing the subject-matter of 
Euclid, Books I.-IY. ) Ready in June. Ss. 6d. 

Geometry, Dednctioni in. A Collection of Biders and Practical 
Problems. By T. W. Edmokbson, BJl., Ph.D. 28. 6d. 

Hydroitotics, The Matriculation. By Wm. Brioqs, LL.D., M.A., 
B.Sc., F.R.A.8., and G. H. Bryan, Sc.D., F.R.S. 2s. 
** An excellent text-book."— Jowmoi of Education, 

Xeehaniei, The Matriculation. By the same authors. 38. 6d. 
** It is a good book— dear, concise, and accurate."— /o»r»ia/ of Education. 

Xenf oration and Spherical Geometry : Specially intended for Lond<m 
Inter. Arts and Science. By Wm. Briggs, LL.D., MJl., 
B.Sc., F.R.A.S., and T. W. Edmondson, B.A., Ph.D. Ss. 6d. 

Model Sights. A Synopsis of the Modem Praotioe of Kavigatiom 

By William Hall, B.A., R.N. 28. 

Vavigttion, Modem. By William Hall, B.A., R.N. 68. 6d. 

** A Taluable addition to the text- books on naTigation.**— JfaHtiffM Beview. 

Stotics, The Tutorial. By Dr. Wm. Briggs and Dr. G. H. 
Brtak. Third Edition, Revised and Enlarged, 3s. 6d. 
** This is a welcome addition to our text-books on Statics. The treatment ia 
sound, clear, and interesting."— ^oNma/ ofEduoationn 
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TBE tTNIVERSIft fUfORIAl SERIES. 5 

Aatbematica and ebcchwxics-cmtinwd. 

Trigonometry, Junior. By Wm. Bkigg8, LL.D., M.A., B.Sc., 
F.R.A.8., and G. H. Bryan, ScD., M.A., F.R.8. 28. 6d. 
"The explanations are dear, and the iUustratiye examples irell selected." — 
Ovardian. 

Trigonomotry, The Tutorial. By Wm. B&iggs, LL.D., M.A., 
B.Sc., F.R.A.S., and G. H. Bryan, Sc.D., M.A., F.R.S. 38. 6d. 
** The book is very thorough."— &;Aoo/iniM^er. 



<Ebcmi0tri?* 



Analysif of a Simple Salt. With a Selection of Model Analyses. 
By Wm. Briggs, LL.D., M.A., B.Sc, F.O.8., and R. W 
Stewart, D.Sc. Lond. l8. 6d. Tables op Analysis (on 
linen). 6d. 

Ohemiitry, A Safe Couree in Experimental. By W. T. Boons, B.A., 
B.Sc. 28. 

This is not a text-book of Analysis, but a practical course designed 
to illnstrate the fundamental laws and principles of the subject. 

" Qaiteup to the standard of the best of modem elementary books on practical 
chemistry. The book deserves a Kood reception. '*— Nature. 

Chemiitry, The Tutorial. By G. H. Bailey, D.Sc. Lond., Ph.D. 
Heid^berg, Lecturer in Ohenustry in the Victoria Universit}'. 
Edited by Wm. Briggs, LL.D., M.A., B.Sc., F.C.S. Seetrnd 
Edition (Betpritten and Enlarged), 
Part I. Non-Metals. 38. 6d. 
Part II. Metals and Physical Chemistry. 48. 6d. 
** The descriptions of experiments and diagrams of apparatus are very good, and 
with their help a beginner ought to be able to do the experimental work quite 
■atisfactorily."— C7aiii]^nV^e Review. 

The Hew Matriculation Chemif try. By G. H. Bailey, D.Sc Lond., 
Ph.D. Heidelberg, Lecturer in Chemistry at Victoria University. 
Edited by Wm. Briggs, LL.D., M.A., B.Sc, F.C.S. Second 
Edition (Setoritten and Enlarged), 5s. 6d. 
"A trustworthy text-book." - iScAoor ITorW. 

Carbon Compounda, An Introduetion to. By R. H. Adie, M.A., 
B.Sc. 28. 6d. 
"The subject-matter of elementary organic chemistry is sketched in both an 
intereating and profitable manner."— C'uorf/tan. 

COicmiitry, Synopiii of Matriculation. By Wm. Briggs, LL.D., 

M.A., B.Sc, F.C.S. Is. 6d. 

Ohemieal Analyiii, Qualitative and Quantitative. By Wm. 

Briggs, LL.D., M.A., B.Sc, F.C.S., and R. W. Stewart, 
D.Sc. Revised and Enlarged. 3s. 6d. 
" The instructions are clear and oonciso. The pupil who uses this book ought to 
obtain an intelligible grasp of the principles of BsxaXftOA.**— Nature, 
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pbp0iC0* 

THE TUTOBIAL PHT8IC8. By R. WALLACE Stbwaet, D.Sc. Lond., 
E. Catchpool, B.Sc. Lond., and 0. J. L. Waostaff, M.A. 
(Cantab.). In Five Volumes. 

I. Sound, Text-Book of. By E. Catchpool, B.Sc. JItth Editum. Z%,^. 
Contents : — Vibratory Motion — Pro^n^^esive Undulation — Velocity 
of Sound — Interference — Forced Vibration — Fourier's Theorem — ^The 
Ear and Hearing — Reflection of Sound — Stationary Undulation — 
Vibration in Pipes — ^Transverse Undulation — Acoiistic Measurements. 

n. Heat, Higher Text-Book of. By R. W. Stbwabt, DJ3c. 6s. 6d. 

Contents : — Thermometry — Expansion — Calorimetry — Change of 
State— Hygrometry — Conduction, Convection, Radiation — The First 
Law of liiermo-Dynamics — Qraphic Methods. 

xn. Light, Text-Book of. By R. W. Stewa&t, B.Sc. 38. 6d. 

Con tents : — Rectilinear Propagation — Shadows — Photometiy — 
Reflexion and Refraction at Plane and Spherical Surfaces— Prisms 
and Lenses — Dispersion — Velocity of Light— Optical Instruments. 

IV. Magnetism and Eleetricity, Higher Text-Book of. By R. W. 
Stewart, D.Sc. 6s. 6d. 
Contents :— Elbctbostatics. — Electriflcation —Induction — Dis- 
tribution on Conductors — FrictionalMachines-^Potentialand Capacity 
— The Electric Field — Condensers — Electrometers — Specific Inductive 
Capacity — Induction Machines — Electric Discharge — ^Atmospheric 
Electricity. Magnetism. — Fundamental Phenomena and Theory — 
Terrestrial Magnetism— The Magnetic Field. Current Elec- 
tricity. — Effects of Currents — Ohm's Law — Electromagnetio 
Induction — Inductance — Alternating Currents — Waves — Units — 
Thermo-Electricity — Practical Applications. 

Y. Properties of Matter. By C. J. L. Wagsiapf, M.A. 3s. 6d. 

Contents : — Units ; Dimensions — Leng^ and Areas — ^Matter ; 
Mass- Volumes, Density — Energy — Circular Motion — ^The Pendulum 
and Simple Harmonic Motion — Time— Solids — Gravity— Gases — 
Hydrostatics — Liquids— Friction —Capillarity. 

"A useful tezt*-book tor elementary purposes. It includes many important 
things usually omitted in books of its siie. It is dearly written."— 0//orrf 
Magazine. 

Practical Physics. By W. R. Bower, A.R.C.S., and J. Satteblt, 
B.Sc., A.R.C.S. 48. 6d. 

"The book, as a whole, furnishes admirable material for a sound practical 
training in Physics."— Pttft/wAer*' Circular. 

Katrioolation Physics: Heat, Light, and Soimd. By R. W. 
Stkwaet, D.Sc. Lond., and John Don, M.A., B.Sc. 4b. 6d. 



Digitized by 



Google 



THE UNIVERSITY TUTORIAL SERIES. 7 

PbS^tCS — continued. 

TECHHICAL SLECTBIOITT. Br Profenor H. T. Dayiboe, B.Sc, 
and E. W. HuTCHnrsOK, B,8c. [In the pr^u. 

Magnetiam and Etectrloity, The SchodL By R. H. Jdde, M.A., 

D.Sc. 38. 6d. 

** The work is one which will meet with the ready approval of teachtni of the 
science."— JP/«rfr»c»fy. 

** Seems much sounder as regards fundamental conceptions than most elementaiy 
worlcs on electricity."— Oai/ora Magatine. 

Experimental Seienoe, Junior. By W. M. Hootof, M.A., M.Sc. 
28. 6d. 

Botany, The ITew Matriculation. By A. J. Ewabt, B.So. 38. 6d. 

Botany, Text-Book ot By J. M. LowsoN, M.A., B.Sc., F.L.S. 
Third Edition. 68. 6d. 

" It ropresentB the nearest approach to the ideal botanical text-book that has yet 
been produced.*' — Pharmaceutieai Journal, 

**An excellent book.*'— C'vardtan. 

Zoology, Text-Book of. By H. G. Wells, B.Sc. Lond., F.Z.S., 
F.C.P. EnWed and Revised by A. M.DATIES, B.Sc. Lond. 68.6d. 
**Thi8 book is a disnnct suooeae."— (I'/ax^oio Herald. 

flDobcrn I)i0toin2* 

Matriculation Modem Hiitory. Being the History of England 

1485-1901, with some reference to the Contemporary History of 

Europe and Colonial Developments. By C. 8. FBAERNSIDE, 

M.A. Oxon. 38. 6d. 

** An excellent manual. The international history, especially in the eighteenth 

century, where most text-books fail, is very carefully treated."— &;Aoo/ World. 

** A work that gives evidence of scholarship and clever adaptability to a special 
purpose, and on the production of which much care, forethought, and patient labour 
have evidently been expended."— &tiar(^ian. 

The Tutorial Hiitory of England. (To 1901). By C. S. Feabsn- 
SIDE, M.A. Oxon. 4s. 6d. 
'* Provides a good woridng course for schools.**— CFttortfian. 

The Intermediate Text-Book of Engliah History: a Longer History 

of England. By C. S. Feakknsibe, M.A. Oxon., and A. 

Johnson Evaks, M.A. Comb., B.A. Lond. With Maps & Plans. 

Vol. I., to 1486. Vol. U., 1486 to 1603. 48. 6d. Vol. ni., 

1603 to 1714. 48. 6d. VoL. FV., 1714 to 1837. 48. 6d. 

** It is written in a dear and vigorous style. The facts are admirably marshalled.'* 

— W*9tmin*i9r Review* 
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8 TEE UNIVERSITY TUTORIAL SERIES. 

£ndU0b Xanduaae anb Xiterature. 

lUtrieiiUtioii Englifh Coune. By W. H. Low, M.A. Lond., and 
JOHK BBieas, M.A. Gkmb., F.Z.8. Second EdUim. 3b. 6d. 

O0HTKNT8 : — ^Historical Sketch — Sounda and Symbola — Outlines of 
Accidence and Syntax— Common Errors— Analysis— Pfcraing— The 
Word, the Sentence, the Paragraph — Punctuation — Rules for Com- 
position—Simple Narrative — Compound Narrative — Descriptive Com- 
position—The Abstract Theme — ^The Essay — Paraphrasing — Precis- 
Writing — Letter- Writing and Proof- Reading— Lidex, 

** The matter is dearlv arranged, oondiaely and intelligentty put, and maitod by 
accurate soholarship and oommon sense." — Ouardian. 

" ITie book will prove distincU^ MaetaV— School World. 

** The ohaptors on pr6cis writing and indexing are excellent.'*- WeatminHor 
Rfvieto. 

«« Candidates may take this book as a trustworthy miOAV—SekoolwiasUr. 

"The chapter on prMs-writing is unusually good/'---Wi«cartoiia/ New*. 

'* We can heartily recommend this book. Particularly good is the chapter on 
precis-writing."— iraefioa/ Teacher. 

Prfeis-Writing, Text-Book of. By T. C. Jackson, B.A., LL.B. 
Lond., and John Bkigos, M.A. Camb., F.Z.S. 2s. 6d. 

«< Admirably dear and businesslike."— (Ttiardtaii. 

'^llioroughly practical, and on right lines educationally."— <9eAoo/ World. 

Tht English Language: Its History and Structure. By W. H. Low, 
M.A. Lond. With Test Questions. Sixth Edition, Revised. 3s. 6d. 

" ▲ dear workmanlike history of the English language done on sound prindples." 
—Saturday Review. 

** The author deals very f ullv with the source and growth of the language. The 
work is scholarly and accurate.^' — Sehoolmaater. 

** It is in the best sense a sdentific treatise. There is not a superfluous sentence." 
—Educational Newt, 

English Literature, Tht Tntorial Hiitory of. By A. J. Wtatt, 
M.A. Lond. and Camb. Second Edition. 2s. 6d. 

"This is undoubtedly the best school history of literature that has yet oome 
under our notice.*'— (?ttarifuin. 

" A very competent piece of workmanship."- JStfucatiima/ New». 

*' The scheme of the book is dear, proportional, and soientiflo."— uicM^Mjf. 

*' A sound and scholarly irork."— Sit. James' OoMette. 

Tht Intsrmtdiats Text-Book of English Littratnrt. By W. H. Low, 
M.A. Lond., and A. J. Wyatt, M.A. Lond. and Camb. 6s. 6d. 

** Really judidous in the sdection of the details given."— 5a/ttr^atr Seview. 

" This volume seems both woll-informcd and cleariy written. Those who need 
a handbook of literature will not readily find a more workmanlike example of 
this sice and price.*'— Journal of Education. 

** The historical part is concise and clear, but the criticism is even more valuable, 
and a number of illustrative extracts contribute a most useful feature to the volume. 
As a compendium for cxaminatiou purtK>ses this volume ought to take tdgh rank."— 
School World. 
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Baoon*! Euayi, I.-X. By A. F. Watt, M.A. Oxon. Is. 6d. 
Ohanoer.— Prologat, Knight'i Tale. By A. J. Wf att, M.A. Lond. 

With Glossary. 2s. 6d. Also separately, The Prologue, Is. 
'* Quite up to date. The Glossary is ezoellent." — Morning Pott. 
Chaneer.— Prologue, Hun's Priest's Tale. By A. J. Wtatt, M.A. 

With Glossary. 2s. 6d. 
Chaueer.— Prologue, Man* of Lawes Tale. By A. J. Wtatt, M.A. 

With Glossary. 2s. 6d. 
Chaneer.— Prologue, Squire's Tale. By A. J. Wtatt, M.A. With 

Glossary. 2s. 6d. 
Dryden.— Essay of Dramatie Poesy. By W. H. Low, M.A. Ss. 6d. 
Bryden.— Befonee of the Essay of Dramatie Poesy. By Allbn 

Mawjeb, B.A. Lond. and Camb. Is. 6d. 
Brydtn.— Preface to the Fables. By Allen Maweb, B.A. Is. 6d. 
Johnson.— A Journey to the Western Islands of Scotland. By E. J. 

Thomas, M.A. 8t. Andrews, B.A. Lond. 2s. 6d. 
Langland. — ^Piers Plowman. Prologue and Passus I.-VII., Text B. 

By J. F. Davis, D.Lit., M.A. Lond. 48. 6d. 
Milton. — Areopagitica. Univ. Correspondence College Edition. Is. 6d. 
MUton -Paradise Lost. Books I., II. By A. F. Watt, M.A. Oxon. , 

B.A. Lond. Is. 6d. 
MUton.— Paradise Begained. By A. J. WfATT, M. A. 28. 6d. 
Milton.— Samson Agonistes. By A. J. WfATT, M.A. 28. 6d. 
Milton.— Sonnets. By W. F. Masom, M.A. Lond. and Camb. Is. 6d. 
Pope.— Bape of the Lock. By A. F. Watt, M.A. Oxon. Is. 6d. 
Shakespeare. By Prof. W. J. Rolfe, D.Litt. In 40 volumes. 
28. 6d. a Volume. 



Riolurdn. 
OoBMdyof Srrora 
K«rnr wiTet of Windsor 
Lovri Labour's Lost 
Two Oontlemon of V eromt 
The Taminr of the Shrew 
▲ITS WeU that SndsWeU 
Measure for Measure 
Henrj lY. Part L 
HenrjIY. PartlL 
Henry y. 

Merohant of Venioe 
Tempest 

Midsommer Nifht's 
Dream 



Henry TL Part L 
Henry VL PartIL 
Henry VI. Part m. 
Richard m. 
Henry VUL 
Romeo and Juliet 



Othello 
Hamlet 
OymbeUne 

2s. a Volume. 
AsTouLikelt 
Much Ado About Hothinf 
Twelfth Night 



Julias Oaesar 

Ooriolanus 

Antony and Oleopatra 

Timon of Athens 

Troilus and Oressida 

Perioles 

The Two Voble Kinsmen 

Titus Andronions 

Venus and Adonis 

Sonnets 



Winter's Tale 
Kinf John 
Kinf Lear 



Shakespeare.— Henry Vni. By W. H. Low, M.A. Lond. 28. 
Spenser.— Faerie Qneene, Book L By W. H. Hill, M.A. 28. 6d. 
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StMei, Manual of. By J. S. Mackeitzib, Litt.B. , M. A. , Professor of 
Logic and Philosophy in the University College of South Wales 
and Monmouthshire, formerly Fellow of Trinity Ck>llege, Oum- 
bridge, Examiner in the IJniyersitieB of Cambridge and Aberdeen. 
Fourth Edition^ enlarged. 68. 6d. 

** In writing this book Mr. Mackenxie has produced an earnest and striking oon- 
tribution to the ethical literature of the time.^'— Jftnti. 

** This excellent mKaxmV*— International Journal o/JSthicM. 

"Written with lucidity and an obrious mastery of the whole bearing of the subject" 
— Standard, 

Logic y A Manual of. By J. Welton, M.A. Lond. and Camb., 
Professor of Education in the University of Leeds. 2 vols. 
Vol. I., Second Edition, Ss. 6d. ; Vol. 11., 6s. 6d. 

This book embraces all those portions of the subject which are 
usually read, and renders unnecessary the purchase of the numerous 
books hitherto used. The relative importance of the sections is 
denoted by variety of type, and a minimum course of reading is thus 
indicated. 

Vol. I. contains the whole of Deductive Logic, except Fallacies, 
which are treated, with Inductive Fallacies, in vol. H. 

" A dear and compendious summary of the views of various thinkers on important 
and doubtful points.^'— yottrna/ of Hducation. 

" Unusually complete and reliable. The arrangement of dlvifdons and subdivisions 
is excellent." — Schoolmaster. 

** The manual may be safely recommended."— ^</tM;a^uma/ Ttmes, 

Piychology, A Manual of. By Gt. F. Stout, M.A., LL.D., Fellow 
of the British Academy, Professor of Logic and Metaphysics in 
the University of St. Andrews, late Examiner in Mental and 
Moral Science in the University of London. Second Editionf 
Revised and Enlarged. 8s. 6d. 

" It is unnecessary to speak of this work except in terms of praise. There is a 
refreshing abeenoe of sketchings about the book, and a dear desire manifested to 
help the student in the subject."— Saturday Review. 

" The book is a model of lucid argument, copious in its facts, and will be invaluable 
to students of what is, although one of the youngest, perhaps the most interesting 
of the sdenoes."— CV»<tc. 

"'llie student's task will be much lightened by the lucidity of the style and the 
nimierous illustrative facts, which together make the book mghly intwesling."— 
Literary World. 

Psychology, The Oronndwork of. By G. F. Stout, M.A., LL.D. 
4s. 6d. 

'* All students of philosophy, both beginners and those who would describe them- 
selves as * advanced,' will do well to ' read, mark, learn, and inwardly digest* this 
hook.**— Oxford Magazine. 



'• This work can be recommoaded to the student as a good introduction to a 
what modem subject."— IFeaftfi in sfcr Hcvievo. 
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Junior French Conne. By E. Wsexlet, M.A. Lond. and Camb., 
Profeeeor of French at University College, Nottingham. Second 
Edition, 28. 6d. 
"Distinoily an advance on similar oonnes.*'— /ourna/ of SdueeUion. 

The Matricnlation French Count. By E. Webklet, M.A. Third 

Edition, Enlarged, Ss. 6d. 
'* The roles are well expressed, the exercises appropriate, and the matter accurate 
and well umxigeA."— Guardian, 

The Tutorial French Aceidtnee. By Ebihest Wekklkt, M.A. 
Witii Exercises, Paasi^es for Translation into French, and a 
Chapter on Elementair Syntax. Third Edition. Ss. 6d. 
** We can heartily Teconanena it." -Sekoolmaater. 

The Tutorial French Syntax. By Ebnest Weeelet, M.A., and 

A. J. Wtatt, M.A. Lond. and Camb. With Exercises. 3s. 6d. 

** Mr. Weekley has produced a dear, full, and careful Oranunar in the * Tutorial 

French Accidence/ and the companion Tolume of ' Syntax,' by himself and Mr. 

Wyatt, is worthy of \t"—Saturdap Rnieto, 

The Tutorial French Oraaunar. Containing the Aeeidenee and the 
Syntax in One Volume. Second Edition. 4s. 6d. Also the 
i^eroises on the Accidence^ Is. 6d. ; on the Syntax^ Is. 

F rench Prose C?ompocition. By E. Weeelet, M.A. With Notes 

and Vocabularv. Third Edition, 3s. 6d. 
** The arrangement is lucid, the rules clearly expressed, the suggentions really 
helpful, and the examples carefully chosen.*'— jBdM«artona< Times, 

Class-Work in French Composition . By E. Webelet, M.A. 2s. 

'* The extracts are well chosen."— r*a«A«r. 

Junior French Bcadtr. By E. Weeelet, M.A. Lond. and Camb. 
With Notes and Vocabulary. Second Edition. Is. 6d. 
"▲ Tery useful first reader with good tocabulary and sensible notes."— 50AOO/- 
ma$ter, 

French Proae Beader. By S. Bablst, B. ^ Sc., and W. F. Masom, 
M.A. With Notes and Vocabulary. Third Edition. 2s. 6d. 
"Admirably chosm extract s ."— jfeAoo/ Government Chronicle. 

The Matriculation French Beader. Containing Prose, Verse, Notes, 
and Vocabulary. By J. A. Perret, Omcier de T Instruction 
publique. 2s. 6d. 
** we can recommend this book without Teserye,**— School World. 

AdTUced French Beader. Edited by S. Barlbt, B. hB Sc., and 
W. F. Masom, M.A. Lond. and Camb. Second Edition. 28. 6d. 
"Chosen from a large range of good modem authors."- AcAm/mm/^t. 

Higher French Beader. Edited by Ernest WEEELsr, M.A. 3s. 6d. 

" The passages are well chosen, interesting in themaelTes, and representatiTe of 
the best contemporary stylists."— ./cmrMrW 0/ Education, 
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Xatin anb (3reeft Claaaicd. 

The editioDB of Lattk and Greek Classics contained in the IJ9i« 
VERsmr TXJTORIAL Series arc on the following plan : — 

A short Introduction gives an account of the Author and his 
chief works, the circumstances under which he wrote, and his style, 
dialect, and metre, where these call for notice. 

The Text is based on the latest and best editions, and is clearly 
printed in large type. 

The distinctive feature of the Notes is the omission of parallel 
passages and controversial discussions of diflSculties, and stress is 
uud on all the important points of grammar and subject-matter. 
Information as to persons and places mentioned is grouped together 
in a Historical and Geographical Index; by this means the 
expense of procuring a Classical Dictionary is rendered unnecessary. 

The standard of proficiency which the learner is assumed to possess 
varies in this series according as the classic dealt with is usually read 
by beginners or b^ those who have already made considerable progress. 
A complete list is given overleaf. 

Vocabularies, arranged in order of the text and interleaved with 
writing paper, are issued, together with Test Papers, in the case of 
the classics more commonly read by beginners ; the price is Is. or (in 
some instances) Is. 6d. A detailed list can be had on application. 

Caesar.— Oallio War, Book I. By A. H. Allcroft, M.A. Oxon., and 
F. G. Plaistowe, M.A. Lend, and Camb. Is. 6d. 
**A clcorlj printed t«xt, a good introduction, an excellent set of notes, and a 
historical and geographical index, make up a very good edition at a very nnall 
price." — Schoolmaster. 

Cicero.— Do Amicitia and Do Seneetnte. By A. H. Allceoft, M.A. 
Oxon., and W. F. Masom, M.A. Lond. and Camb. Is. 6d. each. 
**ThenotCT, although full, are ^m^\o.**—Ildueational Timet. 

Horaoe.— Odes, Books I.— III. By A. H. Allcroft, M.A. Oxon., and 
B. J. Hates, M.A. Lond. and Camb. Is. 6d. each. 

*' Notes which leave no difficulty unexplained.** — Schoolmaster. 

'*The Notes (on Book III.) are full and good, and nothing more can vril be 
demanded of them." — Journal of £ducation. 

LiTj.— Book I. By A. H. Allcroft, M.A. Oxon., and W. F. MASOif , 
M.A. Lond. and Camb. Third Edition, 2s. 6d. 
" The notes are concise, dwelling much on grammatical points and dealing with 
questions of history and archaeology in a simple but interesting faBbion.**—EdHeation, 

Vergil — Aeneid, Books I — xn. By A. H. Allcroft, M.A. 
assisted by F. G. Plaistowe, M.A., and others. Is. 6d. each. 

Xenophon — Anabasis, Book I. By A. H. Allcroft, M.A. Oxon., 
and F. L. D. Richardson, B.A. Lond. Is. 6d. 
'•The notes are aU that could be deaxfA.**—Schoolma9Ur, 
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BMtion0 or Xatin an5 (^reek Classice* 

(INTBODUCTION, TbXT, AKD NOTBS.) 

* The*$ Volum4t e<mtain a eompleU alphahetifial Lexicon^ 



Akhchtlus — Eomenides, 3/6 ; 
Pereae, 3/6 ; Prometheus, 2/6 ; 
Septem contra Thebas, 3/6. 

Abistophakks— Ranae, 3/6. 

CAK8AE— CivU War, Bk. 1, 1/6 ; 
Gallic War, Bks. 1, 2, 3, 4, 
6, 6, 7, (each) 1/6 ; Gallic War, 
Bk. 1, Ch. 1-29, 1/6; Gallic 
War, Bk. 7, Ch. 1-68, 1/6; 
Invasion of Britain (IV. 20- V. 
23), 1/6. 

CiCKRO— Ad Atticnm, Bk. 4, 3/6 ; 
*De Amidtia, 1/6 ; De Finibus, 
Bk. 1, 2/6: Be Finibus, Bk. 2, 
3/6: De Offioiis, Bk. 3, 3/6; 
Philippic II., 3/6; Pro Cluen- 
tio, 3/6 ; ProLe^eManilia, 2/6 ; 
Pro Milone, 3/6 ; Pro Plancio, 
3/6 ;*I>e Senectute,In Catilinam 
I., Pro Azchia, Pro Balbo, Pro 
Marcello, (each Book) 1/6. 

DmosTHRKSs— Andiotion, 4/6. 

EUKIPIBKS— Aloestis, 2/6 ; Andro- 
mache, 8/6; Bacchae, 3/6; 
Hecuba, 3/6; Hippolytus, 3/6; 
Iphigenia in T., 3/6; Medea, 
3/6. 

Hbbodotus— Bk. 3, 4/6 ; Bk. 4, 
Ch. 1-144, 4/6; Bk. 6, 2/6; 
Bk. 8, 8/6. 

HOMXB— Diad, Bk. 24, Zj^; 
Odyssey, Bks. 9, 10, 2/6; 
Odyssey, Bks. 11, 12, 2/6; 
Odyssey, Bks. 13, 14, 2/6; 
Odyssey, Bk. 17, 1/6. 

HOBAOB—Epistles, 4/6; Epodes, 
1/6 ; Odes, 3/6 ; Odes (•Book 8), 
(each Book) 1/6 ; Satires, 4/6. 

ISOCKATES— De Bigis, 2/6. 



JuTENAIr— Satires, 1, 3, 4, 3/6 
Satires, 8, 10, 13, 2/6 ; Satires, 
11, 13, 14, 3/6. 

LiVT— Bks. 1, 5, 21, 22, (each) 
2/6 ; Bks. 3, 6, 9, (each) 3/6 ; 
Bk.2l,Ch.l-30, 1/6. 

LuciAK — Charon and Piscator, 
3/6. 

Ltsias — Eratosthenes and Ago- 
ratus, 3/6. 

NEPOS—Hannibal, Cato, Atticus, 
1/0. 

Ovid— Fasti, Bks. 3,4, 2/6; Bks. 
6, 6, 3/6; Heroides, 1, 5, 12, 
1/6; Metamorphoses, Bk. 1, 
1-160, 1/6 ;Bk. 3, 1-130, 1/6; 
Bks. 11, 13, 14, (each) 1/6; 
Tristia, Bks. 1, 3, (each) 1/6. 

Plato — Crito. 2/6; Apology, Ion, 
Laches, Phaedo, (each) 3/6; 
Euthyphro and Menexenus, 4/6. 

Sallust— Catiline, 1/6. 

SOPHOOLSS— Aiaz, 3/6 ; Anti- 
gone, 2/6 ; Electra^ 3/6. 

Tacitus — Agricola, 2/6 ; Annals, 
Bk. 1, 3/6; Bk. 2. 2/6; His- 
tories, Bk. 1, 3/6; Bk.3, 3/6. 

Tkkehcb— Adelphi, 3/6. 

Thuotdides— Bk. 7, 3/6* 

YKReiL— Aeneid, Books 1-12 
(•Books 1-7 and 9), (each) 
1/6 ; Eclogues, 3/6 ; Georgios, 
Bks. 1, 2,3/6; 1,4,3/6. 

XnroPHOir— Anabasis, Bk. 1, 1/6, 
Bk. 4, 1/6; Cyropaedeia, Bk. 
1, 1/6; HeUenic«, Bk. 3, 1/6; 
Bk.4, 1/6; Memorabilia, Bk. 1, 
3/6 ; Oeconomicus, 4/6. 



A delaiUd oatalogut of the abo9* can h$ obtaiHed on applioatim. 
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Adyaaoed Greek Unseene. Second £ditum, Enlarged, U, 6d. 

The Tutorial Greek Beader. With Yocabularibs. By A. Wauoh 
Young, M.A. Lond. Second Edition^ Enlarged, 28. 6d. 

Junior Latin Conne. By B. J: Hates, M.A. 2e. 6d. 

" A good practical roide. The principles are sound, and the mlee are deariy 
stated."— JE'dM^a^'onar Time*, 

The Tutorial Latin Grammar. By B. J. Hates, M.A. Lond. and 

Gamb., and W. F. Masom, M.A. Lond. and Camb, Sa. 6d. 

"It is aoonrate and full without beingoTerioaded with detail.**— ArAoo<«M<0r. 

The Tutorial Latin Grammar, Ezereiies and Teet Questiona on. By 
F. L. RiCHARDSOif, B.A., and Dr. A. £. W. Hazel. U. 6d. 

Latin Compoiition. With copioua Kxeroisbs and easy continuous 

passages. By A. H. Allcrofi> M.A. Oxon., and J. H. Hatdok, 
M.A. Lond. and Oamb. Sixth Edition, Enlarged. 2a. 6d. 
'* Simplicity of statement and arrangement; apt examples illustrating each rule; 
exceptions to these adroitly stated just at the proper place and time, are among some 
of the striking oharacteristios of this excellent DOok.*'—S0Ao0<ma«<tfr. 

Junior Latin Beader. By £. J. G. Fobsb, M.A. Is. 6d. 

"A well graded and carefully thought-out series of Latin seleetions. The 
rocabulary is worthy of yery high ^niM.'*—Sdueatumal Newt. 

Matriculation Beleetions from Latin Authors. With Introduction, 

Notes, and Vocabulary. Edited by A. F. WATT, M.A. Oxon., 
and B. J. Hatks, M.A. Lond. and Camb. Second Edition. 2s. 6d. 
Provides practice in reading Latin in preparation for EzaminationB 
for which no classics are prescribed. 
*' It is quite an interesting selection, and well done.**— £oAoo/ World, 
■ "The selection is a good one, and the notes are brief and to the purpoae."— 
Journal of Editcation. 

'* Avoids the fault of scrappSness by its literary continuity.**— Ouardian. 

Matriculation Latin Conatruing Book. By A. F. Watt, M.A. 

Oxon., and B. J. Hates, M.A. Lond. and Camb. 2s. 

The Tutorial Latin Beader. With Vocabulart. 2s. 6d. . « 

** A soundly practical wmk."— Ouardian. 

AdYanced Latin Unseens. Being a Higher Latin Reader. Edited by 
H. J. MAiDMEirr, M.A., and T. R. Mills, M.A. 3e. 6d. 
" Contains some frood passagee, which hare heen selected from a wider field than 
that previously explored hy similar mBnxuilM,**— Cambridge Bevieu. 

The Tutorial Latin Dictionary. By F. G. Plaistowb, M.A. Lond. 
and Camb., late Fellow of Queens* College, Cambridge. 38. 6d. 
" a good specimen of elementary dictionary-maldng.*'- JTdiu^a^'onai 7Vm«s. 
"▲ sound school dictiooary.**— 4>«aJk«r. 
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The Tutorial Hiitory of Bomt. (To 14 a.d.) By A. ^H. Allcboft, 

M.A. Oxon., and W. F. Masom, M. A. Lond. With Maps. Third 
Edition, Revised and in part Rewritten. 38. 6d. 
'• It is well and clearly inittea,"— Saturday. JUvietc. 

** A distinctly ffood book, full, dear, and accurate. The narrative is throughout 
ludd and intelligible; there are no wasted words, and no obscurities, and the 
authors haye taken obvious pains to bring their facts up to date.*'— Ouaraian. 

The Tutorial Hiitory of Oreeee. (To 323 B.C.) By Prof. W. J. 
WOODHOUSE. M.A. Oxon. 48. 6d. 
'* Prof. Woodhouse is exceptionally well qualifled to write a history of Greece, 
and he has done it weH.*'— School World. 

A Longer History of Borne. By A. H. Allcroft, M.A. Oxon., 
and others (each yolome contains an account of the Literature of 
the Period) — 

890— d02 B.C. 38. 6d. 78—31 B.C. 38. 6d. 

202—188 B.C. 38. 6d. 44 B.C.— 188 A.D. 3b. 6d. 

188— 78 B.C. 38. 6d. 

" Written in a dear and direct style. Its authors show a thorough acquaintance 
with their authorities, and have also used the works of modem hii^rians to good 
effect."~J<n<rrta/ of Education, 

A Longer History of Oreeee. By A. H. Allcboft, M.A. Oxon. 
(efU2h volume contains an account of the Literature of the 
Period)— 

To 495 B.C. 38. '6d. 404-862 B.C. Ss. 6d. 

495—481 B.C. 38. 6d. 862-828 B.C. Ss. 6d. 

440—404 B.C. 38. 6d. SicUy, 491—289 B.C. 38. 6d. 

**For those who require a knowledge of the period (to 496 •.o.) no better book 
could be recommended."— ^(^tM;a<jonA/ Timet. 



TLbc XIlnivetBiti? Cortespon&ent 

AND 

UNIVERSITY CORRESPONDENCE COLLEGE MAGAZINE 
Issued on the Ist and 16th of each month. Price Id., by Post lid. ; 

' Subscription, 28. 6d. 



Half-yearly Subscription, Is. 6d. ; Yearly i 



Bjamiitation 2)itectotfe0* 

Matrieulation Directory, with Full Answers to the Examination 

Papers. Published during the fortnight foUowino each Examination. 
Nos. VI., VII., IX., XL— XIX., XXL, XXIIL, XXIX., 
XXXI., XXXIL. XXXIIL, XXXVIL, XXXVIIL. XXXIX., 
XL., XLL, Is. each, net. No. XLII. (January 1906}, Is. net. 
Issues not mentioned above are out of print. 
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^be ®r^ani3e^ Science Seriee: 

FOR THE SCIENCE AND ART EXAMINATIONS 

OF THE 

BOARD OF EDU CATION. 

GsimuL Editor.— WH. BRIGGS. LL.D., D.O.L., M^., BJSo., F.ILA.S., 
Honorary Aasodate of Sdenoe of the Yorkshire Oollqso> Ylotoria UmTersity. 

FOR THE FIRST STAGE 
I. Firit Stage Practical Plane and Solid Geometry. 2i. 
in. Pint Stage Building ConBtmotion. Second Edition, Si. 6d. 
y. First Stage Mathematioa (Euclid and Algebra). Sa. 
VI.A. Pint Stage Mechanioa of SoUdi. I^ih EdUum. 2a. 
VI.B. Pint Stage Mechanioa of Plnidi. Second EdUion, 81. 
VUI. Pint Stage Sound, Light, and Heat 8a. 
IX. Pirst Stage Magnetism and Electricity. Bevised Edition, 2i. 
X. Pint Stage Inorganic Chemistry (Theontioal). EctfisedEd. Sa. 
XY. Pirst Stage Biology (Section I.). 2s. 
XVII. Pirst Stage Botany. Second EdUion, 28. 
XX. and XXI.B. Modem HaYigation. 6s. 6d. 
XXII. Pirst Stage Steam. 2s. 
XXIII. Pint Stage Physiography (Whole). 2s. 
XXm. Pint Stage Physiography (Section I.). 2s. 
XXV. Piint Stage Hygiene. Iburih Edition, 2s. 
XXYI. Elementuy Sdenoe ofCommon Life (Chemistry). 2s. 

[/» tkepreat. 
XI. Pint Stage Organic Chemistry (Theoretleal). [In preparation. 

X.F. Pint Stage Inorffanic Chemistry (Practical). Second Ed, Is. 
XI.P. Practical Organic Chemistry. Is. 6d. 

FOR THE SECOND STAGE 

y . Second Stage Mathematics (the additional Algebra and Euclid, 
wiUi the Trigonometry required) . Third Edition. 8s. 6d. 
yi.A. Second Stage Mechanics (Solids). Third Edition, Part I. 
Dynamics. Part n. Statics. 8s. Bd. eaoh ydume. 
yni.C. Second Stage Heat. 7%ird EdUion, 8s. 6d. 

IX. Second Stage Magnetism and Electricity. Secottd E^ium^ 
Revised and Enlarged, 8s. 6d. 
X. Second Stage Inorganic Chemistry (Theoretical). Thwd 
Edition^ lievised and Enlarged, 4f . 6d. 
Xyn. Second Stage Botany. 8s. 6d. 
XX. and XXI.B. Modem navigation. 6s. 6d. 
XXV. Second Stage Hygiene. Second EdUion. 8s. 6d. 



X.P. Second Stage Inorganic Chemistry (Practical). Smmd 
Editiony Eevieea and Enlarged. 2s. 
XI.P. Practical Organic Chemist^. Is. 6d. 
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